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PREFACE 

This elementary treatise will be found to possess two main 
characteristics. In the first place, it treats the Science of 
Force, or Dynamics, as founded directly on Newton's Axioms, 
or Laws, of Motion — ^and more particularly on the Second 
Axiom. That is to say, the notion of force which is adopted 
at the outset is that which measures it by the acceleration 
which it can produce in a particle of given mass. Hence 
no distinction whatever is made between force as it is dealt 
with in Statics and force as it is dealt with in Kinetics — 
"statical force" and "dynamical force," as the works and 
teachers of a past generation most unscientifically and mis- 
leadingly expressed it. 

Statics and Kinetics here go together from the very outset, 
and constitute the two divisions of Dynamics. The student 
is taught that they deal with the very same entity (force), 
measured in the same way in both. 

This procedure is, of course, no novelty ; for other treatises 
(few in number, however) had previously adopted it; and 

"^ I am convinced that for the future it should be the rule 

•) instead of the exception. 

> The second main characteristic of the work is the great 

^ prominence given from the beginning, and throughout, to 

--v. arithmetical illustration and calculation, 

•>) Long experience in teaching has convinced me of the great 

mistake made by teachers — especially in the old universities — 

J in expounding the principles of a physical subject first by 

^ algebraical symbols, followed (if at all) by a few numerical 

^ calculations. The very reverse of this method is alone 

"^ efficacious. 

Arithmetic is the reality of every science ; and the principles 
of every science are far more readily and tenaciously grasped 
when they are applied to definite, concrete, arithmetical ex- 

• • 
Vll 
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amples than when they are presented to the learner in the 
shape of algebraical symbols. 

I hold that unless a mathematical physicist can bring his 
knowledge of Electricity, Magnetism, Hydrodynamics, or any 
other branch of Science, down to arithmetical calculation, his 
knowledge is unsound and useless. 

It will, then, be found throughout this work that the 
principles of every new part of the subject are always intro- 
duced by numerical, and not by algebraical, illustration: I 
make Algebra follow, not precede. Arithmetic. 

So far as the amount of mathematical knowledge assumed 
on the part of the learner is concerned, I may say that I 
require the ordinary school-boy knowledge of Geometry and 
Algebra, together with the very rudiments of Trigonometry. 
Indeed, the knowledge of the properties of the sine, cosine, 
tangent, etc., of one angle is all that I require in Tr^onometry. 

In inviting students to commence the study of Dynamics 
without this slender trigonometrical foundation, the University 
of LfOndon has, in my opinion, made a most unfortunate 
mistake. 

What can a student really know about resolving or com- 
pounding forces, or taking moments, if he does not know 
what a cosine means? 

Examiners laugh at this attempt to proceed without the 
elements of Trigonometry, and are sometimes at their wit's 
end to avoid setting questions which violate this inconvenient 
restriction. 

If the system is radically unsound — as I have no doubt 
that it is — it will be readily seen that large examining bodies, 
in adopting it, are exercising an evil influence on the school 
teaching of the country. 

Proceeding to matters of more detail, it will be observed 
that I have dwelt very much on the subjects of Impulse 
and Momentum and of Work and Energy. The student who 
masters thoroughly the Dynamics of Pile Driving, or of the 
firing of a shot from a gun into a block of wood, may be 
said to understand nearly all that is important in the Dynamics 
of a particle. 

Finally, in this work I have made another effort to banish 
that extremely misleading term centrifugal force. It is an evil 
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as great in this part of Physics as the terms electromotive force 
and magnetomotive force (which are not forces at all) are in 
Electricity and Magnetism. 

The proofs were read over, and in several instances cor- 
rected, by my colleague, Professor Alfred Lodge, to whom I 
beg to tender thanks. 

GEORGE M. MINCHIN. 
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In Example 5, page 56, for (a) 39 pounds' weight ; {b) 26 
pounds' weight, read (a) f {- pounds' weight ; {b) W pounds' 
weight. 

In Example 7, page ^2^ for fk=g readying. 

In Example ii, page 81, for distance from 0=150 feet read 
distance from 0^2^Q feet. 

In Example 5, page ii^y for Sijlf readS^f^, 
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ELEMENTARY DYNAMICS 

CHAPTER I 
COMPOSITION AND BESOLUTION OF VELOOITIES 

I. Units of Length, Time, and Mass. — Calculations in the 
physical sciences — of which Dynamics is, of course, one — 
require us to adopt units in measuring the three fundamental 
things with which these sciences deal — namely, sjfiace, time^ 
and mass. 

As regards Space, everything can be measured if we take 
a unit length. Thus, if we take a foot as our unit of length, 
we can measure any length as a number of feet, any area 
as a number of square feet, and any volume as a number 
of cubic feet. Sometimes a foot is a convenient unit of 
length; sometimes z.yard (/>. 3 feet) is more convenient. 

The discussion of units is a rather tedious subject, so that 
we shall be very brief about it here. Suffice it to say that 
there is another unit of length, about the same as a yard, 
which is in very common use in Continental countries — 
namely, the m^tre. If a great semi-circle is drawn on the 
Earth's surface from the North Pole to the South Pole, and 
half of this meridian is taken, we have what is called an 
earth-quadrant. Now, if this earth-quadrant is divided into 
10 millions of equal parts, each part is called a m^tre. This 
m^tre is about 

» 

3 feet 3 inches and f of an inch, 

or a little more than the English yard. 

If a m^tre is divided into 10 equal partSi each part is called 
a decimetre 'y if a decimetre is divided into 10 equal parts, 
each of these parts is yj^ of a mitre, and is called a centimetre ; 
if a centimetre is divided into 10 equal parts, each is called 
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a millimetres which, of course, is ^mrs ^^ ^ m^tre. It is useful 
to remember that — 

I inch » 2*54 centimetres, nearly. 

As a unit of Time may be taken i second, or i minute, 
or I hour, or i year, or i century, according to conveni- 
ence. The time taken by the Earth to rotate once round its 
axis — i.e. a day, is divided into 24 hours; each hour is 
divided into 60 minutes, and each minute into 60 seconds. 
There is, of course, no reason why the day might not be 
divided into 50, 100, or any other number of "hours"; but 
the division into 24, and then into 60 parts is adopted 
everywhere. 

Finally, we come to Mass. A common unit of mass in 
England is the founds which cannot be otherwise defined 
than by saying that a specimen of it, kept as a standard, 
is to be seen in the Exchequer Office. 

Another, and much more easily defined, unit of mass is 
th^ gramme. Imagine a cube to be made having each of 
its edges i centimetre long. Now water, when it is very 
nearly, but not quite, ice-cold — or, more exactly, when its 
temperature is about 4 degrees on the centigrade scale — has 
its greatest density; that is, its particles are most closely 
packed together. Imagine the little cubic centimetre to be 
exactly filled with water in this state; then the quantity of 
matter which is contained in the cubic centimetre is called 
a gramme mass. 

A portion of any other kind of matter — wood, lead, gold, 
etc. — which hais the same weight as that of the cubic centi- 
metre of water contains also i gramme mass. 

The gramme is such an important unit that we formally 
give its definition : — A gramme mass is the quantity of matter 
contained in i cubic centimetre of pure water in its most dense 
state. 

For many purposes the gramme is much too small a 
unit; so that 10, or 100, or 1000 times its mass is often 
taken. A mass of 1000 grammes — called a kilogramme — 
is a very common unit of mass. A kilogramme is about 
2\ pounds. 

It is important to remember the fact tliat ice^ though solid^ 
is not the most dense state of water \ so that, although the 
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surface of a lake may be a mass of ice, the fishes underneath 
may be in water considerably warmer than ice; for, since 
water whose temperature is 4°C, or about 39* Fahrenheit, 
is more dense than ice (whose temperature is o°C, or 32° F), 
the ice would float on the top of this comparatively warm 
water. 

2. Velocity. — Suppose that a point moves along a right 
line Ox (fig. i), in such a way that it always takes the same 
time to move over the same length ; then we have what is called 
uniform motion* For ex- f^ « 

ample, suppose that the i — ' P ' ' q r — i 

moving point always takes 5 Fie i 

seconds to move over 30 ** 

feet of the line Ox^ no matter where the 30 feet are taken ; then 
its rate of motion may be described as a rate of 30 feet per 5 
seconds, or 6 feet per second. This rate of moving is called 
the velocity of the point. Observe that, before we can say that 
the point's rate of moving is always the same, we must know 
that it describes the length of 30 feet in 5 seconds no matter 
where the extremities of the 30 feet are taken on the line Ox, 
Thus, if OP=PQ=^QR=^^o feet, the point takes 5 seconds 
to move over OP, and the same time to move over PQ, and 
the same time to move over QR, But the lengths of 30 feet 
are not to be taken merely end-on to each other, as OP, 
PQi QP are; for we may take any such point as A and 
another, B, such that A£ = io feet, and it must still be true 
that the time q& going over AB is 5 seconds, or the motion 
would not be uniform. 

Remember, then, that — 

Velocity means time-rate of describing length. 

Thus, when a railway train is moving uniformly in such a 
way that it always takes i minute to move over half a mile, 
we may speak of its velocity as one of half a mile per minute, 
or 880 yards per minute, or 44 feet per second, or 30 miles 
per hour. Velocity is "length per time," and it does not 
matter in what units we measure length (whether feet, yards, 
metres, or miles), or in what units we measure time (seconds, 
minutes, or hours). 

If the moving point does not move over the same distance 
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in the same time throughout its path, its velocity is not 
uniform. To each position of the point belongs a special 
velocity the magnitude of which can be found with a high 
degree of accuracy by the simple rule: take the distance 
gone over by the point in the xrnny ^^ ^ second and multiply 
this distance by looo. Thus if from the position P the point 
moves to the position ^, a distance of ^ inch, in xinnr second, 
the velocity at P is very nearly loo inches per second. A 
still better estimate of the rate of moving at P would be got 
by taking the distance, PQ^ moved over in the one-millionth 
of a second and multiplying PQ by a million (or dividing PQ 
by the time, loooooo second). 

In this way, no matter how variable the rate of moving of a 
point may be, we obtain a clear notion of the way in which its 
value in any position of the point may be found.* 

3. Acceleration. — If a moving point does not, in different 
parts of its path, always move over the same length in the 
same time, its motion, of course, is not uniform. Now, let 
us suppose a very simple case of motion of a point whose 
motion is not uniform. Imagine that we can by some means 
measure the velocity of the point at any instant we please, 
and let us make measurements at the end of (say) every 

5 seconds. Suppose that we find velocities of — 

3. 18, 33, 48, ^i, 78, ... . 

feet per second at the end of — 

5, 10, 15, 20, 25, 30, ... . 
seconds. 

Here, then, the velocity of the point is variable, but it 
varies in a very simple manner. What is the law according 
to which it varies ? We see that each of the above velocities 
exceeds the one before it by 15 feet per second; that is to 

* An amusingly fallacious definition of the velocity, in any position, of a 
point whose motion is variable is given in almost all text-books. It is 
this: — "The velocity of a point, when variable, is measured by the distance 
which would be passed over by the point in a unit of time, if it continued 
to move during that unit of time with the velocity it has at the instant 
under consideration " — the words in italics expressing the very thing which 
had to be defined ! The fact that such a measure of variable velocity has 
so long escaped logical destruction is marvellous. 
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say, in every 5 seconds the velocity of the point increases 
by 15 feet per second. In other words, we may say that 
there is a uniform rate of increase of velocity, at the rate of — 

15 feet per second per 5 seconds. 

If in every 5 seconds a velocity of 15 feet per second is 
added, we say that in every second a velocity of 3 feet 
per second is added. 

Rate of increase of velocity per unit of time is called accelera- 
tion. In the above case there is a uniform acceleration which 
we may describe as — 

an acceleration of 15 feet per second per 5 seconds, or 
an acceleration of 3 feet per second per second. 

It is extremely important to understand thoroughly the 
nature of ctcceleration, and to see that time must be twice 
mentioned in it. Thus, the expression "an acceleration of 
32 feet per second" is wholly nonsensical; for 32 feet per 
second is a velocity, and the expression does not tell us in 
what time this velocity has been added — which every correct 
expression for acceleration should do. 

What is the meaning of saying that a train is moving with 
a constant acceleration of 2 miles per hour per minute ? The 
meaning is that the velocity of the train becomes 2 miles 
per hour greater every minute; so that if its velocity now 
is (say) 18 miles per hour, at the end of i minute more it 
will be 20 miles per hour, at the end of 2 minutes more 
it will be 22 miles per hour, at the end of 15 minutes from 
the present time it will be 48 miles per hour ; and so on. 

4. A Particle. — A very small portion of matter is called 
a material particle^ or, simply, a particle, A particle, thus 
described, has, of course, no definite size. Sometimes we 
may consider a small marble a particle, and sometimes it 
might be necessary to consider a marble as a rather large 
mass containing many small particles. Similarly, for some 
purposes, a cricket-ball may be considered as a single particle 
of matter, and for other purposes it might be necessary to 
consider it as a collection of a vast number of small particles. 
Again, w« can sometimes treat the Earth on which we live 
as a mere particle moving in a vast curve round the Sun. 
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5. Force. — ^There are several ways in which we obtain the 
notion of the thing which we call farce. One way is this : 
We know that if we make a spiral spring of a piece of brass 
or steel wire, such as that represented in fig. 2, and we take 

hold of the ends A and B and pull 

^ mwittlllir— ^-rB them apart, the spiral lengthens, and 

Fig. 2. we feel that exertion is necessary in 

order to stretch the spring. Each 
end of the stretched spring is pulling the hand in contact with 
it — or, as we commonly say, is exerting ySww on the hand. 
As long as the stretch of the spring remains constant, the force 
exerted by it is constant. An elastic cord of india-rubber 
would do as well as the metal spring. 

Now imagine the spiral spring to be attached by the end 
A to 2L particle, M, of matter — ^placed (say) on a horizontal 
table — and the end -5 to be pulled by the hand, the spring 
being kept stretched, and, moreover, stretched to a constant 
amount. What will happen? Everyone will admit from 
experience that, in order to keep the spring at constant 
stretch, the hand at B must move faster and faster con- 
tinually ; in other words, if the stretch of the spring is kept 
constant, the particle will move faster and faster continually. 
No one has any difficulty in admitting this. But, what no 
one could say without experiment and measurement in this 
case is this : If the stretch of the spring is kept constant, 
there is a constant acceleration produced in the motion of 
the particle. 

In other words, constant force produces constant acceleration 
in the particle. 

This law is the foundation of all science : to understand it 
thoroughly is to conquer at once a large domain in Dynamics. 
It is contained in what is known as Newton's Second Axiom, 
or Law, of Motion. 

If a particle moves in a straight line so that its velocity 
remains constant, it cannot be acted upon by any force; 
for if it were, its velocity would be accelerated; and, con- 
versely, if the particle is not acted upon by any force, its 
velocity must remain constant. As regards the motion of 
a particle, then, we may briefly say: no acceleration in any 
direction, no force in that direction ; and, conversely : no force, 
no acceleration. 
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6. Bepresentation of Velocities. — Let us, for a moment, 
leave the consideration of acceleration and return to that of 
simple velocity. Velocity is a thing which has both magnitude 
and direction. If we are told, for example, that a particle 
is moving with a velocity of 20 feet per second, we are not, 
so far, told everything about its velocity ; we require to be 
told the direction in which it takes place. 

Let P (fig. 3) be the position of the particle at any instant, 
and let A PA be the right line in which P is moving at that 
instant; then if P is moving to- 
wards Ay we represent the velocity 
by an arrow flying from P to A, If 
P is moving in the line A'PA^ but 
towards A\ we should represent the 
velocity by an arrow flying from P v. 
towards A'\ so that, besides the right 
line A' PA in which P is moving, we 
require to be told the sense along 
this line in which P is moving. Of ° f* 7 

course, we may include the sense in ^* ^* 

the direction-, but it is not unusual to mean by direction 
merely the line A' PA in which the velocity takes place, and 
if-^e do this, we shall require to be told the sense of the 
velocity in order that we may know whether the velocity takes 
place towards the right or towards the left of P, If we are 
told that a stone is moving in a vertical direction with a 
velocity of 100 feet per second, this, as commonly under- 
stood, would not enable us to say whether the stone is moving 
upwards or downwards with the velocity of 100. In this case we 
should distinguish the upward sense from the downward sense. 

In this book we shall use direction to signify merely straight 
line^ and we shall speak of velocities, accelerations, and forces 
as having, each of them, magnitude, direction, and sense. 

The term speed is often used to denote the magnitude of 
a velocity without any reference to the line in which it takes 
place. 

Now, in Dynamics we have to represent velocities, accelera- 
tions, and forces on paper. We cannot, in reality, draw a 
velocity, an acceleration, or a force on paper : all that we can 
do is to draw representations or pictures of these quantities ; 
and it is very important to understand how this is done. 
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Suppose that the point F (fig. 4) has a velocity along the 
line PAy and in the sense PA^ of n feet per second, and that 

we wish to represent this 
velocity. What we do is this : 
we take a straight line, LM^ 
and take a series of equal 
divisions along it. Now each 
of these divisions may be 
taken to represent any speed 
we please. Suppose, for ex- 
ample, that the velocity of P 
along PA is 100 feet per 
-■^M second. Then, if we take 
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Fig. 4. each division along LM to 

represent a speed of i foot per 
second, the velocity along PA would be represented by a 
length equal to 100 of the divisions. This would be incon- 
veniently long ; so we take each division along LM to 
represent more than i foot per second. Say that each of the 
divisions represents a speed of 10 feet per second ; then the 
given velocity of 100 feet per second is represented by a length 
jPa, which contains 10 of the divisions of LM — or 10 scale 
divisions, for LM is our scale of measurement. 

If the velocity is in the sense PAy we put an arrowhead at a 
on the line Pa, which represents Ps velocity. 

How should a velocity of 60 feet per second along PJB 
and in the sense PB be represented on the same scale ? Evi- 
dently by measuring a length, Pb^ equal to 6 of the scale 
divisions and putting an arrowhead at b. 

If each scale division on LM is taken to represent a speed 
of 20 feet per second, how will the two velocities, 100 along 
PA and 60 along PB, be represented ? Pa and Pb should 
now be taken equal to 5 divisions and 3 divisions, respectively, 
of the scale. 

The contraction Vs is often used for the expression " feet per 
second " ; thus, 100 feet per second is written ioo7s. This con- 
traction we shall use. If velocity is measured in miles per hour, 
we may use the contraction "/u ; if in centimetres per second, 
the contraction 7s ; and so on. 

7. Representation of Accelerations. — ^To represent accelera- 
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tions we must, in the same way, represent a magnitude which 
has direction and sense ; and, just as above, we must take some 
convenient length, such as one of the divisions of the line LM 
in fig. 4, to represent an acceleration of definite amount. For 
example, if we wish to represent an acceleration of 60 feet per 
sec. per sec. along the line OA 
(fig. 5), we may take each scale divi- 
sion to LM to represent an accelera- 
tion of loVssj and then measure off a O' 
length Oo. on OA containing 6 scale Fig. 5. 

divisions. We shall often in the 

sequel use a double-headed arrow, as in fig. 5, to indicate 
an acceleration, velocities being represented by single-headed 
arrows. 



8. Composition of Velocities. — A particle may have two 
velocities along two different directions at the same time, as 
may be seen by the following illustration. 

Suppose that CDEFi^g, 6^ is a board in which there is a 
groove, OG^ cut, the board lymg on a table. Let there be in 
the groove a particle (such as a marble or a grain of shot) at O^ 
and let this particle be moved along the groove with a velocity 
of (say) 5 centimetres per second at the same instant that the 
whole board — Le, every point in the board — is moved along 
the table in the direction OB 
with a velocity of (say) 1 2 centi- 
metres per second. Then at the 
end of I second where is the 
particle found? It must be 
found in the groove at a distance 
of 5 centimetres from the end 6?, q^ 
but the groove at the end of a 
second is in the position BG'y 
parallel to OG^ and such that 
OB =12 centimetres. Hence 
if from B we draw BA equal 
to 5 centimetres, the particle 
is at A', We see, then, that if at O we draw C?^ = 5, 
and OB =12 centimetres, the point A' is the extremity of 
the diagonal, 0A\ of the parallelogram whose two adjacent 
sides are OA and OB, In the second, therefore, the 




Fig. 6. 
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particle has described the distance OA, Moreover, if we 

imagine the particle capable of dropping ink continuously 

down through the groove on the table beneath, the ink marks 

would make the right line OA' on the table. Why is this ? 

Because if we seek for the position of the particle at the end of 

any fraction of a second, we shall find that it is on the line 

0A\ Thus, at the end of (say) ^ of a second the end 

OH 
of the groove that was at O must be found at a distance 

OB 
from O — ue. at / if Op^ , — ^and the particle must be found 

4 

at a distance in the groove from p ; so that if we draw 

4 

OA 
pq^ — , the particle is at q. But q lies on the line 0A\ 

4 

because —=77-:; stnd, similarly, no matter what fraction of 
pq OA 

a second we take. We may therefore consider that the particle 
has a single velocity represented, both in magnitude and in 
direction, by the line 0A\ 

Generally, then, if OA and OB represent velocities of any 
magnitudes and directions^ a particle which has them both at the 
same instant, may be considered as having a single velocity 
represented in magnitude and in direction by the diagonal 
through O of the parallelogram whose adjacent sides are OA 
fl«^OB. 

This result is known as the proposition of the Parallelogram 

of Velocities, For clearness we draw 
another figure (fig. 7) which repre- 
sents this proposition. The point is 
supposed to have a velocity, «, along 
one line, and at the same instant a 
IT- \ velocity, Vy along another, these being 

^*^' represented by the arrows in the 

figure ; then these two are equivalent to a single velocity along 
the diagonal, or, of the parallelogram whose two adjacent 
sides are u and v. The single velocity, which is equivalent to 
two simultaneous velocities, is called the resultant of the two 
velocities. 
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If the directions of u and v are at right angles to each other, 
their resultant, /*, is given by the equation — 

If the directions of u and v include any angle </», as in fig. 7, 
we have by {Euclid^ Prop. xiL, Book ii.) — 

r=s islu^ + 2uvcosff> + »^. 

9. Besolntion of Velocities. — It is evident that the single 
velocity r (fig. 7) can be replaced by the two simultaneous 
velocities u and v ; and, generally, if a point O (fig. 8) has a 
velocity v represented by the 
arrow Ov, this velocity may be ^' 
replaced by two velocities along 
any two right lines, OA and 
OB; for we have only to 
arrange that Ov is the diagonal 
of a parallelogram whose two 
adjacent sides lie along OA ^ v q 

and OB. If from the point ^'^' ^' 

V we draw the lines vp and vg parallel to OB and OA^ the 
parallelogram in question is Opv^, and the velocity Ov may 
be replaced by, or broken up into, the two simultaneous 
velocities Op and O^. If we wish to replace Ov by velocities 
along OA and OCy we draw from v the lines vs and vt 
parallel to OC and OA, and we have the parallelogralm 
Osvty so that the velocity Ov can be broken up into the 
velocities Os and Of. 

If a velocity is broken up into two velocities, these are 
called components of the given velocity. Thus Ot and Os are 
the components of Ov along the lines OC and OA ; Oq and 
Op are the components of Ov along OB and OA. 

A given velocity may be broken up, or resolved into, two 
velocities in an infinite number of ways, because an infinite 
number of parallelograms can be drawn having the same line 
for diagonal. 

Is it possible to give a definite answer to the following 
question ? Given a velocity represented by Ov, what is its com- 
ponent along the line OA ? No ; because you see above that Os 
may be the component of Ov along OA, and so may Op : 
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everything depends on the other line (OCy OBy . . .), along 
which the second component of Ov is taken. 

We often, however, speak of the component of Ov along 
OA'y but then we mean that Ov is resolved along OA 

and a perpendicular to OA^ as in 
fig. 9. If 0£ is perpendicular to 
OA^ the components of the velocity r, 
along and perpendicular to OAy are 
obtained by drawing the lines vp and 
> 1 - ^ vq parallel to OB and OA, The- com- 
^ p. ponents of z^ (which is represented by 

Ov) are then represented by Op and 
t?j7. If Ov makes the angle 6 with OA^ we have 

Op = v, cosd, and 6?^=??. sin 5. 

The component Op oi Ov along C?-4 when d?» is resolved 
along OA and a perpendicular, 6^^, to 6^^, is called the 
rectangular component of Ov along 6?^. As rectangular resolu- 
tions are the simplest, the word ** rectangular " is omitted but 
always understood when we speak of the component of a velocity 
along a given line. 

Thus, then, we say that — 

the component of a velocity ^ v, along any right line is v . cos ^, 
where 6 is the acute angle between v and the line, 

and by " component " here we mean " rectangular component " 
— i,e, the velocity is supposed to be resolved along the given 
line and along a perpendicular to it. 

It is most important for the beginner to train his eye in 

such a way that he can tell at a 
glance the sense in which the com- 
ponent of a given velocity along a 
given line taies place. Thus, in 
the following figure (fig. 10) — 
what is the sense of the com- 
ponent of V along the line A A'} 
what is the sense of the com- 
ponent of V along the line BB'} 
The foot of the perpendicular let 
fall from the extremity of v on the given line will always 
show the sense of the component. 
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10. The Triangle of Velocities. — A triangle may be used 
instead of a parallelogram for resolving a given velocity into 
two components. Thus, suppose that it is required to resolve 
a velocity of 257s into velocities of i87s and io7s: draw the 
line Ov (fig. 11) to represent 257, an any scale, and on Ov 
as base describe a triangle, Opv, whose 

two remaining sides are proportional, on / Z^^ 

the same scale to 18 and 10; then the / ^^^'^'^^^^"^/^ 
directions and senses of the two com- Z,^.^ — / 

ponent velocities are represented by the ^T^^^ K 

arrows Op andpv. For, if from v and O pjg j j^ 

we draw v^ and O^ parallel to the sides 
18 and 15 of the triangle OpVy we have the parallelogram 
O^^, whose two sides, Op and O^ represent the components 
18 and 10 into which the velocity Ov can be resolved, Ov 
being the diagonal of the parallelogram. 

A velocity cannot be resolved into two given components 
unless the sum of these components is greater than the given 
velocity, because no triangle can be constructed with three 
given lines unless the sum of each two is greater than the 
third. 



EXERCISES 

1. How does a velocity of 60 miles per hour compare with a velocity 
of 88 feet per second ? 

To express 60 ""/h in feet per second, observe that in a mile there are 
5280 feet, and in an hour there are 3600 seconds, so that — 

60 miles per hour =60 x 5280 feet per 3600 seconds 

= -T^ feet per i second. 

3600 

=88Vs. 
so that the two velocities are the same. 

2. Express a velocity of 12 miles per hour in 3^rds per minute. 

Ans, 352 yards per minute. 

3. Express a velocity of 72 mkres per hour in centimetres per second. 

Ans. 2 ^/s. 
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4. Express an aooeleration of 32 feet per second per second in miles 
per hour per second. 

32 feet per sec per sec 
=7ilv miles per sec per sec 

-Mu miles P« ^ per sec 
=^iLgo„Ul«s per hour per sec 

=^^ miles per hour per sec ; 

that is to say, the velocity of a particle which has the given accelera- 
tion will increase by 21-^ miles per hour at the end of every second ; 
or, in other words, if the velocity is (say) 5 miles per hour at the 
present moment, then it will be — 

2^> 4^> 7^> 92A> - • • miles per hour 
at the end of — 

I, 2, 3, 4, ... seconds from the present moment. 

5. If a train is moving with an acceleration of ff inches per second 
per second, what is its acceleration in miles per hour per minute ? 

fl inches per second per second 
*' mfles per ^ per '""»*'= 



15 X 12 X 5280 3600 60 

^^2x3600 ^es per hour per 2^ 

15 X 12 X 5280 '^ 60 

= — L3 !L-. miles per hour per minute 

15x12x5280 '^ *^ 

= 5 miles per hour per minute ; 

that is, if its velocity at the present moment is (say) 6 miles per 
hour, it will be — 

II, i6, 21, 26, 31, . . . miles per hour 
at the end of— 

I, 2, 3, 4, 5, . . . minutes 
from the present moment. 

6. Express an acceleration of 5 miles per hour per quarter -hour in 
inches per second per second. 

7. If a velocity of 34 feet per second is resolved into two components, 
30 7i c^<l 16 7s> what is the angle between the directions of these 
components ? 

Ans, A right angle. 
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8. Two velocities, u and v centimetres per second, in directions at 
right angles to each other, have a resultant of 13 ^s > if each of the 
components is increased by 3 ^s* the resultant becomes 17 Vs > ^^^ 
u and V. 

Result. 5 and 12 ^js, 

9. Resolve a velocity of 52 7s into two components at right angles 
to each other, these components being in the ratio 5 : 12. 

Result, The components are 20 and 48 Vt. 

10. If a velocity of 15 is resolved into one of 14 and one of 13, what 
is the angle between the 15 and the 14, and the angle between the 
14 and the 13? 

Arts, cos - ^ J and 180' - cos - ^ i^y, respectively. 

EXAMINATION ON CHAPTER I 

1. What are the fundamental unit quantities in Dynamics? 

2. What is a m^tre ? How does it compare with the English yard ? 

3. At what temperature is water most dense ? 

4. Define a gramme mass. 

5. What is the definition of velocity ? 

6. What is Mceleration? Is there such a thing as an acceleration of 
5 miles per minute ? 

7. If a constant force of any magnitude acts on a given particle in a 
fixed right line, what will be the kind of motion produced in the particle ? 

8. If a particle is observed to be moving in a fixed right line with 
invariable velocity, what do we know about force in connection with this 
motion ? 

9. If a particle is observed to be moving in a fixed right line with 
variable velocity but constant acceleration, what do we know about force 
in connection with this motion ? 

10. How are the magnitude and the direction of a given velocity 
represented ? What is meant by a scale of velocities ? 

1 1. What is meant by the sense of a velocity along a given right line ? 

12. Give any instance in which a particle may be said to have two 
velocities, at the same time, along two different directions ? 

13. State the proposition of the ParcUlelogram of Velocities, 

14. Can a velocity of 20 feet per second be broken up into two velocities 
of 12 Vs and 15 Vs ? ^^an it be broken up into velocities of 12 Vs and 5 % ? 

15. Is tibe expression ''the component of a given velocity along a given 
direction" perfectly definite? What is commonly understood by ''the 
component of a given velocity along a given direction " ? 

16. What is the expression for the resultant of two given velocities ? 



CHAPTER II 

FORCE (NEWTON'S SECOND AXIOM, 0£ LAW, 

OF MOTION) 

II. Definition and Measurement of Force. — ^Whatever 
causes the motion of a material particle to be accelerated is 
called force. Many different units of force may be taken. 
One particular unit of force is thus defined : Imagine a mass of 
I gramme (fig. 12) placed on a perfectly smooth horizontal 

table; to it let a very delicate spiral 

"^ * ^ff rT-^nr '^P™^ (^^ elastic cord) be attached, and 

; \i^Imi^ ** ' stretched to such an extent that, if the 

Fig. 12. stretch is kept constant while the gramme 

is moved along by the spring, there will 
be produced an acceleration of i centimetre per second 
per second, denoted by i7s» in the figure; then the force 
which the spring exerts is called a dyne. A dyne^ then, is 
the force which produces an acceleration of I'/ss in a gramme 
mass. This is called an absolute unit of force, for a reason 
which will be given later on. If another spiral spring, identical 
in every way with the first, and stretched to the same extent, is, 
in addition, applied to the gramme, so that the gramme is 
acted upon by 2 dynes instead of i dyne, we assume that the 
acceleration will be 27ss; and if any number, «, of spiral 
springs, each producing a force of i dyne, be attached to a 
mass of I gramme, the acceleration produced will be n 7«. 

How many dynes must act on i gramme mass to produce 
an acceleration a 7s» ? Obviously a. 

How many dynes will be required to produce an accelera- 
tion of 1 7s« in a mass of m grammes ? It is easy to see that 
m dynes will be required, thus : Imagine m grammes placed 
side by side, as in fig. 13, and each acted upon by a force of 
I dyne ; then each will have an acceleration of i 7s$« Now, 
imagine the m grammes all glued, or otherwise united, together, 

16 
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and we shall have a compound body of m grammes mass acted 
upon by m dynes, and having, in consequence, 
an acceleration of i 7ss» 

How many dynes must act on a mass of 
5 grammes to produce an acceleration of 12 7m? 
It is not difficult to see now that we require 
5 X 1 2, or 60, dynes. For, imagine 5 separate 
gramme masses placed side by side, as in fig. 13, 
and let an acceleration of 1 2 7ss be produced in 
each. How many dynes will be required for 
each mass ? By what we assumed above, each 
mass will require 1 2 dynes. Now, if the 5 grammes are imag- 
ined as united into one body, this mass of 5 grammes will have 
the acceleration 1 2 7s« and the force applied to it is 60 dynes. 

We can now see that if a force applied to a mass of tn 
grammes produces in the mass an acceleration of a7ss> that 
force contains »» x a dynes. 

If, then, a force of P dynes is applied to a mass oim grammes, 
and produces an acceleration of a centimetres per second per 
second, we have the result — 

F—m,a . . . , (i) 

If instead of a gramme mass we take a mass of one pounds and 
pull the spiral spring in such a way that the acceleration pro- 
duced is I foot per second per second^ the force exerted by the 
spring is called a poundal\ so that if a force of P poundals 
acts on a mass of m pounds, the acceleration, a ^\^ which it 
produces is given by (i). 

Any two forces may be compared with each other by means of 
the accelerations which they produce in the same mass, no matter 
what that mass is. 

Suppose that we take the same mass, m grammes, in which 
one force, P, produces an acceleration a ""/^^ and another force, 
Qy produces an acceleration jSVss j then we have — 

Q'^m.p .... (2) 

for the number of dynes in Q, Now from (i) and (2) we see 
that— 

C""js ^^^ 

which shows that the forces are in the ratio of the accelerations 

B 
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which they produce in the same mass, and it does not matter 
how many grammes that mass contains. 

This is an extremely important result, and it allows us to 
measure force magnitudes in many ways. For, supposing that 
any force -^acting on a given body produces an acceleration / 
in the body, and that a is the acceleration produced in the 
body by a force /*, we have — 

jP^I'.j . . . . (4) 

and if a force Q produces an acceleration j8 in the same body, 

so that all forces may be expressed as multiples of the force i^ 
which we may regard as a kind of standard force in terms of 
which to express all other forces. 

Observe that when we express a force acting on a mass m 
in the form (i), we are not expressing it as a multiple of any 
other force acting on the body. Of course (i) expresses jPas a 
multiple of the force called a dyne\ but this dyne is not a 
force specially related to the given body m. 

For any given body on the Earth's surface, what is the most 
convenient force to adopt as a standard force^ in terms of 
which to express all the other forces that may act on the body? 
// must be such a force thai the acceleration which it produces 
in the body is accurately known ; and such a force is that which 
we call the weight of the body. 

12. Nature of Weight. — The Earth is, roughly speaking, 
a sphere 8000 miles in diameter, not of the same density 
all through (i,e, not having the same quantity of matter in 
a cubic foot all through), but divisible into spherical layers 
whose densities increase towards the centre of the Earth. 
Such a body attracts any other body outside it as if it (the 
Earth) were condensed into a single particle at its centre. 

The force, or pull, which 

the Earth exerts on any 

^ ^ -S outside mass m (fig. 14) can 




B C M' 



be proved to vary inversely 
p. as the square of the dis- 

** tance of m from the centre^ 

Oy of the Earth. Supposing the mass f^ to be placed succes- 
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sively at the surface at A^ at ^, at C, . . . at J[/^ such that 
OA^AB^BC— . . . , the pull exerted on the mass m 2X B 
is \ of the pull exerted on it when it was at Ay since 
OB = 2. OAy and the force varies inversely as the square of the 
distance from O. The pull exerted on the mass m^ if placed 
at C, will be J of the pull exerted on it at -4 ; and so on. 

If M is the position of the Moon, OM is about 60 times 
the Earth's radius^ so that the pull exerted by the Earth on 
the mass m when m is at the distance of the Moon is — 

SAOO 

of the pull exerted on the same mass when placed on the 
Earth's surface. 

If m could be carried inside the Earth from A towards O^ 
it would be found that the pull exerted by the Earth on it 
towards O gets less and less, and that when m reaches O^ the 
Earth exerts no force at all on it. The greatest force, or pull, 
exerted on m occurs at the surface ; and the force diminishes if 
M is moved from A either towards O or away from it. 

The particular value of the force exerted by the Earth on 
the body m when m is at the Earth's surface is called the 
weight of the body m. This force will remain nearly of the 
same amount no matter at what point, E^ A, P^ . . ., of the 
Earth's surface the mass m is placed. Since the Earth is 
not quite spherical, but somewhat flattened at the pole P, 
the force exerted on /» is a little greater when tn is placed 
at F than when it is placed at the Equator, at E. 

Hence the weight of one and the same mass m varies 
a little with the place of m on the surface. Now, observe 
particularly that in all the changes of position of m from 
C? to -4, -5, C, . . . J/, . . ., there is one thing which is always 
the same — namely, the mass of the body. The body is 
composed of exactly the same particles at Jf as at ^ ; but 
the pull of the ear& on it has been extremely variable. At 
the position M it is very small ; at a distance of a million 
miles from O it would be practically nothing at all. 

The mass of a body, or quantity of matter in it, is therefore 
quite distinct from the weight of the body, this latter being 
merely a very particular force exerted upon it in a very par- 
ticular position — ^the force exerted upon it by the attraction 
of a particular planet, called the Earth, when the mass is on 
the surface of the planet If the very same body, m^ were 
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taken to the surface of the planet Jupiter, its "weight" 
{t,e. the pull exerted on it by Jupiter) would be, roughly, 
2^ times its "weight" on the surface of the Earth. If the 
body were placed near the surface of the Sun, its " weight " 
would be about 28 times its " weight " here ; if it were placed 
near the surface of the star Arcturus, its "weight" would 
be (there is some reason for believing) nearly 90 times what 
it would be at the surface of the Sun ; i.e, more than 2500 
times its value on the surface of the Earth. 

The variation of the weight of a body at different places 
on the Earth's surface might be shown by means of a delicate 
spring-balance. If a spiral spring has attached to it a hand 
and a dial, the face of which is divided into a large number 
of equal parts, and a given mass is attached to the spring, 
it will cause the hand to move from the zero position along 
the face of the dial. Let this spring be used with a suspended 
mass at the equator, and suppose the hand to move over 
100 divisions. Then if the same mass is suspended from 
the same spring at the pole, the hand will move over 100^ 
divisions, very nearly. 

13. Acceleration Produced in a Body by its Weight. — If 
a material particle is allowed to fall freely at the Earth's 
surface — ^say from the ceiling of a room to the floor, or from 
the top of a tree to the ground — it is, during the whole motion, 
pulled by the Earth with a force which we call its weight, 
this being an almost perfectly constant force, since we may 
suppose the ratio of the distance of the falling body from 
the Earth's centre to the radius of the Earth to be equal 
to unity in all positions of the body. Constant force on the 
body produces constant acceleration ; and it is found in various 
ways by measurement that the acceleration here is about — 

32 feet per second per second, 
or about — 

981 centimetres per second per second. 

This acceleration produced in the motion of a freely-falling 
body is always denoted by the symbol — 

g- 
How many poundals are there in the weight of a body ? 
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If the body contains tn pounds or W pounds — it does not 
matter which letter we use — the number of poundals in the 
force called its weight is about 32 w or 32 ^ Thus, if 
the body contains 3 pounds of matter, its weight contains 96 
poundals ; and a poundal is about the weight of half-an-ounce. 
Of course, the weight of the body estimated in pounds^ weight 
is m^ or W, 

14. Absolute Measure and (Gravitation Measure of a Force. 

— Having assumed a unit of mass and a unit of acceleration, if 
we define a unit of force to be that force which will produce 
the unit of acceleration in the unit of mass, this unit of force is 
called an absolute unit offeree^ because it would be the same, 
not only at all points on the surface of the Earth, but at all 
points on every planet and everywhere in space. We can 
easily imagine other ways of taking an absolute unit of force. 
For example, we may rely on elasticity to give us such a unit. 
We may say that a steel spring of given dimensions, and at a 
certain temperature, when it is stretched to any amount (such 
^ TW(5 or 1000 o^ ^^s natural length) is exerting a unit force ; 
and we could express every force as a multiple of this unit. 
Such a unit force would, like the dyne or the poundal, be the 
same everywhere on the Earth and everywhere in space ; but 
its definition is not so simple as that of the dyne or the 
poundal. 

If we take the weight of some chosen mass, such as a pound 
or a ton mass, as the unit of force, we can, of course, express 
the magnitude of every force as a multiple of this unit. But 
the weight of a given mass is not the same all over the Earth, 
and has no definite meaning at all when the mass is out in 
space remote from the Earth. For example, the force which 
would break a given piece of elastic cord on the surface of the 
Earth is precisely the same as the force which would break it 
on the surface of Jupiter. If an inhabitant of the earth found 
that the breaking force was ten times the weight of a pound 
mass — or, as we commonly say, 10 pounds' weight — ^an inhabi- 
tant of Jupiter would find that the breaking force is about 
4 pounds' weight, because the weight of a pound on Jupiter is 
about 2 J times the weight of the same mass on the earth. 

When a force is expressed in terms of the weight of some 
unit mass, it is said to be expressed in gravitation measure ; 
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if it is expressed in terms of an absolute unit of force, such as 
a dyne or a poundal, it is said to be expressed in absolute 
measure. 

This will be understood by considering the question : What 
is the magnitude of a force, P, which produces an acceleration 
of 20 feet per second per second in a mass of 8 pounds ? By 
what has been already said, the force contains — 

8 X 20, or 160, poundals. 

If we please, we may (see Art. 11) compare P with the 
weight of the body — viz. 8 pounds' weight ; and then we have 
by (4), Art 11 — 

F= 8 . If = 5 pounds' weight 

Generally, then, if a force, -P, acting on a particle of tv 
pounds, produces an acceleration of a feet per second per 
second, we have — 

F=w,<i poundals,. . . . (i) 
or P= ze;— pounds' weight, . . (2) 

the first equation giving the value of F in British absolute 
measure^ and the second in gravitation measure. 

If the mass of the particle, w, is measured in grammes, and 
the acceleration, a, in centimetres per second per second, we 
have — 

F—w.a dynes, . . . . (3) 

or -P= a;— grammes' weight, . . (4) 

g being now about 981 centimetres per second per second. 

Engineers almost invariably use the gravitation measure of 
forces — such as pounds' weight or tons' weight. The British 
Absolute Measure (poundals) is not used; but the C.G.S. 
{i.e. centim^tre-gramme-second) Absolute Measure is very 
largely used in all calculations relating to electricity and 
magnetism. 

15. Pound and Gramme. — It will be useful to note the fact 
that— 

I pound = 453.59 grammes, nearly. 
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EXERCISES 

1. Express a pound weight in dynes. 

Result. 445 X lo" dynes, nearly. 

2. A certain force is capable of producing an acceleration of 6 7a8 in ft 
mass of 8 pounds, what acceleration can it produce in a mass of 3 pounds, 
and how many pounds' weight are there in the magnitude of the force ? 

Result. 16 7ss ; i\ pounds' weight (taking^ as 32 7ss). 

3. What acceleration can a force of a million dynes produce in i pound 
mass? 

Ans. 2204.6 ^/ss, nearly. 

4. Express in pounds' weight the force which can produce an accelera- 
tion of 8 inches per second per second in a mass of 4 ounces. 

Result, y-^ pounds weight. 

5. A certain force produces in a certain mass an acceleration of 10 7ss ; 
if I pound is taken from the mass, the same force produces in the remaining 
mass an acceleration of 12 7ss ; find the force and the mass. 

Result. The mass is 6 pounds, and the force is 1} pounds' weight 

EXAMINATION ON CHAPTER II 

1. What is the definition of force ? 

2. If a constant force acts on a particle, what is the nature of the particle's 
motion ? 

3. Describe any way in which a constant force ma^ be produced. 

4. Define a dyne. What fraction of a gramme weight is it ? (^y. ) 

5. How can the magnitudes of all forces be compared with eadi other 
by means of their effects on one and the same particle ? 

6. What is meant by the weight of a body ? Is its weight the same as 
its mass ? 

7. Where on the Earth's surface would a given mass (say a cricket ball) 
have the greatest weight ? How could the change of weight of a given 
mass be shown by a spring balance ? 

8. What would happen to the weight of a cricket ball if the ball could 
be taken through the Earth towards its centre ? 

9. What is the length of the Earth's radius ? With what force would the 
Earth pull a cricket ^1, if the ball were placed at a distance of 2000 miles 
from the E^arth's sur&ce. [Ans. ^ of its weight at the surface.] 

10. How many times heavier would a given particle be if it were 
placed at the sur£au:e of the Sun (and not destroyed), than it would be at the 
surface of the Earth ? 

11. What acceleration is produced in a body when it falls freely near the 
Earth's surfiEu:e ? [Give the answer in 7ss and in ^^/ss*] 

12. If a body has a mass of w pounds, can we say that its weight is fv ? 
Can we say that its weight is 32 iv ? 

13. What is meant by an absolute unit of force ? 

14. What is the weight, in dynes, of a mass of 5 grammes? What is its 
weight in grammes' weight? 

15. What is the grcantation measure of a force ? 



CHAPTER III 

THE COMPOSITION AND RESOLUTION OF FORCES 
(NEWTON'S SECOND AXIOM, OB LAW, OF MOTION) 

1 6. Resultant of Two Forces. — If a particle is acted upon 
by two forces at once, there is a single force which will pro- 
duce the same effect on the particle as the two forces acting 
together. This result follows at once from our definition and 
measure of force. For, let a particle, O (fig. 15), be acted 

upon by a force, P^ in the line OA^ 
and a force, C in the line 0B\ then 
let P and Q be measured by the ac- 
celerations which they separately pro- 
duce in the particle; that is, P may 
be measured by the velocity which it 
"p A gives the particle at the end of a second 
Pig^ i^^ (or any other unit of time) if the par- 

ticle started from rest, and Q may be 
measured in the same way. Draw, then, OP to represent the 
velocity thus produced in the particle by the force, P^ and 
OQ to represent, on the same scale, the velocity produced 
by Q, Now we know that if O has the velocities OP and 
OQ at the same time, it will have the single, or resultant, 
velocity represented by OR^ the diagonal of the parallelogram 
whose adjacent sides are OP and OQ (Art. 8). 

Hence OR represents, on the same scale, a single force 
which would produce on the particle the same effect as is 
produced by the two combined forces P and Q, 

Also if ^ is the angle QOP between the lines of action 
of P and C and if we denote their resultant by Ry we 
have — 

i?2 = i'2 + 2/>^cos<^+Q2. . . . (i) 

24 
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If the angle between the lines of action of P and ^ is a 
right angle (fig. 16)— 




and in this case, if R makes the angle B 
with/', Q 

tan^=^ (3) Fig. 16. 

If the two forces P and Q act in the same line, then in 
(i) the angle <^ is o or tt, according as PQ are in the same 
sense or in opposite senses, and we have — 

P-^P±Q (4) 

We see, then, that two forces are compounded into one 
exactly as two velocities are — viz. by the parallelogram law ; 
and we may formally enunciate the proposition of the 
parallelogram of forces as follows : If two forces ^ acting at the 
same point O, are represented in magnitudes^ directions, and 
senses by two right lines drawn through O, their resultant is 
similarly represented by the diagonal, through O, of the paral- 
lelogram determined by these two lines. 

CoR. — The resultant of two equal forces bisects the angle 
between them; for the diagonal of a parallelogram whose 
adjacent sides are equal bisects the angle. 

Observe that we may speak of two or more forces as acting 
at 2l point if their lines of action pass through the point; 
but we should never speak of forces as acting on a point : 
force can act upon matter only — ^not on a point. 

It is now obvious that any number of forces acting at a 
point (or on a particle) can be replaced by one force ; for, 
taking any two of them, we can replace them by one ; taking 
this one with another of the forces, we can again replace these 
two by one, and so on, until we. are left with one force, which 
is the resultant, or complete equivalent, of all the given forces. 

17. Newton's Second Axiom, or Law, of Motion. — If a 
particle is acted upon by any number of forces, its resultant 
acceleration coincides at each instant with the resultant force 
acting upon it, and the product of the mass of the particle 
and its resultant acceleration is the absolute measure of the 
resultant force. 
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Thus, if i? (fig. 17) denotes the resultant force acting on 
a particle of mass w, then the resultant acceleration, a, of 

the particle will take place along, and in the 
sense of, ^, and we have — 

R^w.a, (i) 

^^- ^=«;.A .... (2) 

according as we measure R in absolute or in gravitation units, 
as already explained in p. 22. 

CoR. — ^The component of a in any direction is, similarly, the 
equivalent of the component of R in that direction ; that is, 
if a^ is the acceleration of the particle in any direction, and 
X the total component force acting on the particle in that 
direction (fig. 18), we have — 

«o ,5- ^X X=W.a,,. . . . (3) 

Kg. 18. or— X=w.'^, . . . (4) 

according as force is estimated in absolute or in gravitation 
measure. 

The law at the head of this article is the foundation of 
Dynamics — indeed, it is the wko/e of Dynamics, so far as 
the motion of a single particle is concerned. We shall refer 
to it as Newton's Second Axiom, although Newton's enuncia- 
tion is in different words. In the " Principia " it stands thus : 
Change of motion is always proportional to the impressed force^ 
and takes place in the direction of the right line in which that 
force is impressed. 

But these words require much amplification to make their 
meaning clear. Thus, the expression, "change of motion," 
must be understood as meaning "time -rate of change of 
momentum." We shall not, however, dilate further on this 
at present; nor shall we require any other conception of 
Newton's Second Axiom than that contained in the words 
at the head of this article. 
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EXERCISES 

I. Two forces of 16 and 30 pounds' weight act at right angles on a 
particle ; what is the magnitude of their resultant, and what angle does its 
line of action make with the force 30 ? 

Ans, The magnitude is \/i6* + 30^= as/S* + 15* = 34 pounds* 

weight It makes tan ^ with the 30. 

3. If the two forces in the last example act at right angles on a mass of 
2 ounces, what acceleration, in magnituae and direction, will they produce 
in it? 

Their resultant is 34 pounds' weight, and the weight of the particle 
being \ pound weight, we have from the equation — 

.*. 0=8704 feet per sec. per sec., 
and a takes place in a line making tan ^ with the force 30. 

3. Two forces of 35 and 12 pounds' weight act at right angles on a mass 
of 8 pounds, what acceleration do they produce in it ? 

Ans, 148 7s8 in a line making tan ^ with the force 35. 

4. Two forces of 20 and 21 grammes' weight act at right angles on a 
mass of I kilc^ramme {ue, looo grammes) what acceleration do they 
produce in it ? 

Arts, 28.449 Vss* [The resultant is 29 grammes' weight, and 
if it produces a ^/ss in a mass of 1000 grammes, we have 

29=iooa^, .-. a=28.449VM.l 

The direction of the acceleration makes tan f^ with the force 2a 

5. Two forces of 20 and 21 d3mes act at right angles on a mass of 5 
grammes, what acceleration do they produce ? 

Ans, y '^/ss- [The forces being now in absolute measure^ we use 
the equation (3), p. 22.] 

18. Besolation of Forces. — The composition and resolution 
of forces follow precisely the same rules as the composition 
and resolution of velocities, because (Art. 11) all forces can be 
completely represented by the magnitudes and directions of the 
velocities which they would generate in the same time in the same 
particle. 
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Hence, as in fig. 15, a force represented by a given right 
line can be replaced by two forces, represented by the adjacent 
sides of any parallelogram which has the given line for dis^onaL 

And, of course, we have also the result 
that any force, suppose OP^ fig. 19, can 
►C be resolved into two forces represented 
by the sides of any triangle which has 
OP for base. Thus the force OP^X. O 
Fie. 19. ^^^"* ^ resolved into a force represented 

by OA and another represented in 
magnitude and sense by AP^ but this latter must be placed 
at O parallel to AP, Similibrly OP can be resolved into OB^ 
and one at O parallel to BP\ or into OC^ and one at O 
parallel to CP\ and so on. 

Rectangular resolutions are most frequently employed; i,e, 
the force OP (fig. 20) is resolved into two, whose lines of 

action are at right angles to each other. 
If OA is any direction, and OB the 
perpendicular direction, the com- 
ponents of OP along these lines are 
obtained by drawing from P perpen- 
diculars, PX and PY^ \.o OA and 

^Zs " ^^ '9 ^^^ ^^ ioxQJt OP could be re- 

^' • placed by the two OX ^xA OK If 

OP makes the angle 6 with OA, and if the magnitude of the 
force OP is denoted by P, while that of OX is denoted by 
Xj and that of 6>Fby J^ we have — 

X^PcosS . . . . (i) 
Y^Psine .... (2) 

As in the case of a velocity (Art. 9), the force P could be 
resolved in such a manner as to have an infinite number of 
different components along one and the same line, OA. These 
components depend on the position of the second line, OBy 
along which the other force acts. We shall call OX in fig. 20 
tAe component of OP along OA^ because we shall assume that 
we mean the rectangular component 

Thus, then, by the expression "the component of a force 
along a line," we shall mean the rectangular component, and 
(i) shows that — 
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The component of a force along a line ^ the force multiplied 
by the cosine of the acute angle between the force and the 
line. 

It is extremely important that the student should, at a glance^ 
recognise the sense in which the component of a given force 
along a given line acts: the 
cuute angle always determines 
this sense. Thus, take fig. 21 : 

Let OA and OB be any two 
lines, and P, Q, R any forces 
acting at O. 

What is the sense of the 
component of F along OA} 
From O towards A\ because 
the foot of the perpendicular 
from the point F on OA will 
fall on OA'. What is the 
sense of the component of S along OB} From O towards 
B^y and this component is S^kcosSOB, and so on. [The 
student should practise these resolutions in the above figure 
and similar ones.] 

Understanding that we are speaking of rectangular com- 
ponents, a force has no component at right angles to its own 
direction. 




19. BeBultant of any number of Forces. — There are two 
ways in which the resultant of any number of forces acting 
on a particle may be found. We shall first explain one which 
depends on the resolution of forces ; and a numerical example, 
to begin with, will make the process clear. 

Suppose that O (fig. 21), is a particle acted upon by the 
three forces Fy Q, S, whose magnitudes are respectively, 50, 
34, and 52 pounds' weight, and with a given line. A' A, 



let F make tan ^ 



Hi 

» C » tan T^, 
tan ^. 



,. 5 



» 



Draw the line B'B perpendicular to A' A, and resolve each 



30 



ELEMENTARY DYNAMICS 



of the forces into two components, one along A A and the 
other along BB. 
Along A' A — 

P gives a component 50 x f , or 30 in the sense OA^ 
Q » » 34xi4, or30 „ 0A\ 

S „ „ 52x41, or 48 „ OA. 

Thus we have a total component force of 30 + 30 - 48 
acting from O towards A' — i.e. 12 in 0A\ 

Now collect the components along jBB. The cosine of 
the angle which JR makes with OB in \; and we see that 
along BB — 

JR gives a component 50 x |^, or 40 in the sense OB, 
Q If >i 34X^, ori6 „ OB, 

S „ „ 52 x^, or 20 „ OB; 

so that in the sense OB we have the total, 40-16-20 — 
i,e. 4 pounds' weight. 

Hence our given forces are thus reduced to two rectangular 
components — viz. 1 2 from O towards A and 4 from O towards 
B ; and the resultant of these two components is the resultant 
of the originally-given forces. To find the resultant, therefore, 
we lay oflF OX to represent 1 2 pounds' weight, and OY to 

represent, on the same scale, 
4 pounds' weight; then the 
diagonal, OjR, of the rectangle 
determined by OX and OY 
represents the resultant com- 
pletely — I.e. in magnitude, line 
of action, and sense. Denoting 
the resultant by ^, we have — 

-^« 122+ 42 = 48x10, 

.•.J? =2 Vio pounds' weight; 

and if is the angle made by J? 
with 0A\ 

tSLn0=i. 

As another example, find the resultant of the following 
forces acting on a particle at O (fig. 22) : 
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46 pounds' wt. in OA 

-1 
51 „ making tan ^ with OA 



58 






a right angle wit 


39 






taii^J^with OA 


45 






taii^ 1 „ » 


74 






tan fl „ „ 


58 






tan'l^ „ OA 



Let us select the line A A and its perpendicular SB as 
those along which to resolve every force. 

Denoting by X the total component along OA and in the 
sense OA^ and by Y the total component along OB and in 
the sense OB^ we have — 

-X'=45XT+39xA-SiXTT-46-58x|T + 74xil 
= 36+15-45-46-40 + 24 

= -56; 

y=S8 + 39xlf + 4Sx|- 74x11-58 xfi + Six A 
= 58 + 36 + 27-70-42 + 24 

= 33- 

Hence the given forces are reducible to a force of 56 pounds' 
weight along OA and in the sense OA^ together with a force 
of 33 pounds' weight along OB \ and the resultant, J?, is 
therefore obtained by drawing OX along OA to represent 56 
pounds' weight, and O Y along OB to represent 33 pounds' 
weight, and then drawing the diagonal OR of the rectangle 
determined by OX and O Y, We have, then — 

ie^ = 56' + 33^ 
.\ R =65 pounds' weight, 

tan^-ff, 

6 being the angle ROA. 

If the body on which the forces act at O has a mass of 5 
ounces, what are the magnitude and direction of the accelera- 
tion produced in it ? The acceleration takes place in the line 
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of action of the resultant force. To find its magnitude use the 
equation (Art. 14) — 



a 



where J? is 65 pounds' weight and w is ^ pounds' weight ; 
then 

a=i3X 16x32 = 6656751. 

We often require to find the acceleration which the forces 
will produce in the particle along a given line, and this can be 
done by finding the total component which the forces produce 
along this line, and then using the equation of Newton's 

Second Axiom — viz. X^^w-^ (Ait, 17). Thus, what accelera- 

o 

tion along the line A' A will the forces in fig. 22 produce in the 
particle (5 ounces) at O? The total component, X, which the 
forces give along this line is 56 pounds' weight, and it acts in 
the sense OA' ; so that, if a^ denotes the acceleration of the 
particle along 0A\ we have — 

50-IT- rr 
32 



56x16x32, 

S 



a^ = -i a-Jl 



Similarly, if o^ is the acceleration of the particle along O K, 



33-Tir--^ 



Oy = 



32 

_33xi6x32f 



7 

/ss* 



We may now lay down the obvious principle that — the 
algebraic sum of the components of any number of forces along 
any line whatever is the same as the component of the resultant 
of the forces along this line. For, if the line is OA^ and we 
resolve all the forces along OA and along the perpendicular 
line OB^ the resultant force is actually found by combining 
into one force the collected component, X^ along OA^ and the 
collected component, K, along OB. 
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The second method of finding the resultant of any number 
of forces acting on a particle is as follows : — 

Suppose forces F^y F^ Fi, F^ Fg acting at Oy to be 
represented on any scale by the arrow-marked lines OFi^ OF^ 
OF3, OF^, OFs (fig. 23). Then we get the resultant, Oa, 
of Fi and F2 by taking 
the diagonal of the 
parallelogram OF^aF^, 
Now the point a can 
be obtained without 
drawing a parallelo- 
gram, if we simply 
draw from Fx a line, 
jPia, equal and parallel p'^ 
to OF^ The resultant * 
of Oa and OF^ will be 
the resultant of the 
three forces /\, jP„ Fi ; 
and this is obtained by 
taking the diagonal, 
Oby of the parallelo- 
gram determined by 
the sides Oa and OF^, 
Again, we see that the 
point b can be obtained 
without drawing the 
paraUelogram, if we 





Fig. 23. 



simply draw ab equal and parallel to OFi. Similarly, the 
resultant of Fx^ F^ F^ and F^ is the resultant of Ob and F^ ; 
and this we obtain by drawing be equal and parallel to OF^ \ 
thus we have Oc as the resultant of /i, . . . F^, Finally, the 
resultant of Oc and F^ is got by drawing cd equal and parallel 
to OFi ; and the resultant of the whole set of given forces, 
Pi, . . . F^ is completely represented by the line Od, 

It does not matter, of course, in what order we take the 
forces jPj, . . . F^ in combining them two and two. Thus we 
might have begun by combining F% and F^ into a single 
resultant. 

It will now be seen that the upper part of fig. 23 contains 
many more lines than are necessary ; and we may proceed, as 
represented in the lower part of f^. 23, to take any point, o; 
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from o draw oi equal and parallel to OjPi; from i draw 12 
equal and parallel to OP^l ^rom 2 draw 23 equal and parallel 
to OjPz; from 3 draw 34 equal and parallel to OJP^; and 
from 4 draw 45 equal and parallel to OJPg ; then — 

Tike line 05 drawn from the first verteXy o, to the last 
vertex^ 5, of the figure 012345, represents the 
resultant of the given forces, 

[Of course the resultant acts at Oy and is parallel to 05.] 
The set of lines 01, 12, 23, 34, and 45 do not form a closed 
figure ; but they form what is called a polygon of the forces 
Ply jP2, . . . /s : it is an unclosed polygon, as a rule. 

If it were closed, what then ? The point 5 would fall on the 
point o, and the resultant (represented by the line 05) would 
be zero; that is, the given forces would have no resultant -^ 
they would, acting together on a particle at Oy produce no 
acceleration in it ; they would then be said to be in equilibrium. 
Forces which have no resultant are said to be in equilibrium. 

We have called the figure 012345 a polygon of the given 
forces, because it is possible to draw several different polygons, 
all leading to the same result, by taking the forces in various 
orders. 

This is an important thing to understand, so we shall draw a 
polygon different from that in fig. 23, and show that we still 
get a closing line exactly equal and parallel to 05 in fig. 23. 
Thus, suppose that we first draw a line, 03 (fig. 24), equal and 

parallel to OFi ; then 32, equal and parallel 
to OPt; then 25, equal and parallel to OPsf 
then 51, equal and parallel to OPi; and 
finally 14, equal and parallel to OJPi; we 
have now the closing line, 04, of the poly- 
gon, and this is equal and parallel to 05 in 

fig. 23- 

It is evident to common-sense that this 

must be so, because the given forces jPi . . . 

Ps can have only one resultant, since a 
particle acted upon by them must have a single definite 
acceleration; and it must be just as allowable to begin by 
finding a single force to replace P^^ and P^ as to begin by find- 
ing a single force to replace Pi and /V The order in which 
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we combine the pairs of forces into single forces is whatever 
we please. 

This method of finding the resultant of any number of given 
forces is called a graphic method — the method of the Polygon of 
Forces, Of course, the sides of the force>polygon need not be 
drawn equcU to the lines OPx^ OP^ • • • > they may be aU 
6xdiYm proportional to OPx^ OP^ . . . on any scale. 

If the given forces are in equilibrium^ any one of them is 
exactly equal and opposite to the resultant of all the rest. Every 
one of the force-polygons that can be drawn isy in this case, a 
closed polygon, since the resultant is always represented in 
magnitude, direction, and sense by the line 

drawn from the first vertex to the last 

of any force-polygon ; and if the resultant is zero, the last vertex 
must fall on the first 

A very useful particular case is that of three forces in equi- 
librium, as expressed in the — 

20. Principle of the Triangle of Forces. — If three forces are 
in equilibrium^ any triangle whose sides are parallel to their lines 
of action represents their magnitudes. 

Let OPy OQ, OP (fig. 25) represent three forces acting in 

.C 





Fig. 25. 

equilibrium 3t O; then, taking any point, A^ draw AB parallel 
to OP and proportional to it on any scale ; from B draw BC 
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parallel and proportional to OQ; and from C draw a line 
parallel and proportional to (?J?. The point C must fall on A, 
since the resultant of OjP, OQ, and OH is zero, by what has 
just been proved. 

If dc is drawn parallel to BCy the sides of the triangle A^c 
are proportional to the forces, so that this triangle is a triangle 
of forces just as much as the triangle ABC, 

Another way of expressing the relations between three forces 
in equilibrium is this : when three forces are in equilibrium^ each 
is proportional to the sine of the angle between the other two. 

Let the angle between -Pand Q in fig. 25 be denoted by r, 
and the others as represented. Then if we draw the diagonal, 
OD, of the parallelogram determined by OF and OQ, OR 
must be equal to OD and a continuation of it Thus, then, 
in the triangle OFD we have — 

F\Q:JR^sm ODFisin DOF\ sin OFD. 

But sin ODF=^^m JDOQ^sin p; also sin jDOF^^sin q\ 
and sin OFD = sin (tt - /•) = sin r ; hence we have — 



or. 



F \ Q\ F^sinp ; sin ^ : sin r; 
F _^ Q _ R 



w 



sm / sm q sm r 

This relation we shall sometimes refer to as the law of sines, 
and it is one which is in such frequent use that the student 
should at once become familiar with it. 

There is no such simple relation between four or any greater 
number of forces in equilibrium ; because four forces in equi- 
librium are represented by the sides of a closed four-sided 
figure — />. a quadrilateral ; and the sides of a quadrilateral are 
not proportional to the sines of any angles in the figure. 

EXERCISES 

I. There are three forces in equilibrium; a particular triangle drawn 
with sides paiallel to the lines of action of the forces is found to have 
its sides equal to 13, 12, and 5 inches, while the force to which the last 
side is parallel is known to be 15 pounds' weight ; what are the magnitudes 
of the other two forces ? 

Ans, 39 and 36 pounds' weight. (If the two forces in question are 
denoted by P and Q^ we have, by the principle of the triangle 
offerees, P x Q * \^^\'^ \ \z \ ^\ therefore, etc.) 
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2. In the last question^ what is the angle between the lines of action 
of the forces 36 and 15 ? 

Arts, A right angle. 

3. The sides of a triangle 13, 14, and 15 inches long are parallel to 
the lines of action of three forces in equilibrium, and the sum of the 
two forces parallel to the sides 13 and 15 is 140 pounds* weight; find 
all the forces. 

If the forces parallel to the above sides, in order, are P, Q, ^, 
we have — 

J^=:^=i^, and also -P+A*=I40. 
13 14 15 

Now, if we put P= ip^y Q=i4Xy P= i^, where x is any quantity, 
we have /*+^= 28^=140, .*. x=$; so that P=6St Q = 7o, 
7?= 75 pounds* weight. 

4. Show that if a particle is kept at rest by three equal forces the 
angles between their lines of action are each equal to Z20°. 

5. Three forces, whose magnitudes are P, P+ Q and P- Q, act on 
a particle, and their lines of action include three angles each of 120**; 

show that the ms^nitude of the resultant is Q\/^2aid that the resultant 
is at right angles to P, 

6. Three forces, whose magnitudes are proportional to m^+n\ 2mn, 
and m^ - n\ m and n being any magnitudes, keep a particle at rest ; 
show that two of them are at right angles to each other. 

7. Given the direction of the resultant of two forces, and the magnitude 
and direction of one of them, find the least magnitude of the other and the 
corresponding direction. 

(The corresponding direction is at right angles to the resultant.) 

21. Conditions of Equilibrium. — When any number of 
forces act together on a body and have no resultant, they 
are said (as has been already stated) to be in equilibrium. 
There are many ways in which we may express the conditions 
of equilibrium of a body acted upon by forces, but they all 
come to the same thing — they are merely different ways of 
saying that the forces have no resultant For the present we 
confine our attention to a particle, so that the forces with 
which we are dealing may be considered as all acting at 
one point. For example, if a particle is acted upon by 
only two forces, what is the condition of equilibrium ? The 
two forces must be equal and opposite in the same right line, 
because this is the only way in which they can produce a 
zero resultant. 
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If a particle is acted upon by tkrte forces, what are the 
conditions of its equilibrium ? If any triangle is drawn with 
its sides parallel to their lines of action, the forces must be 
proportional to these sides, respectively, and their senses must 

be same as those of the sides 
taken continuously round the 
triangle. Thus, if the forces 
acting at a point, O (fig. 26), 
are represented on any scale 

Fig. 26. ^y ^^^ sides ABy BQ CA of 

a triangle ABC (fig. 27), these 
sides being taken in what is called cyclical arder^ the forces 
at O are in equilibrium. On the other hand, if the forces 
at O act in the senses represented by the arrows in fig. 28, 
although the magnitudes are proportional to the sides AB^ 

BCy CAy they are not in equilibrium; and 
observe that the sense of the force parallel to 
BC is opposed to the cyclical order of the 
senses of the other two. The forces at O^ if in 
the senses of the arrows in fig. 28, would have 
a resultant represented by 2,CB, 
Three forces in equilibrium satisfy, of course, the law of 
Sines given in Art. 20. 

For any number of forces, the resultant will completely 
vanish if the sum of the components of cUl the forces ctlong 
every line is zero, because we know from Art 19 that we 
obtain the resultant by collecting the total component, X, 
of the forces along any one line, and the total component, 
Yj along the perpendicular line ; and then — 

IP=^X^+Y^ (o) 

where ^ is the resultant ; so that J? will be zero if 

J^=oand r=o, .... 03) 

— d.e, if the sum of the components of the forces is zero along 
any line and also along its pa^endicular line. It is obvious 
that the resultant will be zero if the sum of the components of 
the forces is zero along each of two different directions^ even 
though these directions are not at right angles. Conversely, 
if the resultant is zero, the forces have no total component along 
any line whatever \ for, if they have a total component, X, 
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along any line, equation (a) shows that R cannot be zero, 
no matter what component^ Y^ they may have along the 
perpendicular line. 

22. Property of Momaiits. — Not only has the resultant of 
two forces the same component along any line as that given 
t^ the two forces themselves (see p. 32X but it has another 
property in common with the two forces. 

Let OF (fig. 29), represent completely a force jP, and let 
A be any point, and / the length of the 
perpendicular from A on OP. If we 
imagine the force F as acting on a body 
— say a thin rigid membrane lying in the O 
plane of the paper — and suppose that A is 
a point in this body so that an axis can ^, 

be stuck through the body at A perpen- 
dicularly to the plane AOF^ this axis being held fixed, what 
will be tTie effect produced on the body by the action of jP? 
Obviously a rotation^ or turning, round the axis; and it is 
evident that the rapidity of this rotation will depend on two 
distinct things — 

{d\ the magnitude of the force F\ 
(fi) the length of the perpendicular/. 

The student will see, long after he has begun this subject, 
that the rotation will depend on the product — 

^x/. (A) 

Our object now is not to show how this product is con- 
nected with rotation, but to prove that it has certain simple 
propa"ties. 

Observe, however, that the equilibrium and motion of a 
particle can be completely discussed without any reference 
to this notion of rotation — which belongs specially to the 
nature of bodies of large dimensions. 

Definition. — 7^ ^^ moment ^^ of a force ahaut a point is the 
product of the force magnitude and the perpendicular from the 
paint on the line of action of the force. 

Then if in fig. 29 jP=2o pounds' weight and / = 8 inches, 
the moment of F about -4 is 160 inch-pounds' weight 
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The moment of a force about a point has not only magni- 
iudcy but sign ; and the sign is determined by the sense of the 
rotation which the force would produce round the point To 
determine the sense of the rotation, hold the point of a pencil 
at the point, the pencil being perpendicular to the plane of 
force and point; imagine that this pencil is an axis stuck 
through a body on which the force acts, and see whether the 
body would rotate in the sense of watch -hand rotation or 
in the reverse. Thus, in the above figure the rotation would 
be opposite to that of the hands of a watch whose face is 
towards us. These rotations are designated as "clockwise" 
and "counterclockwise"; so that the moment of P about 
A \% 1 60 inch-pounds' weight counterclockwise. We shall 
frequently, in the sequel, indicate this in the following way : 

Take the point B in fig. 29. If the perpendicular from 
i? on jPis 10 inches, the moment of P about B is 

200) 

the bent arrow indicating a clockwise sense. 

The moment of a force about any point on its own line 
of action is zero. 

Varignon's theorem of moments. The sum {with their proper 
signs) of the moments of two forces about any point in their 
plane is equal to the moment of their resultant about the point. 

Observe that the moment Py.p of the force represented by 
OP (fig. 29) about A is graphically represented by double 

the area of the triangle AOP 

?- p v,T which has the point A for 

.,.''''/ vertex and the force for base. 

\ y —^H / Let OP and OQ (fig. 30) 

\ / ^^^^-^"^^^ / / represent any two forces, P 

^ ^^^""^"^ y y and Q, and OR their result- 

O p" A ant, J?, according to the 

Fig. 30. parallelogram law ; let D be 

any point, and let it be re- 
quired to show that the moment of R about D is equal to the 
sum of the moments of P and Q about D, From D draw 
DC parallel to one of the forces, P\ produce OR to meet 
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DC in Cy and OQ to meet DC in B^ and draw CA parallel 
to BQ, meeting OP in A. Then, obviously, OA \ AC \ OC 
= OP : PR : ^^, so that we may adopt a new scale for re- 
presenting the forces, and take OA^ OB^ OC to represent 
Py Qy P, respectively. 

Then the moment of OC about D is represented by 2,D0Cj 
where DOC means the area of the triangle DOC] moment of 
OB about D=^2.D0B\ moment of OA about D-=2,D0A 
= 2.C0A (since DO A and CO A are on the same base and 
between the same parallels) = 2. -5(?C; hence sum of moments 
of OA and OB about D=2,D0B+2,B0Cy which = 2.Z>(?C, 
and this is the moment of OC about D ; therefore, etc. 

If D is between the lines OP and OQ, the moments of 
P and Q about it are of opposite signs, and the arithmetical 
difference of their moments about D is equal to the moment 
of R about it. 

This is the second property which is common to any number 
of forces and their resultant, the first being that given in 
p. 32 : The sum of the moments of any number of forces acting 
in one plane about any point in the plane is equal to the moment 
of their resultant about that point ; for, we may replace two 
by their resultant, and take the moment of this force and 
another of the given forces ; and so on. 

If we had defined the moment of a force about a point 
as the product /'x/*, or as anything else than Py^py this 
theorem concerning forces and their resultant would not be 
true. 

If the sum of the moments (with proper signs, clockwise 
being +, suppose, and counterclockwise being -) of any 
number of forces about a given point is zero, what do we 
know about that point? That it must lie on the resultant 
of the forces. 

e:Jercises 

1. ABC is a triangle whose sides, AB^ BCy CA, are 14, 13, and 15 
inches; a force of 15 pounds' weight acts along the side BA in the sense 
BA ; what is the moment about C ? 

Ans, 180 inch-pounds' weight. (Indicate the sense of the moment. ) 

2. A and B are two given points 20 inches apart ; a force passing through 
A has a moment of 300 inch-pounds' weight about B ; what must be the 
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dtrectioii of this fbice so that its magnitttde may be least* and what is 
the least magnitnde? 

Ans, The force must act at ri^ht angles to AB, and then its 
magnitude is 15 pounds' weight. To see this, let the force 
have any direction ; let p be the length of the perpendicular 
from B on its line of action, and let /* be the magnitude of the 
fonse. Then By.p=^ 300, 

P 

so that P will be least when f is greatest. But the greatest 
perpendicular from ^ on a Ime passing through A is BA ; 
therefore the force when it is least acts at right angles to BA, 
Putting/=^^=20, we have /'=W=iS. 

Generally, if the force passing through A has a given moment, My 

about B. the least value of the force is -77;. 

AB 

3. In the last represent graphically the magnitudes of all the forces 
passmg through"^ which have the given moment 300 inch-pounds* weight 
about B, 

At A draw a perpendicular to AB^ and measure off on this line a 
length AO to represent ^^, or 15, pounds' weight; from O 
draw a line OL parallel to AB ; then all the required forces 
are represented on the same scale by lines drawn from A to 
points on OL. This follows from the graphic representation of 
a moment by the area of a triangle. (See p. 4a ) 

4. Given the moments, M and N, of a force about two given points, A 
and Bf show that one point on the line of action of the force is known. 

AO M 
The force must pass through the point O on AB such that ^^= tv' 

5. Show that if the moments of a force about any three points, A, B, C, 
not in a right line, are given, the magnitude and line of action of the force 
are known. 

6. ABC is a triangle such that -r4^= 14 inches, BC='i^, CA = i$; if 
Ma , Mb , Mc denote the moments of a force, /', about A, B, C, and lif 

Ma = 216) inch-pounds' weight 
-%=I2olr „ „ „ 

il/c = 1204f „ „ „ 

a^ow that P b 26 pounds' weight, and that its line of action is the parallel 
to BC drawn through the foot of the perpendicular from C to AB. 
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EXAMINATION ON CHAPTER III 

1. What is meant by the resultant of two forces ? How is it found ? 

2. If the resultant of two forces, P and Q, has the magnitude P+ Q, 
what can be inferred ? If the resultant has the magnitude P'^ Q, what can 
be inferred ? 

3. Can two forces whose magnitudes are 20 and 16 act at such an 
angle that their resultant is 40 ? Can they.act so that their resultant is 3 ? 

4. What are meant by cofnfxments of a given force ? 

5. Can a given force be resolved into two components, each of which is 
equal in magnitude to the force itself? [This question is Uie same as : Can 
a given line be made the base of a triangle, each side of which is equal to 
the given line?] Exhibit the lines of action, and say what the angles 
between them are. 

6. What is meant by the reetanguiar component of a given force along a 
given line ? How is the sense of this component determined ? 

7. How is the resultant of any number of concurrent {i.e, passing 
through the same point) forces found by replacing each by two components ? 

8. When any number of forces act on a particle of given mass, how 
do you find the direction and magnitude of the resultant acceleration of the 
particle? 

9. How do you find the magnitude and sense of the acceleration of the 
particle along any given line ? 

10. How is the resultant of any number of concurrent forces found by 
the graphic method o{\h<tpofygon of forces! 

11. When several forces act together at a p(Mnt, why do we speak of a 
polygon of the forces rather than of the polygon of the forces ? 

12. If the forces have no resultant, what ^ppens to each polj^on of the 
forces ? 

13. Can two forces be in equilibrium ? 

14. State in three different ways the conditions of equilibrium of three 
forces. 

15. State concisely the condition of equilibrium of any number of forces 
acting on a particle. [No component along any line.] 

16. Into how many components can a given force be resolved? [An 
infinite number ; because a polygon of any number of sides can be described 
on a line representing the force. ''Components" here, of course, do not 
xskean rectaf^piiar components."] 

17. What is meant by the sense of the moment of a force about a point ? 

18. How is the magnitude of the moment of a given force about a point 
graphically represented ? 

19. If a force passing through a given point has a constant moment 
about another given point, when is the magnitude of the force least ? 

20. Represent graphically the magnitudes of all forces passing through 
a given point when tne forces have the same moment about ano&er given 
point. 




CHAPTER IV 

PABTICLES ON SMOOTH PLANES 
(NEWTON'S THIBD AXIOM, OB LAW, OF MOTION) 

23. Definition of Smooth Surfaces. — Suppose that a body, 
M (fig. 31), which is acted upon by any forces, rests at a 
point P against a surface AB. Then it is obvious that this 

surface is exerting (or may be exerting) 
a force on the body at the point Py be- 
cause, in general, the state of equilibrium 
or motion of M will not be the same if 
the surface AB is removed as when 
AB is not removed: the surface AB 
is preventing the body M from going 

Fig. 31 through it. 

Now, if the surfaces in contact at P — 
ue, the surface of M and the surface AB — are such that the 
only force which AB can exert on M is one confined to the 
direction of the normal Pn to the surface of contact, the 
surfaces are said to be smooth. This gives us a definition of 
smooth surfaces — viz, : 

Two surfaces are said to be smooth if the force which either 
of them exerts on the other ^ when they are placed in 
contact, can act in no other direction than that of the 
normal to their surface of contact. 

Experience makes us acquainted with surfaces which nearly 
satisfy this condition. Thus, if a glass rod, GP (fig. 32), with 
a rounded end is pressed along its length GP against a well- 
cleaned glass plate, ABy at the point P, it will be found 
impossible to keep the rod from slipping in any position 
(such as that represented in the figure) in which it is inclined 
to the normal, jP«, to AB at P. In other words, the glass 

44 
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plate can exert no force along AB to prevent the slipping 
of the rod — although it can exert a good deal to prevent 
penetration. Many other instances 
of the same kind will readily present 
themselves. 

But, of course, surfaces such as we 
have just defined exist strictly only 
in imagination: no surfaces can be /^^ttttttttttj 
found which will not offer some (how- 
ever slight) resistances along their 
tangent planes. We meet in experi- %J' 

ence with surfaces which are very Fig. 32. 

nearly^ but not quite perfectly, smooth; 

and such surfaces give us the notion, or suggestion, of perfect 
smoothness. 

We shall seriously assume the existence of such surfaces 
for the present. 

Once we give the surface AB credit for exerting the force, 
represented by N^ on the body, we may remove AB out of 
the figure and use the force N instead of it. This is an 
unusual thing to do; but nevertheless, once the force iV is 
introduced into our figure, it is well to remember, there is 
no need for the surface which produced it. 

24. Newton's Third Axiom, or Law, of Motion. — Now it 

is quite obvious that in the case of fig. 31, not only is the 
surface AB exerting a force on the body M^ but also the 
body M is exerting a force on the surface AB, Newton 
assumes that this latter force is exactly equal and opposite to 
the former. Thus, if the normal nP is produced through /*, 
the force which M exerts on AB is equal to N in magnitude, 
and it acts in the reverse sense, nP, Similarly, in fig. 32, 
the table AB experiences a force exactly equal to N but in 
the downward direction. 

Whenever any two bodies, A and B^ are in contact, and 
B exerts a force ^on A^ then A exerts the same force Fon B, 
but in exactly the reverse direction. If we denote the first 
by F^ we may call the second - F, This is an axiom which 
we assume with Newton; but Newton goes much farther 
(or apparently much farther) in his assumption. He says, in 
fact, that /*/ is impossible for any force to exi^ in the Universe 
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without the existence^ at the same timCy of another force equal 
and opposite to it in the same right line — just as impossible, 
in fact, as a straight line without two ends to it 

We may have no difficulty in admitting this in the case 
of actual contact between two bodies — as when the finger 
presses the table, or as when a heavy body rests on the 
ground: the ground exerts an upward push on the body, 
and the body a downward push on the ground. But the 
axiom holds good for cases in which bodies are not in what 
we commonly call actual contact. Thus, the Sun exerts on 
the Earth, at a distance of about 92 millions of miles, a force 
which we can easily calculate in any units we please — say 
tons' weight The calculation gives us the result that the 
Sun is perpetually pulling at the Earth with a force of 
nearly — 

3^ millions of billions of tons' weight 

Newton assumes that the Earth is perpetually puUing at 
the Sun with exactly the same force in the same right line 
(that joining their centres): the two forces are equal and 
opposite, just as in the case of the finger acting on the table 
and the table reacting on the finger. Moreover, there is 
probably no essential difference between the "contact" of 
the finger with the table and the "contact" of the Earth 
with the Sun: there is probably no contact at all in either 
case, but merely the intervention of a medium — of much 
less thickness, truly, between the finger and the table than 
between the Earth and the Sun — but still an intervening 
medium which enables the action to be exerted in both cases. 
Newton's Third Axiom, or Law, of Motion, as enunciated in 
the " Principia," is this : 

To every action there is always opposed an equal reaction ; 
or the mutual actions of two bodies upon ecuh other are 
always equal and directed to contrary parts. 

This Axiom is commonly summed up in the words: 
"Action and reaction are equal and opposite," which are 
obviously far from expressing all that is contained in Newton's 
own words. 

If a body, B^ exerts a force, F^ on a body, A (either by 
what we call contact^ or by any other means), the body, A^ 
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exerts on B the force -i^, a force equal and opposite to F 
in the same right line. 

It is important to note that these forces-*-calIed "actk)n" 

and "reaction" — act in the 
B same right line. Thus, in ^^^ -t*-OB 
fig. 33, if the body B exert* A^^ / 
Fig. 33. on A 2i force represented bjr yi%. 34. 
the arrow »», the body A caa- 
not exert on ^ a force represented by the arrow n^ although 
these two forces are equal, parallel, and of opposite senses; 
they must be equal and opposite in the same tight line^ as 
in fig. 34. 

Newton's Third Axiom asserts, then, that such a thing as an 
isolated force does not exist in the universe : whenever any 
body, A^ is experiencing a force F^ some other body, B^ is 
experiencing the force -/^ equal to the previous force and 
opposed to it in the same right line. 

25. Tension of a Oord. — The nature of action and reaction, 
as consisting of equal and opposite forces, is exemplified in the 
case <A a tight cord. As a very simple example, suppose that 
we have a cord, ABy fig. 35, one end, A^ of which is attached 
to a fixed p^, while from the other end, B^ 
is suspended a mass of weight W. Now, 
suppose that we take any point, P^ in the 
cord, and consider the action exerted on the 
portion AP of the cord by the lower portion. 
This action consists of a downward pull, re- 
presented by the force 2^ in the middle part 
of fig. 35. If, on the other hand, we con- 
sider the action exerted on the lower portion 
by the upper, we see that it consists of an B|. ,, 

upward pull, represented by the force T'at [w] [wj 

the right of fig. 35. This is exactly the same Fig. 35. 

force as that exerted upon the portion AP^ 
but reversed in direction; and we see in fig. 35 that 2^ must 
be equal to W if the weight of the portion PB of the cord 
is negligible: if it is not negligible, T is equal to ^+the 
weight of the portion PB of the cord. 

* The neglect of this consideration has led to erroneous substitutes £ot 
Newton's Laws — as we may have occasion to point out further on. 
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This force T is called the tension of the cord at P, Its 
magnitude will be equal to J^at every point of the cord if the 
weight of the cord is negligible. 

What, then, is the sense in which the tension acts at any 
point, P^ of the cord ? 

The answer depends on whether we are considering the 
equilibrium of the upper portion, AP^ or that of the lower 
portion of the cord. If the former, the tension is a downward 
force ; if the latter, it is an upward force. The case is just the 
same as that of the finger pressing the table. What is the 
direction of the force exerted between the finger and the table ? 
As acting on the finger, it is an upward force ; as acting on the 
table, it is a downward one. In the case of a cord kept tight, 
either as in fig. 35 or in any other way, we may suppose the 
tension at any point, /', indicated by a spring balance, if we 
sever the cord at P and attach the ends of the spring to the 
upper and lower parts of the divided cord : the hand, or mov- 
able index, of the balance will then point out the magnitude of 
the tension of the cord at P, 

The beginner must not fall into the error of saying that, 
because the tension T^ at P^ is a downward force, and is also 
an equal upward force, it can be ignored, since two equal and 
opposite forces applied at the same point cancel each other. 
Observe that these two equal and opposite forces do not act on 
the same body : one of them acts on the upper portion, AP^ of 
the cord, while the other acts on the lower portion. 

The force which the cord exerts on the peg -^ is a downward 
one (equal to W^ if the weight of the cord is negligible), while 
the peg exerts on the cord an equal upward force. The wall 
into which the peg is fixed exerts an upward force on the peg 
to balance or equilibrate^ as it is said, the tension acting on 
the peg. 

Thus, then, in all cases, whether we are to represent the 
tension of a cord at any point as a force acting in one sense or in 
the opposite depends on the body^ or portion of the cord^ whose 
equilibrium or motion we are considering. 

The beginner should p^y great attention to this. 

The case in which a cord passes over or under any number 
of smooth pegs, or other surfaces, is one which we must notice. 
Suppose that a cord, the weight of any portion or the whole of 
which is negligible, has one end fixed at a point, A (fig. 36), 
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and that, passing round any number of fixed smooth pegs or 
axes, By Cy D^ the other end, B^ is pulled with any force, P\ 
then the various parts, AB^ BC^ 
CDy DEy of the cord may be 
regarded as straight lines (which, 
if the cord has weight, they can- 
not be); and, the p^s being 
quite smooth, the magnitude of i^ 
the tension is the same at every Fig. 36. 

point, ^, w^, 5, . . . of the cor<^ 

and is, of course, equal to the tension, P^ at E. That 
this tension is constant we will assume; much later in the 
subject the student will see why this is so. We assume, then, 
that when the surfaces over which a cord passes are smooth, 
and the effect of gravity on the cord is n^ligible, if a small 
spring balance were inserted between the severed portions of 
the cord at any point, Q, w^, 5, . . . , this balance would 
indicate the same tension at all such points. 

This constancy of the tension holds only in one and the 
same continuous cord. If the cord is knotted at any point to 
another cord, the tensions in the two parts of the cord which 
start from the knot are, in general, different. Thus, in fig. 37, 
if the cord, ABCDy is knotted 
at a point,' (7, to another cord, 
CFy and if from the portion 
hanging over the peg, 27, a body 
of weight W is suspended, the A 
tension will be equal to W at 
every point in the portion CD ; 
but Uiere will be a different 
tension, S^ in the portion CB\ 
and, again, a different tension, 
T, in the cord CF. The ten- 
sions 7; Sy Wzx^ represented in the figure as they act on the 
knot C The tension is 5 at all points in AB. 

The magnitudes of ^ and T can be found in terms of W^ by 
considering the equilibrium of the knot (7, when we are given 
the angles between the cords at C, by the Um of Sines or the 
triangle of forces (Art 20). 

What would result in fig. 37 if the knot C were replaced by 
a small smooth ring? The tension, 5, would then become 
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equal to JV^ since the cord A BCD would then be continuous^ 
and would at C merely pass under a smooth surface — viz. the 
inner surface of the ring. 

26. Pressure on a Peg. — As further illustrating the nature 
of the tension of a cord, take the case represented in fig. 38. 

Let A and B be two smooth pegs 

A B fixed in a horizontal line; let a cord, 

with masses P and Q attached to its 
ends, pass over these pegs; and let 
a small ring, C, to which a mass, ^ 
is attached, be threaded on the cord 
^ between A and B. It is required to 
find the position of equilibrium and 
the pressures on the pegs. 

Now, firstly, observe that the cord 
is continuous and passes over and 
under smooth surfaces, so that its tension must be everywhere 
the same. At one extremity the tension is obviously the weight 
of -P, and at the other it is the weight of Q\ therefore no 
equilibrium is possible unless 

Consider now the equilibrium of the ring. It is maintained 
by three forces — viz, W^ and the two equal tensions (each equal 
to P) represented by the arrows drawn from C. Hence the 
line of action of ^must bisect the angle C(Cor., Art. 16); 
therefore C will settle down on the vertical line which bisects 
AB^ and the angles CAB and CBA are equal. Denote each 
of them by ft Then the position of equilibrium will be known 
if B is known. 

Now, resolving vertically for the equilibrium of the ring we 
have — 

/»sin«+/»sin«~ W^o 



sind 



W 
IP 



(i) 



This determines the position of equilibrium. 

Now what forces keep the peg A in equilibrium? The 
tensions of the two portions of the cord leaving A^ which are 
represented by the arrows drawn along these lines from Ay and 
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the force supplied by the wall in which the peg is Ifixed. This 
latter is equal and opposite to the resultant of the two tensions, 
and this resultant (Cor., Art. 16) bisects the angle between the 
lines AF and AC. If J? is the resultant of the two forces 

P, P which include the angle — ^, we have (Art. 16) — 

Je»= /* + i* + ai*cos(- - «) 
«ai*(i+sine) 
= aP<i + ^),by(i); 

.-. R^ »JJ\2P-¥ W) (2) 

This is the resultant pressure exerted on the peg by the cord, 
and it is counteracted by the wall. Observe that there is 
no position of equilibrium unless W< 2P; for (i) requires this 
condition in order that should be a real angle. The reason 
of this is easily seen ; for if ^ were equal to 2jP, the ring would 
be obliged to fall down an infinite distance to enable the two 
parts of the cord, CA and CBy to close up into one right line. 

As numerical illustrations the following may be taken : — 

1. AB is 24 inches, IV— 20 pounds, P (and therefore 

» 26 pounds. 
Then, in the position of equilibrium C is 5 inches below 
the middle point of APy and the resultant pressure 

produced by the cord on each peg is 12 ^/I3, or 
43.27, pounds' weight. 

2. AB is 16 inches, W^= 60 pounds, P^ Q—34 pounds. 
In the position of equilibrium C is 15 inches below the 

middle point of AB^ and the resultant pressure on 
each pegs 16 ^/I7a 65.92 pounds' weight. 

27. Principle of SeiMurate Equilibrium or Motion. — ^When- 
ever a system, at rest or in motion, consists of several parts, we 
may consider the equilibrium or motion of any part of the 
system as if the rest of the system did not exist, provided that 
we produce on the part considered all the forces which are actually 
produced on it by the other parts which we have imagined to be 
removed. 
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This has already been illustrated in Art 23, in which we 
considered the surfaces AB in figs. 51 and 32 as removed, and 
the forces which they exert on the bodies in contact with them 
supplied by some other means. 

This principle is an axiom which runs through the whole 
of mathematical physics. 

28. Body on Smooth Inclined Plane. — Let a body of 

weight W (fig. 39), be placed on 
a smooth plane inclined to the 
horizon at the angle /, and sup- 
pose that a cord is attached to the 
body, and pulled with a tension 
/' in a direction making the angle 
6 with the upper surface of 3ie 
plane. What is the value of P 
which will keep the body in equi- 
librium? Let N be the reaction 
of the plane on the body; then 
N acts along the normal to the 
plane; and the body is in equili- 
brium under the action of only 
three forces. Hence, as P must 

be expressed in terms of the given force W^ we use the 

law of Sines (Art. 20) thus: 

P %\nWN 
^ €\XiNP 

where WN means the angle between N and W, But 




WN- 



21+ 2L-|fl6ir-i; andiWs 
2 2 



2 



0] hence 



P^W 



sm / 



cos 



7 



(I) 



In the same way — 



^ sin PJV «>s 



J 



cos (t + 0) 
cos 6 



(2) 
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Of course, these could be obtained by resolving along and 
perpendiculaur to the plane for the equilibrium of the body. 

The values of N and P can be graphically represented in 
the figure by means of the triangle of forces (Art. 20). Any 
triangle with its sides parallel to the forces will represent their 
relative magnitudes ; hence draw any line, AB^ parallel to Ny 
meeting the lines of action of ^and jP'm A and B; then, if 
O is the point at which By JV, and ^meet, 

BiJV^i W^ OBiBAiAO. 

As a numerical example, let JF=io4 pounds, i = tan ^y 
^=tan* f. 

Then P^ 104^= 50 pounds' weight ; iV= I04i2-li— 12^=: 

66 pounds' weight. 

Supposing that in this numerical case the cord is pulled, 
not with the tension 50 pounds' weight which corresponds 
to equilibrium, but with a force of 20 pounds' weight, what 
will happen ? 

Resolve the forces along and perpendicular to the plane; 
then, acting down the plane we have a component, Xy given 
by the equation- — 

X« Wsm /-i^cos0=io4X^-2ox^ 
== 24 pounds' weight ; 

and acting in the normal in the sense of N the total com* 
ponent, K, is given by — 

Y^N+Psme-- Wcosi 
=»A^+i2-96 
«JV^-84. 

Now, the reaction of the plane can have any value, except 
a negative one; and to prevent motion of the body in the 
direction perpendicular to the plane, the plane has merely 
to react with a force N equal to 84 pounds' weight, which 
it will do; but there is an unbalanced component force of 
24 acting on the body down the plane. Hence the body 
will slide down with uniformly accelerated motion, in which 
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the acceleration a 7ss is due to the action of a force 24 on 
a body of weight 104, so that (Art. 17) — 

« = T^ g=^ fJ =* 7 A ^^^^ P^'^ sec. per sec. 

If in the general case, represented in fig. 39, /'«o— i.tf. if 
a body is placed on a smooth inclined plane, and not acted 
upon by any force except its own weight and the reaction 
of the plane — the body will remain on the plane, but slide 
down with uniformly accelerated motion. 

For, if W^ is resolved along and perpendicular to the plane, 
the forces in these directions acting on the body are — 

^sin / and -A^- fFcos /. 

The plane will react with a force N equal to W cos / to 
preserve equilibrium along the normal, but the down-plane 
force, W sin /, is unbalanced, and the acceleration, a, which 
it produces in the body is given by — 

W^sin / 
a = — 777 — ^g 



W 
s=^sin /. 



(3) 



EXERCISES 

I. A and B (fig. 40) are two smooth p^ fixed in a horizontal line; 
a cord, ACBy passes over them and is attached at its ends to two masses 

of weights P and Q^ while at a point C this 
cord is knotted to another, from the free end 
of which a mass of weight W is suspended ; find 
the position of equilibrium and the resultant pres- 
sure on each peg. 

The tension at all points in the portion 

CA is constant, and therefore =/*; the 

tension at all points in CB-=^ Q, 

Consider the equilibrium of the knot C 

It is maintained by three forces, as 

represented by the arrows. Hence 

we may use the prindple of the 

triangle of forces; any triangle with its sides paiallel to the 

three forces acting on C has its sides proportional to their 

magnitudes. Let the vertical line through C meet AB in 

D\ from D draw DE^ CB\ then the sides of the triangle 

CDE are proportional to W^ Q, and P; that is CD : £>£ i £C 

^fV : Q : P; hence all the angles of this triangle are known 

by trigonometry. For example, cos £CjD = ^ ; 




Fig. 4a 
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but cos £CD=mi BAC, .*. the angle BAC is known — 
$,€, the direction of the cord AC is known. Similarly, cos EjDC 

_}V^±^zfL; but cos ^/>C=sin^i>i?=sin^^C, .-. the 
2 QIV 

direction of the cord BC is known ; and since the directions of 
AC and BC are known, the point C is known, 
and the position of equilibrium is .'. known. 
Does it matter how long the portions AF 
and BQ are made after the positions oi AC 
and BC are known ? No ; because we have 
n^lected the weight of every portion of the 
cord, and therefore, whether P is suspended 
one inch or one foot below A^ the state of 
affairs will be the same. As a numerical illus- 
tration, let IV=6s pounds, P=S^9 6 ==25. Fig. 41. 
Construct a triangle, mnr (fig. 41), with the side 

mn vertical, and and let its sides mn, nr, rm be made 
e(}ual (or proportional) to 63, 25, and 52 units. Then, by 
trigonometry — 

cosfw»=-2 — 1^ " ^5 _i| cos»i»r=-2 — f ^ ~ j =|. 
2x63x52 ^** 2x63x25 * 

The sides of this triangle, mnr^ «re parallel to the sides of the 
triangle CDE which we wish to find; ue, the cord ^C is 
parallel to rm, and BC is parallel to »r. 

Hence — 

sini5^C=H» sin^^C=f 

Now the peg A is acted upon by two forces each equal to 52 pounds' 
weight — viz, the tension of AP and AC — and their resultant 
bisects the angle PA C, If their resultant = R^ we have (Art. 16) — 

^=52>+52»+2 X 52" cos PAC-ZY. 52^(1 +H) 

,\ R = 260 n/^=: 20 >/26= 101.98 pounds' weight. 
Similarly, if 5 is the resultant pressure on the peg By 

5= 20 n/5 = 44. 72 pounds' weight. 

2. If the knot C is replaced by a small ring from which ^is suspended, 
how is the question of equilibrium affected ? 

In this case the cord ACB is continuous, and its tension (supposing 
its weight still negligible) must be the same throughout. Hence 
no eqmlibrium will be possible unless P and Q are made equal. 
In this case the line of action of fKwill bisect the angle ACB 
between the two equal tensions at C — i.e, D\& the middle point 
of AB ; and then, by considering the equilibrium of C, and 
resolving vertically, we have — 

2i*C0S^CZ>-^=0 

W 
.-. waBAC^s^mABC^-p 

which determines the position of equilibrium. 
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3. If a body of weight W is placed on a smooth inclined plane of 
inclination i and is kept at rest by a cord attached to it, the cord being 
parallel to the planei find the tension of this cord and the pressure on 
the plane. 

If 7*sB tension of cord and A'=s reaction of plane, we haye — 

r* fKsin », 
N^ fFcos I. 

4. If a body of weight IV is placed on a smooth inclined plane of 
inclination t , and is kept at rest by a cord attached to it, the cord being 
horizontal, find the tension and the pressure on the plane. 

Result. Tx fTtan iy 

iSr= fTsec I. 

5. If a body whose mass is 12 pounds is placed on a smooth inclined 
plane the tangent of whose inclination to the horizon is -j^, and has 
attached to it a cord parallel to the plane, the cord being pulled in the 
upward direction, find the acceleration of the body along the plane when 
the tension of the cord is — 

(a) 39 pounds' weight, 
{b) 26 

Result, In case (a) the acceleration is upwards and =8 ^ss; 
„ (b) „ downwards „ =5J Vw 

The pressure on the plane is the same in both cases, and is -^t^ 

pounds' weight 
(Note that, following the work of the eicample in Art. 19, there is 

in case (a) a total upward component of force along Uie plane 

equal to 3 pounds' weight, and in case (b) a total downward 

component of 2 pounds' weight. ) 

6. If on the same incline there is placed a mass of 52 pounds, and a 
horizontal cord is attached to it and pulled with a force of 26 pounds' 
weight, find the acceleration produced in the body. 

Result. An acceleration upwards along the plane of -ff 7*s* (We 
suppose the cord to be pulled towards die right in fig. 39. If 
it were pulled towards the left the acceleration would be in the 
downward direction along the plane and 11 times the above 
value.) 

29. Homogeneity of Expressions. — Dynamical problems 
usually involve quantities of different kinds — for example, 
forcesy lengths^ angles. . The ratio of any two quantities of the 
same kind is a mere number. Now, let us suppose that two 
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forces are P and Wy two lengths a and b^ and that B is the 
circular measure of an angle ; then such an expression 



i>= »^8fi^in 6? . . . (i) 

is utterly erroneous for the following reasons : 

(i.) Since /'is a force and Wd, force, /'must be equal to 
W multiplied by some pure number. P must not 
be represented as equal to a numerical multiple of 
W^^ W^y ... or any power of W other than the 
first power. 

(2.) If a is a length, which may be measured in any units 
(inches, feet, miles, etc.), we cannot add i (/>. the 
number i) to a, so that the expression a-f i is 
erroneous. 

(3.) Even if a + I were admissible, the expression — ^g- is 

not a number^ since a is a length and ^ is the cube of 
a length, i,e, a volume \ and hence P could not be 
equal to W multiplied by such an expression as 

There is no objection to the term sin d as a factor 
multiplying ^ to express the value of /l 

The two sides of equation (i) are not homogeneauSy i.e. of the 
same kind. 
A correct expression would be — 

P^W^smS, ... (2) 

and another correct expression would be — 

p^w^me, ... (3) 

a' 
since -^ is the ratio of quantities of the same kind (cubes of 

length). 
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Supposing that Q is another force magnitude, a correct 
expression would be — 

^"^ --^sin'^, ... (4) 

since -7=- is \^ L, i.e. force, and therefore the same thing 

Q* (force)*^ ° 

in kind as P\ moreover, "^ is a pure number, and so is sin^tf. 

There are few things in Dynamics more important for the 
beginner than an attention to the homogeneity of equations, 
because an eye that is accustomed to look for homogeneity in 
every expression will at once detect any error that may be con- 
tained in it, and thus, with almost no trouble whatever, locate 
the error in the work which has led to such an expression. The 
ability to detect errors by the test of homogeneity in physical 
calculations is an object the attainment of which will repay all 
the labour that may be expended on it. 



30. Things that are given and things to be found in a 
problem. — Let the student, in considering any problem, dis- 
tinguish carefully at the outset two classes of magnitudes which 
the problem involves — viz. : 

1. Magnitudes that are given (called the data of the 

problem). 

2. Magnitudes that are not given, some, or all, of which 

have to be found. 

Dynamical problems involve, generally, forces, lengths, and 
angles, some of which are given, and some of which have to be 
found from the given ones. 

For example, consider the problem in Art. 28, fig. 39. Here 
there are three forces involved — viz. W^ P^ and -A^; and there 
are two angles, / and B ; and of these we have — 

given things . . W, i, ; 
not-given things . . P^ JVi 

Now, when we are asked to calculate P^ we must observe 
that it would be ridiculous to present its value in terms of iV. 
Thus, it is quite true that 

COS (/ + 6) 
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but as ^is not given, and must itself be expressed in terms of 
the only force whose magnitude is given — viz, W^ — this value of 
P gives us no useful information. If a force has to be calcu- 
lated in any question, its magnitude must be expressed in 
terms of a known or given force — not in terms of a force whose 
magnitude is not given. 

Consider, now, the question of Exercise i, p. 54. Here we 
have — 

given things . . i^, ^, W^ length AB ; 
not-given things . . pressures on pegs, position of 

equilibrium. 

Now, in an actual example of such an arrangement there 
would be two other things given — viz. the length of the cord 
FAC between the mass F and the knot C, and also the length 
of the cord QBC. Why are these not mentioned in the data? 
Because they are useless. Since the mass of the cord is n^li- 
gible, it is clear that when the system has settled into its 
position of equilibrium, the masses F and Q could each be 
attached to its cord higher up or lower down (by adding a new 
piece of cord), and this would not alter the equilibrium or the 
pressure on either peg. Hence it is evident that no use can 
be made, in the calculation, of the lengths FAC and QBC. 

As regards the required position of equilibrium, the student 
should ask himself, at the outset, the question: "What un- 
known thing or things shall I take to define the position of 
equilibrium?" 

Now we may seek either for the lengths AC and BC^ or for 
the angles BAC and ABC ; for, if we knew either these 
lengths or these angles, we should know the position into 
which the system setUes. 

.• 

31. Fanicular Polygons. — Simplest OaseB. — If we take a 
light, flexible cord, attach to it at various points a number of 
heavy bodies, and then hang up the system by fixing the ends 
of the cord, the figure formed by the cord is called a Funicular 
Fofygon. A familiar instance occurs when a person has a 
number of apples or pears, partially ripe, which he wishes to 
ripen in the house. If they are tied by their stalks to a cord 
at points ^1, A^ Aj, A^ A^ (fig. 42), and the ends, A^ A^ of 
the cord are then fastened to two fixed points, so that the whole 
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system hangs freely in a vertical plane, the portions AqAu 
AiA^ A^^ . . . between stalk and stalk may be considered 
as straight lines (since the weight of the cord is negligible), and 
they form a funicular {ue. rope) polygon. By altering either 

the place of attach- 




ment or the weight 
of any one or more 
of the suspended 
bodies, the figure 
of the polygon is 
changed. 

Let us now con- 
sider the equilibri- 
um of the vertex Ai, 
It is kept at rest by 
three forces — viz. 



» # 



% 

\ 






Fig. 43. 



the weight, W^ of the body suspended from it, the tension, 
7^, of the cord, AiAq, and the tension, T^^ of the cord, AiA^ 
Consider the equilibrium of the vertex At. The forces keeping 
it at rest are W^ the tension Tx^, now acting in the sense A^i^ 
and the tension T^ of the cord A^i, 

Similarly for the equilibrium of the other vertices. 

We can represent the relative magnitudes of these tensions 
and weights very easily thus : Along a vertical line, 05, fig. 43, 
take portions 01, 12, 23, 34, 45 proportional to the weights 
^11 ^t> W^ W^ W^] from o draw oO parallel to AqAi^ and 
from I draw i O parallel to AyA^ Then, by the principle of 
the triangle of forces (Art 20), the lengths 

C?o, 6^1, 01 

are proportional, respectively, to the forces 

^i> ^lai '^i' 

Now join O to 2, and we have a triangle O^g whose sides 
must represent the three forces Tx^ Wf, and 7^, which keep 
the vertex A^ at rest; for 12 represents IVi^ and by the 
previous reasoning Oi represents Ti^ therefore the third side, 
O2, must be parallel and proportional on the same scale to the 
third force T^^ 

Similarly, O3 must be parallel to ^3^4, and its length 
represents ^e tension, T^^y in AiA^'y O4 must be parallel to A^g^ 
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and represent the tension in A^^y &n<i O5 must be parallel to 
AsAfy and represent its tension. 

The figure (fig. 43) is called a force diagram of fi^. 42, since 
the various lines in fig. 43 represent in magnitudes and direc- 
tions the various forces in fig. 42. 

It is very clear from fig. 43 that if the weights W^y W^ . . . 
of the suspended bodies are all given, and the directions of 
any two of the sides of the funicular in fig. 42 are known, the 
directions of all the other sides can be at once found. For, we 
have simply to take any vertical line, such as 05, and lay 
off successively on it lengths, 01, 12, ... , representing 
W^, W^ • • • ; then, if the point O can be found, the direc- 
tions of all the sides of the funicular are known. Suppose, for 
example, that the directions of the sides A^i and A^^ are 
known; then from o and 5 m fig. 43 we draw oO and 5O 
parallel to Af^i and A^^ and they will intersect in O ; die 
lines joining O to the various points of division, i, 2, 3, . . . , 
of the vertical line 05 will then be parallel to the various sides 
of the funicular in fig. 42. 

There is one very important thing with regard to the various 
tensions, 7Ji, T'^, . . . that must be pointed out — ^viz. though 
the tensions in the various parts of the cord may be all of different 
magnitudes^ they have all the same liorizontal component. 

This is obvious ; because, if we consider the equilibrium of 
Ai, and resolve horizontally, we have simply the result — 

horizontal component of 7^ = horizontal component of Tyt. 

Similarly, if we consider the equilibrium of At, and resolve 
horizontally, we have — 

horizontal component of JJi^ horizontal component of T^ ; 

and so on. 

In fig. 43 the perpendicular from O on the line 05 represents 
the common horizontal component of the tensions (on the 
scale on which the IV^s are represented). 

The student will do well to remember this constancy of the 
horizontcU component of tension in any flexible cord or chain 
from any points of which heavy bodies are suspended, what- 
ever the weights and positions of the bodies ; it is also true for 
any heavy chain which hangs from two fixed points — the tension 
at every point has a constant horizontal component. 
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Take the simple case in which there are two suspended 
bodies. 
Let A and B^ fig. 44, be two points 20 inches apart in a 

horizontal line ; let a light cord, ACDB^ 

^-v- 7 --^ 34 inches long, have its ends attached 

y^ to A and ^ ; at C, 13 inches from A^ 
/^^ let a mass of weight P be suspended ; 
) at 2^, 6 inches from C, let a mass of 

weight Q be suspended. What must 
be the ratio oi P to Q so that the 
^ Y\s AA. portion CD of the cord may be 

*"*^ horizontal? 

From C and D draw perpendiculars. Cm and Dn^ to AB ; 
then the lengths Am and Bn can be easily found; for, let 
Cm^Dn^h^ let Am^x^ Bn^y. Then — 

i3« = >4« + ^, 

.-. y-;r*=is'-i3' = 28x2, 
and J' -vx ^AB-CD—\^y 
.'.y-x =4, 

Now, the //aif on which we must proceed to obtain the 
result is simply this : Consider the equilibrium of the knot C; 
if T'and S are the tensions in CD and CA^ the forces keeping 
C in equilibrium are 7] 5, P, Similarly, if J? is the tension in 
DB^ the forces keeping D in equilibrium are T, P, Q; then 
for die equilibrium of C express T in terms of P, and for that 
of D express 7' in terms of Q; equating these two values of 7J 
we shall have the relation between -Pand Q, 

For the equilibrium of C, the triangle A Cm is a triangle of 
forces — 

for that of B^ the triangle BDn is a triangle of forces ; 
hence we have T=^P, and T=^Qy 
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EXERCISES 

1. In fig. 44, if AB=:$ feet, AC^fj inches, CZ)=i6 inches, DB^y) 
inches, find the ratio of P to Q 90 that CD may be horizontal. 

2. If AB^(^ inches, AC^iJ^ C!Z?= 12, 2)^=25, and ^=30 pounds, 
find Q so that CD may be horizontal ; find also the tensions mAC, CD^ 
and DB, 

ResuU, Q= 12 pounds, 5'=:34 pounds' weight, T^ 16, ^=20. 

If, as in fig. 44, a flexible cord, ACDB^ has its ends, A and 
^, fixed at given points, while from two given points, Cand D^ 
in it are suspended two heavy bodies, and it is desired to have 
the direction of any one side of the figure ACDB given, the 
requisite ratio of /* to Q can be very easily found. 

For example, in fig. 45 let the fixed ends A and B occupy 

any positions, let it be 
desired to have the side i'» 

CD given in direction; 
then the figure ACDB 
is given; for, from B 
draw Br equal to DC j 
and in the given direc- 
tion; then the point r O^'^ 
is given; and since Cr 
is equal to DB (which ^ 

is given in length), the ^^' ^^' 
three sides of the triangle 
ACr are given in magnitudes, therefore the point C is known, 
and thence the figure ACDB. Now, draw any vertical line, 
mp (fig. 46), take any point, O^ and from O draw Om^ On, Op 
parallel to DB, DC, CA ; then 

P^ np 

This is obvious, because the vertex D is kept in equilibrium 
by Q and the tensions in DB and DC\ and the sides of 
the triangle nmO are parallel to these; therefore, on the 
scale on which On represents the tension in CD, the weight 
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Q is represented by mn. Similarly, from the equilibrium of 
C, we find that jP is represented on the same scale by np. 
Therefore, etc. 

EXAMINATION ON CHAPTER IV 

1. What is the definition of smooth surfaces? ' 

2. State Newton's Third Axiom, or Law, of Motion. 

3. If for every force in the Universe there exists an equal and opposite 
force, why can we not cancel every force by considering its opposite as 
well ? (These opposites do not act on the same body, ) 

4. What is meant by the tension of a cord at any point in the cord ? 

5. What is the direction of the resultant pressure exerted on a smooth 
pee by a cord passing round it ? 

6. Define the principle of separate equilibrium or motion of any part of 
a given body or system of bodies. 

7. What is the acceleration of a particle which is placed on a smooth 
inclined plane of 30** inclination? What is it for a smooth plane of any 
inclination ? 

8. If /'and Q are given forces, a and 6 given lengths, a a given angle, 
and X a length to be found, criticise the result — 

*=i^i+?tantt. 

State what is meant by the honufgtneity of expressions. 

9. What is meant by a funicular polygon ? 

10. Whatever the shape of the polygon formed by a cord from various 
points of which masses of any magnitudes are suspended vertically, what 
simple relation holds between the tensions in the various parts ? 



CHAPTER V 
PABTIOLES ON BOUGH PLANES 

32. DelinitioB of Bough Surfaces. — Two rough surfaces are 
such that when they are in contact at a point the resultant 
force exerted by one on the other need not act along the 
normal to their surface of contact 

Consider the two surfaces in contact at the point P in fig. 
32, p. 45. Suppose AB to be a table, and GF to be a pencil 
of wood, so light that its weight can be neglected. We know 
by experience that it is possible to press the pencil in the 
direction, GP^ of its length against the table, and to incline it 
at a considerable angle to the normal before it slips along the 
table at P, Let us suppose that the pencil is pressed with any 
force in the line GPy and account for its equilibrium in this 
inclined position. It is obviously kept at rest by two forces 
only — viz. 

fa) the applied pressure in GP^ 
[b) the reaction of the table at P. 

Now, for equilibrium these two forces must be equal and 
opposite in the same right line (Art. 21) ; hence the table must 
be reacting in the line PG — i,e, in a direction inclined to the 
normal. We can, perhaps, incline the pencil more and more 
to the normal, until we reach such a deviation from the normal 
that equilibrium can no longer continue, and the pencil slips. 
Hence there is a limit to the angle which the reaction of the 
table can make with the normal. The greatest angle that this 
reaction can make with the normal is called 

the angle of friction 

between the two bodies. 

This angle of friction depends on the natures of the two 
surfaces in contact. Thus, if the pencil is made of cedar wood 
and the table of oak, the angle of friction may be (say) 25'. 

E 6s 
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If the same pencil is used, and the oak table is replaced by a 
plate of glass, it may be found that the reaction cannot be in- 
clined at an angle of more than 15° to the normal ; that is, the 
angle of friction between the cedar wood and the glass is 15*. 
(These figures are not to be supposed to be accurate ; they are 
probably somewhere in the neighbourhood of the truth ; but 
they would require to be found by actual experiment) Ex- 
periments have been made with many pairs of bodies for the 
purpose of measuring the angles of friction between them, and 
it is found that two bodies have to be very rough indeed to 
give an angle of friction as great as 45°. Practically we may 
consider that no angle of friction is as great as 45° — ^although 
a very few such have been observed. 

There is a slightly different way of presenting this result 
Let fig. 47 represent the pencil at any inclination to the 

normal, the pressure, jR, applied by the 

W Iff finger at G^ acting in GP, so that the 

table reacts along FG with a force equal 

to R. We can resolve the reaction, R^ 

of the table into a normal component, iVJ 

v/f/////j/^//9///^/ ^ and a component, Py along the table. 

Fig. 47. ^\i\^ component, F^ along the surface 

of contact could not exist, of course, 
if the bodies were smooth. It is called the force of friction 
between the bodies. 

Another simple experiment illustrates the same state of things. 
Suppose that AB (fig. 48) is a rough plane, having a body 

of weight ^ with a 
^\ B '^ t ^^^ \i2&^ resting on 

it, the plane AB 
being horizontal. 
The body is in equi- 
librium under the 
action of only two 
forces — ^viz. tVand 
the reaction, F^ of 
the plane. Hence 
F must be, in fig. 48, a vertical upward force equal to W^ 
and it is normal to the plane. In fig. 48 what is the force 
of friction between the body and the plane? There is no 
friction here called into play. 




Fig. 49. 



Fig. so. 
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Suppose that the plane is slightly tilted up, as in fig. 49, and 
that the body still rests. Then, as before, since the body is 
kept at rest by only two forces — viz. W and the reaction, ^, 
of the plane, R must still be vertical and equal to W. Is there 
friction called into play in fig. 49 ? Yes ; because R is now 
inclined to the normal », and if / is the inclination of the plane 
to the horizon, the normal component of JR is Id cost — i.e, 
fVcost) and the tangential component, or component along 
the plane, is IV sin i. This latter is the force of friction, and 
observe that it is acting in a direction opposite to that in which 
the body is trying to slip. The body is trying to slip down the 
plane, because if we imagine the plane in fig. 49 to become 
gradually smoother and smoother, the body would eventually 
slip down. 

Suppose that we still further increase the inclination of the 
plane, until we can increase it no more (fig. 50) without causing 
the body to slip down ; then the inclination of the plane is the 
angle of friction between the body and the plane, because R is 
still equal and opposite to W^ and its inclination to the normal 
n is equal to the inclination of the plane, so that R is now 
making the greatest possible angle with the normal. This 
angle must, therefore, be the angle of friction, and we have 
denoted it by the Greek letter X in the figure. 

Hence we get an apparently new definition of the angle of 
friction between two bodies — ^viz. the angle of fricHon between 
any two bodies^ A and B, is the greatest inclination of a plane 
made of one of the bodies (A) on which a slab of the other body 
(B) would rest^ when acted on by no force but its own weight and 
the reaction of the plane, 

(For this experiment the body B must have a flat base cut 
on it, and not a round one, so that it cannot roll ; and it must 
not be able to topple over, so that the form of a slab is best.) 

It was thus — by measuring the greatest angle of tilt of an 
inclined plane — that Coulomb measured the angles of friction 
for various bodies. 

In fig. 49, if the force of fiiction is ^ and the normal 
pressure -A^ we have — 

F= Wsin iy 
JV= IV cos i; 

.'. —.sstan/. 

N 
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Now the greatest value of i is A, so that the greatest value 

of — is tan X. 

Def. — The greatest ratio that the force of friction can bear 
to the normal pressure between two bodies is called the 
coeffident of friction between them. 

We thus see that the coefficient of friction is the tangent of the 
angle of friction. 

This coefficient of friction we shall denote by the Greek 
letter /t*. 

Suppose, for example, that the coefficient of friction between 
two bodies is J. Does this imply that in evefy case in which 
these bodies rest against each other at a point F=^ ^Ny 
where F and N are the force of friction and the normal 
pressure between them? No; not by any means. Thus, 
the coefficient of friction between the table on which we 
write and a certain piece of stone may be \ ; but if we place 
the stone on the table, the force of friction is actually nothing 
at all, while the normal pressure is equal to the weight of 
the stone. What is meant is this : if the stone is, owing to 
any cause, just about to slip on the table, F will be equal 
to \N, 

In general, if /* is the coefficient of friction between two 

bodies, the greatest value of -^ is /dd; and F^yi^N only when 

slipping is about to take place. If slipping is not on the point 
of taking place, -iPis always less than ftiVI 

Observe, then, that if a body which is acted upon by no 

force but its weight is placed on 
a rough inclined plane, the body 
will rest if the inclination of the 

p plane is less than the angle of 

friction, and it will slide down 
if the inclination is greater than 
the angle of friction. 

There is another, and more 
simple, method of measuring the 
Fig. 51. coefficient of friction between 

two bodies. 
Let AB (fig. 51) be a horizontal plane made of one of the 
bodies, and let the other body, whose weight is W^ be placed 
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on this plane ; let this body be attached to a light flexible cord 
which, passing over a fixed smooth pulley at By sustains a scale- 
pan which can be loaded to any amount. Suppose that the 
scale-pan is loaded until the body is just about to slip on AB^ 
and let P be the total load ; then we may consider the body 
as kept in equilibrium by four forces — viz. its weight, W'^ 
the tension, Py of the cord; the normal pressure, Ny of the 
plane ; and the force of friction, Fy which acts in a sense to 
oppose the motion. 
Hence, resolving vertically and horizontally — 

F^P\ 
, F_F _ 

remembering that we have assumed F to be such that slipping 
is on the point of taking place. Observe that for all vsdues 
of F from zero up to the greatest value, we have F^Fy while, 

of course, iV= W\ but -=^ is not equal to /t* until slipping is 

about to take place. This method was that used by General 
Morin. 
A few examples will help to a clearer understanding. 



EXAMPLES 

I. A mass of 390 pounds is placed on a rough inclined plane, AB (fig. 
52), inclined at an angle, /, whose tangent is -jf^, to the horizon, the 
coefficient of friction between the body and the 

plane being \ ; a cord is attached to the body, . M p 

and pulled in a direction making an angle 6 with 
the upper side of the plane, such that tan6={; 
find the tension of this cord, which — 

(a) will just drag the body up, 

{b) will just prevent the body from sliding 
down. 

Find also the value of the normal pressure on 
the plane in each case. 




Fig. 52. 



Taking (a) first, the body is just about to slide upy therefore the 
force of friction acts down the plane. Also, since slipping is 
about to take place, the force of friction =j^iV, where N\s the 
normal pressure of the plane against the body. 
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Now, resolving forces along the plane for the equilibrium of the body, 
we have — 

-P cos 6 - ^J)r- 390 sin i=o, 
or iP-^N- iSo=o (I) 

Resolving perpendicularly to the plane, 

P sin 6 + /iT- 390 cos « = o, 
or |P+iV- 360=0 (2) 

Eliminating A^from (i) and (2), we have — 

^=270 pounds' weight ; 

and we have also — 



iV=i98 



}» »» 



Take now case {d). Since we now suppose that slipping is just 
about to take place downwards, the force of friction acts up' 
wards, and if the normal pressure is now A^', the force of 
friction is l^' ; so that resolving along and perpendicular to 
the plane, we have now, if /^ is the tension — 

i/^+iiV'- 150=0 (3) 

|/y+ AT' -360=0 (4) 



which give — 



/^= 50 pounds* weight, 
iV'=330 



ft it 



Hence, when the tension of the cord is 270 pounds' weight, the body 
is on the point of being dragged up, and the friction acts down- 
wards; when the tension is 50, the body is on the point of 
sliding down, and the friction acts upwards. It is evident, 
therefore, to common-sense, that there must be some value of 
the tension for which there will be no friction whatever called 
into play, and the plane is behaving as if it were smooth. 

2. In the last, find the tension of the cord when there is no friction 
called into play, and find the corresponding normal pressure. 

If P is the tension and S the normal pressure, the force of friction 
being zero, we have, by resolving along and perpendicularly to 
the plane, — 

4-P=iSo, .'./'= 1 87i pounds* weight, 
i/>+5- 360=0, .-. 5=247i » 

Thus the values of the tension and the normal pressure in this case 
are intermediate to the values in the extreme cases of the last 
example. 

3. Two masses, 6 pounds and 8 pounds, are connected together by a 
tight cord and placed on a rough inclined plane whose inclination is gradu- 
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ally increased ; the coefficients of friction for these bodies and the plane 
are ^ and ^ respectively ; find the greatest inclination of the plane — 

(a) supposing that the 6 lb. mass is the lower, 
W >» >i 8 If » 

Suppose fig. 53 to represent case (a). Now, when the inclination 

reaches the value tan •}-, 

the lower mass tries to 81 

slip, and it would slip if 
it were not hampesed by 
its connection wkh the 
other mass. The upper 
mass if entirely alone 
would not slip unril the in- 
clination became tan^ ^. 
The result is that the in- 
clination at which the 
two slip together is 
neither of these, but 

some intermediate value — suppose i. Let T be the tension 
of the cord ; then the forces acting on the lower are the normal 
pressure iV, the force of friction, ^JV, acting upwards, 7*, and 
Its weight ; so that for its equilibrium we have — 

iV=6cost; T+^N^6smi .'. 7'=6sin»-2cos/. 

Similarly, if .? is the normal pressure on the upper mass, we have 
for it— 

S=Scost; iS=T+Ssiai .•. T=4COsi-Ssni; 

and, equating the values of T, we have — 

tant=f, 

for the slipping inclination. 

4. If in the last question the positions of the masses are interchanged, so 
that the 8 lb. is the lower, while the two are still connected by a cord, find 
the inclination at which slipping takes place. 

Here, as before, the 6 lb. mass tries to slip when tant= j- ; and now 
there is nothing to prevent this, because the cord cannot push 
against the body; hence, when tan/=:^ the upper mass will 
slip, the lower one not moving. 

5. If the cord connecting the two masses in the previous questions is 
replaced by a wire or thin bar, what will the limiting inclination be ? 

In this case it makes no difference which body is the lower : neither 
can slip without causing the other to move, and the slipping 
inclination is that given m Example 3. 



I 

I 



73 ELEMENTARY DYNAMICS 

6. If in Example i the cord is pulled with a tension of 335 pounds' 
weight, all the other data being the same as before, find the acceleration 
produced in the body. 

In this case let X be the total component force acting on the body 
in the up-pluie direction, where iV is the normal pressure ; 
then — 

-^=335xi-iiV-390xA 
=268-1^^-150 

= ii8-i^. (I) 

But since there is no motion of the body in the durection of the 
normal, the total normal component is zero. Hence, resolving 
along the normal, 

335xi+iV-390x«=o 

.-. -Ar=iS9 ... (2) 

Substituting this value of iV in (i), we have Ar=65 pounds' weight ; 
so that by (4), p. 70, 

j=iftfc 
.-. 0=5^7... 

7. If in last example the cord is pulled with a force of 400 pounds' 
weight, what is the acceleration of the body ? What is the normal pressure 
on the plane ? 

Arts, a =^=32 7sk ; and A^= 120 pounds' weight. 

8. In the same example find the greatest value of the tension that will 
allow the body to stay on the plane. 

Result, 600 pounds' weight. 

9. What is the acceleration of a particle which is sliding down a rough 
plsune whose inclination is t, the coefficient of friction being |i? 

Ans, a =^ (sin j - n cos j). 
la Explain why this is negative if tan /<|i. 



EXAMINATION ON CHAPTER V 

1. Define rough surfaces. 

2. What is meant by the angle of friction between two rough surfiEu:es ? 

3. How can this angle be measured by means of an inclined plane ? 

4. Define the coefficient for two rough surfaces. Has any one body a 
coefiicient of friction ? 

5. When can the force of friction between two rough bodies be put equal 
to the normal pressure multiplied by the coefiicient of firiction ? 

6. What direction in the tangent plane is assumed by the jforce of friction ? 

7. Describe the methods of Coulomb and Morin for finding coefficients of 
friction. 



CHAPTER VI 

UNTPOBMLT AOCELEBATED BEOTILINEAB MOTION 

33. Relations between Time, Velocity, and Distance 
travelled. — If a point moves in such a way that a feet per 
second are added to its velocity at the end of every second, in 
/ seconds the increase of its velocity will be at feet per second ; 
so that if u feet per second is the velocity at the beginning of 
the time /, and v is the velocity at the end of this time, 

v=u + af. . . . . (i) 

As a numerical example, suppose that the velocity of a point 
is at the present moment 60 7w and that a uniform increase of 
io7i is made every second; then in 6 seconds the total addi- 
tion to the original velocity is 10x6, or 60, feet per second, so 
that the velocity is 1 20 % at the end of 6 seconds. 

If, on the other hand, there is a constant decrease of lo'/i 
every second, the velocity becomes 50, 40, 30, . . . feet per 
second at the end of i, 2, 3, . . . seconds. At the end of 
6 seconds the velocity = 60- 10x6 = 0; at the end of 7 
seconds the velocity is -loYi — i-^* 10 7$ ^ a sense opposed 
to that of the original velocity. 

When velocity is constantly diminished, the motion is said to 
be retarded. In the second case above there is said to be a 
uniform retardation of loYss- Of course, there is no essential 
difference between acceleration and retardation ; retardation of 
a velocity means simply acceleration in the sense opposite to 
that of the velocity. 

It is obvious, then, that according as a is in the same sense 
as «^ or in the opposite, we have — 

v=u±at^ .... (2) 

where u is the velocity of the moving point dXany instant, and 
73 
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V the velocity at the end of / units of time after that instant, 
and in the same sense as that of u. 

There is, however, no necessity for departing from equation 
(i), if we understand that in it Vy «, and a are all measured in 
the same sense; on this understanding (2) is included in (i). 

Velocity Diagram, — A diagram which represents the magni- 
tudes of the velocities of a moving point at various times is 
sometimes called a velocity-time curve. To understand its 
nature, let us take the case in which a point is moving with a 
constant acceleration of 4 7«> and let its velocity at a given 
instant be 2078- 

Let OV and OT, fig. S4) be two perpendicular lines, each 
divided into a large number of equal segments. (The seg- 
ments of the one need not be 
equal to those of the other, 
although they are so in the or- 
dinary section-paper on which 
diagrams are drawn.) Now, 
let each division along OT 
represent a time of i second, 
and let each division along 

C, OV represent a velocity of 

107.. We may, if we please, 
""*~T take a division along OT to 
Q'*-*... represent 2 or 5 or any number 

Fig, 54. of seconds, and similarly a 

division along OVio represent 
a velocity of any number of feet per second ; but we shall take 
the above numbers, as they are convenient enough for our 
numerical case. 

What is the velocity at the end of 5 seconds? By (i) above 
it is 20 + 4 X 5, or 4o7s. Now, the time /= o is represented by 
the point O^ and at this time v = 20, so that if we take OA = 
two divisions along OV, OA represents the velocity at the 
beginning. When /=s, €' = 40; take, then, OJV=^ divisions 
along OTf and draw J\/^ perpendicular to ON^ and equal to 4 
divisions of OV, and we have the velocity at the end of 5 sees, 
represented by the ordinate BJ\r. Similarly, if OM represents 
any number, /, of time units, and we erect ATP perpendicular 
to OM and representing 20 + 4/, we get the point jP, whose 
ordinate, PM, represents v. 
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The curve ABP . . . , formed by the points whose ordinates 
represent the velocities of the moving point at various times, 
is called the velocity'time curve, or sometimes the velocity 
diagram^ the first being the more accurate term. 

In the case of constant acceleration this curve is a right line ; 
because, if we draw AC parallel to OT to meet MP in C, we 
have MP^MC-^CP^ 20-^^, /. CP^^t'—ue. PC is pro- 
portional to CA, .'. etc. 

If the original velocity, instead of being accelerated^ is retarded 
at the rate of 4 Vsw the velocity at the end of 5 sees, is 20 ~ 4 x 5 
— ue, zero ; hence, taking ON^ 5 units, the velocity-time curve 
is the right line, ANQ, and the velocity becomes negative — 
ue, reversed in direction — ^after /= ON, 

If the acceleration is not constant, it is obvious that the 
velocity diagram is no longer a right line — it may be any curve 
whatever. 

The line OT is called the time-axis, and OVxs called the 
velocity-axis. 

In the case of a point which moves with constant velocity 
{i,e, no acceleration), the distance gone over in any time is 
obtained by multiplying the velocity by the time. For instance, 
if a train is moving with a constant velocity of 25 miles per 
hour, the distance travelled in 3 hours is 25 x 3 miles. Gener- 
ally if z; is a constant velocity, the distance, s, travelled in 
/ units of time is given by the equation — 

s = v.t. . . . . (3) 

When a point moves with a velocity which is perpetually 
changing, we cannot, of course, connect the distance travelled 
and the time by such an operation as (3). 

How, then, can we find the distance travelled in any given 
time in such a case? By means of the following principle: 
However variable the velocity of a moving point may be, it can 
be regarded as constant during an infinitesimally small time. 

This very simple principle is the very essence and foundation 
of the Integral Calculus. 

Suppose that the curve whose ordinates represent the various 
velocities of a moving point is APQC (fig. 55); let the time- 
axis, OT, be divided into an indefinitely - great number of 
small elements, MR, RS, etc. At the time represented by 
OM, the velocity of the moving point (which point, be it 
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Fig. 55. 



observed, is not at all represented in the figure) is represented 
by MP^ and in the interval of time MRy the distance travelled 

by the moving point, is repre- 
sented by MPy^MR (since 
the equation s—vJ holds for 
the time MS) — i.e. by the 
area of the little rectangle 
PMRQ. Similarly, the velo- 
city throughout the time RS 
Y may be taken as constant, and 
represented by the ordinate 
RQi so that the distance 
travelled in the time RS is represented by the area of the little 
rectangle QS\ and so on. Hence it is obvious that the dis- 
tance gone over by the moving point from the time represented 
by OMto the time represented by OD is represented by — 

the area PMDC of the velocity diagram. 

This area is, of course, a number of square inches, or square 
feet, and it must be translated into distance (linear feet or 
inches) when we know the scales on which time and velocity 
are represented along the time-axis OTzxA the velocity-axis OV. 
Take, now, the case of constant acceleration. The velocity 
diagram is a right line, AP (fig. 54) ; and if OM represents 
any time, /, and u (represented by OA) is the velocity of the 
moving point when /=o, we have — 

MP^u^tU', 

and the distance gone over in time / is represented by the area 
of the trapezium OMPA^ which = area of rectangle OMCA 
-harea of triangle ACP^OA'aOM-^\ CPx^AC. Hence, 
if J is the distance moved over, 

s=ut-^-\at\ . . . . (4) 

in which x, u and a, are all supposed to be measured in the 
same sense. 

To find the relation between the velocity, Vj of the moving 
point when it has gone over the distance, Sy and the velocity, 1^, 
at the beginning of s^ eliminate / from (4) and (i), and we 
have — 

t^«i^ + 2aj, . . . • (s) 
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in which j, tr, «, a are all measured in the same sense : in (5), 
however, the senses of v and u are of no consequence. 

Collecting our results for uniformly-accelerated motion, we 
have — 

V —u +a/, (a) 

s ««/+ia/«, . . . . (p) 
V^^u^+2as, . , , • (y] 

A numerical example will be advisable. Let the velocity be 
207, at a given instant, and the acceleration 4^^ in the oppo- 
site sense ; let A' A be the line of motion of the moving point 
(fig. 56), and O the initial position of this point, its velocity 
being here in the 

sense OA, What is «i- 4»1. 

the velocity, and 

what is the distance ^* JL*. 

from (3 at the end of R 5 t' ix A 

3 seconds ? Fig. 56. 

The velocity is to 
be got from (a), and it = 20 - 4 x 3 = 8 7m so that the point is 
still moving m the sense OA. The distance from O is got 
from (P), and it =20x3- J.4.9 = 42 feet. If, then, jP is the 
position of the moving point at the time /=3, we have 0P= 
42 feet. 

What are the velocity and distance at the end of 5 seconds ? 
From (a), «>= 20 -4x5 = 0, and j=2ox 5 -1.4.25 = 50 feet; 
so that if we take OQ=5o, Q is the position of the moving 
point, and its velocity at Q is zero : the point is about to move 
back to O* 

When will the point be back at (?, and what velocity will 
it have at (7 ? 

When it is back at (7, x is zero; put ^=20/- J.4./'=o, and 
we get either /=o or /=io; the first value of /is, of course, 
obvious ; the second shows that after 10 seconds the moving 
point Ims returned to O. The velocity is obtained from (a), 
and we have — 

f;=2o-4X 10= -2o7i, 

t\e. the velocity at O is the same as it was originally, but in the 
opposite direction. 

What happens after /=io seconds? The moving point 
continues to move in the direction OA' with constantly-in- 
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creasing velocity. Thus, when /=i2 sees. (7) gives j= -48 
feet — i,e, the moving point is 48 feet from O towards the left 
of the figure. 

Observe that in equations (a), (fi\ (y) the velocities u and v 
are any two velocities whatever of the moving point, the time 
interval between them being /, and the space interval s. 

For example, let us take the two velocities belonging to the 
points Q and P in fig. 56, and apply (7) ; then we have — 

which we know to be true. 



\ 



34. Falling Particle. — If a particle is projected vertically 

upwards from the Earth's surface with a 
velocity F, what height will it attain? 

The diagram representing this case is 
fig- 57 > ^ is the point of projection, the 
velocity at which is V) A is the highest 
point attained, the velocity at which is o ; 
hence, using (7) of last article. 



^ 



4 



Fig. 57. 






(i) 



where h^OA, The "height due to the velocity F" is an 
expression employed to denote the greatest height to which a 
particle will attain if it is projected vertically upwards yrith the 

yt 
velocity V\ we see that it is — . 

If a particle falls firom rest through a height, h^ what velocity 
will it acquire? 

The same diagram will do, reversing the sense of the arrow 
at A^ and we have from (7) — 






(2) 



where h—OA, This velocity is often spoken of as the 
" velocity due to a height ^." 
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If / is the number of seconds taken by a particle to fall from 
rest through a height h feet we have — 

>5«i^«=i6/« = (4/)«, . . (3) 

taking ^==32 7„. Now, 4/ is the number of quarter-seconds 
taken to fall, so that (3) gives the rule for calculating the height 
of a tower (or the depth of the surface of water in a well), 

ih€ square of the number of quarter-seconds 
taken by a stone to fall is the height in feet. 

EXAMPLES 

I. A and B (fig. 58) are two points in the same vertical line, B being 
240 feet above A \ from B a particle is projected upwards with a velocity 
of 120 7s. and I second afterwards a particle is projected up- 
wards from A with a velocity of 174 7s ; when and where will 
they meet ? 

Suppose that they meet at P, and that the first particle 
has been moving for / seconds ; then by (P), p. 77, 

PB=i20t-i6fi, . . . (I) 



J 



B 



The second particle has been moving for /- 1 seconds; 
therefore 

/'^=i74(/-i)-i6(/-i)«. . . (2) 

Now, PA - PB= 240, , •. from ( i ) and (2) we get — A 

/=S seconds. pj^ ^3 

This gives i'^=200 feet. 

2. If in the last question the velocities of the particles projected from 
B and A are 60 7a and 99 ^j% respectively, the other oata remaining 
unaltered, when and where will they meet? 

Suf^posing them to meet at P (fig. 58), we have — 

PB=6ot-i6fi, (3) 

PA =99{^- 1) -i6lt-i)^ .... (4) 

.*. /=S- 

Equation (3) gives, then, PB= - 100— Le. P is between B and A, 
and 100 feet below B, 

3. In the same question if the velocities of the particles projected upwards 
from B and A are 20 ^U and 49 7i > when and where will they meet ? 

Ans, 5 seconds s^ter the projection of the particle from B, and at 
a point 60 feet dtlaw A, 
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4. A point, moving in a right line from a position, O, with constant 
acceleration, is observed to move over i6f feet in the 4^1 second from the 
instant of leaving O, and to move over iS} feet in the 8th second ; find 
the acceleration and the velocity in the position O. 

Jjtt ^ be its position when /=3 seconds, and B when /=4: the 
interval between these times is the 4th second. Let <« be the 
velocity at O, and a^ss the acceleration in the sense OAB; 
then — 

OB=4u + i€k.i6, 
.". i6}= u+ia. (i) 

Again, let i' be its position when ^=7, and Q when /=8 ; 

.*. OB=7u+ia,4g 

.-. i8i= «+J^ (2) 

From (i) and (2) we obtain — 

«=i5Vs andft=J7K. 

5. If in the last the distances travelled in the 4th and 8th seconds 
are 29} feet and 17} feet respectively, find the acceleration and the 
velocity at O. 

Result, The velocity at O is 40 Vs» and the acceleration is 3 7ts> in 
the opposite sense. 

6. If the distance gone over in the f^ second is x^ and the distance gone 
over in the (t+n)^ second is^, show that the acceleration is 

y-x 
n 

7. If the distances gone over by a point moving with uniformly- 
accelerated motion in the p^t ^, and f^ seconds are, respectively, 
Xy y^ and «, show that — 

8. A particle is projected vertically upwards from the ground with a 
certain velocity, and, aner reaching a height of 576 feet, it takes 5 seconds 
to return to this height ; find the velocity of projection. 

Let ^ be the point of projection and B the point 576 feet above it 
(fig. 58); then it u is the velocity at A^ the velocity at B 

is \lt^-2gx.^'j6. Now, take ^ as a starting By and if / is 
reckoned from By the distance, Sy of the moving point from B 
at the end of t seconds is given by the equation (see p. 78) 

j=/N/«a_:^x576-J^, 

s being measured in the (upward) sense of the velocity at B. 
Take g= 32 ; then we are given that s=^o when /= 5 ; therefore — 

0= V»"- 64x576 - 16 X 5, 
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9. A particle is projected upwards with a certain velocity, and after 
reaching a height of 225 feet it takes 10 seconds to return to this height ; 
find the velocity of projection. 

Result. 200 7«. 

10. If a particle is projected upwards with any velocity, and P is any 
point in its line of motion, show that the velocity with which the particle 
returns to P in the downward motion is equal to that which it had at P in 
the upward motion. 

1 1. A particle starts from O along a right line with a velocity of 10 ^ /s and 
an acceleration of 4 7ss in the same sense; after 5 seconds the acceleration 
becomes 3 7ss in Uie opposite sense ; how long will its motion in the 
original sense continue, and how far firom O will it be when its velocity 
in the original sense ceases ? 

Ans, It will be moving in the original sense for 15 seconds 
altogether; distance from (2=l5ofeet. 

12. A particle is dropped from a height of 196 feet from the ground, 
and at the same instant another particle is projected vertically from a 
point 56 feet above the ground ; with what velocity must the second 
particle be projected so as to reach the ground at the same instant as 
the first? 

Ans, An upward velocity of 40 7s, 

13. A stone is dropped into a well, and in n seconds the sound of the 
splash is heard ; assuming that the velocity of sound in air is 1092 7s, find 
the depth of the well. 

Let / be the number of seconds taken by the stone to fall, and x the 

depth of the surface of the water in feet ; then / = \J^—^zJL, 

^ 4 
Also if ^ is the time taken by the sound to reach the top, 

f = . Now we are given that /+/'=«; therefore — 

1092 

X si X 



1092 

a quadratic for six. 

14. In the last, if the sound of the splash is heard after 6 seconds, what 
is the depth ? 

Ans, 489 feet, very nearly. 

15. O is a point on a smooth horizontal table 55 inches from the edge, 
along which there is fixed a vertical plane ; at the same instant two particles 
are projected from O along the same right line, which is perpendicular to 
the edge, one particle with a velocity of 20 inches per second, and the other 
with a velocity of 12 inches per second; if, on reflection from the edge, 
a particle returns with half its original velocity, where will the two particles 
encounter each other ? 

Ans, 10 inches firom the edge. 
F 
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16. If in the last the particle whose velocity is I2 inches per second 
is projected |^ of a second after that whose velocity is 20 inches per second, 
where will they meet ? 

Ans, 15 inches from the edge. 

17. If the distance between O and the edge of the table is k feet, and 
a particle is projected from with a velocity of u 7$, while it is accelerated 
towards the edge with a 7is» and when it strikes the edge is reflected with 
a velocity which is e times the velocity of impact, find how far it will move 
from the edge before losing its velocity, the acceleration towards the edge 
always continuing. 



Result 



<£-*> 



18. If in the last the particle again strikes the edge, is again reflected, 
and so on, find the successive distances from the edge at which the motion 
stops for an instant. 

Result. The distances are — +>l multiplied by «^, ^, ^, etc. 



2a 
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35. Motion of two connected Particles. — Let T' and Q (fig. 
59) be two particles, whose weights we shall also designate by 

F and Q^ connected by a fine, inexten- 
sible, and perfectly flexible cord, whose 
weight is negligible, which passes over a 
fixed pulley, C, supposed to be devoid of 
friction; and let it be required to find 
the motion of each particle and the ten- 
sion of the cord. 

There being no friction or weight of 
cord, the tension at a given instant will 
be the same throughout the cord. Denote 
this by T, Also, since the cord is inex- 
tensible, by whatever amount the length 
of CF is increased the length of CQ is 
diminished; that is, the velocity of P is 
at each instant the same in magnitude as 
the velocity of Q ; and, therefore, the acceleration, a, of /^ is 
also the same in magnitude as that of Q, but one will be 
downwards and the other upwards. {F is assumed to be 
greater than Q,) Now, the total downward force acting on 
F is F-Ty and the total upward force on Q is T-Q; 
hence the equations of motion of F and Q are — 
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F-T o. 



which give — 



-p -^^ . . . . (i) 

^^?t|-^' • . . (3) 

T^^. ... (4) 

and these show that both a and T are constant, 7* being the 
harmonic mean between the weights. If P has moved from rest 
through a distance, AP^ or x^ we have for the time, /, of the 
motion x — \<afi (Art. 33); hence — 

•« = i^^- • • • (5) 

Equation (5) shows that such an arrangement enables us to find the 
value of ^, and for this purpose the arrangement was employed, in principle, 
in Atwoois Machine, Simpler and more accurate wa3rs of measuring g 
than that furnished by this old machine have, however, been recently used, 
so that Atwood's machine may be regarded as a mere historical curiosity — 
interesting, however, for the ingenious notion which it embodies. The 
notion is this : We might calculate the value of g by measuring the time 
taken by a particle falling freely near the Earth's surface to move from rest 
through a measured height, h\ for this purpose our equation would be 

h^\gt^, .*.^=-s-. But a free particle fiEdls too rapidly for acciirate 

observation^n i second it &lls through 16 feet — and, moreover, unless it 

is enclosed inside a glass tube deprived of air, the resistance of the air will 

vitiate the experiment. Hence, if we can obtain a case of motion in which 

the acceleration is only a small and known fraction of g^ measurement 

becomes much more easy. Now, in the above arrangement, by selecting 

for P and Q two very nearly equal masses, the acceleration with which we 

P—0 
have to deal — viz, -= — ^, is a very small and known fraction of g, so 

that the time of falling is easily measured, and thence the value of g 
obtained from equation (5), which gives 

Atwood's machine is sometimes expressively described as ^* machine for 
diluting g,*^ The value of ^ in this arrangement can be found by a different 
observation — thus: Let A be the initial position of i'; at a measured 
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distance, hy below A let there be fixed a horizontal ring, R^ through which 
P can pass freely ; if on the top of P there is laid horizontally a small bar 
of metal longer than the diameter of the ring, this bar would be picked off 
by the ring when P is passing through. Now let /'consist of a mass exactly 
equal to Q, tc^ether with this little bar whose weight \&w\ then P- Q=w, 
and P+Q=2Q+w; 

2Q + W 

and if z' is the velocity of P just as the bar is being lifted off by the ring, 
we have 

^=z^-g^ <«) 

2Q + W 

in which equation we know w, Q, and k. Now, when the bar is picked off, 
the two masses moving become Q and Q, and in their motion the accelera- 
tion is zero, so that their velocities remain constant, each equal to v ever 
after P has passed through the ring ; and this velocity can be measured by 
i observing the time, /, taken to move over any measured height, k ; 

then v= — , and if we put this value into (8), we obtain ^. 

Ad regards the magnitude of T, it is evident at first sight 
that it must be something between Pand Q, the excess of/* 
over T producing the downward acceleration of -P, and the 
excess of T over Q the upward acceleration of Q, 

What is the pressure on the pulley during the motion ? The 
pulley is acted upon by the two downward tensions of the 

portions of the cord, whose resultant is 2 2^— i.e. ^ y. ; this is 

the pressure, and it is balanced by the wall, or other support, 
to which the pulley is fixed. 

As an example of two bodies moving in contact, suppose 
a mass of weight F (fig. 6o) placed on a body, AB^ which 

is moved vertically in a given manner; what 
is the pressure between the two bodies? 
Suppose, for example, that AB is, by any 
*^ means, moved downwards with a constant ac- 
celeration of 2 7is- Let N be the normal 
pressure between the bodies; then the resul- 
tant downward force acting on P is P-N) 
and, by hypothesis, the acceleration of P is 2 7m downwards ; 
hence (Art* 14), 
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Next, let AB be moved upwards with an acceleration of 
2 7gs \ then the resultant upward force on P is N- P\ hence, 

^^= j=^. .•.ivr=^i+^)=ir^. 

Next, let AB be moved with constant velocity \ then, whether 
this velocity is upwards or downwards, the acceleration is zero, 

Next, let the system, P^ AB^ be simply allowed to fall freely ; 
then the acceleration of each is g downwards, and the equation 
ofi'is 

P-N g ^r 

— —- = -^ = 1, /. iV^=o. 
P g 

There is no pressure between them in this case. If we put 
one coin on top of another and allow them to drop freely, there 
is no pressure between them. 

Generally, if AB is moved downwards with an acceleration 
of a 7, 



SS) 

N 



-A'-i> 



g 

and if it is moved upwards with a, 



•-<-7> 



g 

If it is moved downwards with an acceleration >gy the 
pressure becomes negative — i,e, in order to keep the bodies 
in contact they must be held together with thread or cement, 
which will then be in a state of tension. 



EXAMPLES 

I. ACB (fig. 61) is a double-inclined plane; the inclination, j, of AC 

is tan 2, and the inclination, t\ of BC is tan -f^ ; a mass, Py of 40 pounds 
on AC, and a mass, Q, of 26 on BC are connected by a thin, flexible, 
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inextensible cord passing over a pulley fixed at C; the coefficient, ft, 
of friction between F and AC is J, and the coefficient, )&', of friction 

between Q and BC is ^ ; 
C find the motion of each 

body and the tension of 
the cord. 

Since the cord is 
inextensible, the 
velocity and ac- 
celeration of Q 
upwards along 
BC are equal to 
the velocity and 
acceleration ofP 
downwards along CA, Let the common acceleration be a, 
and let T be the tension of the cord. The normal pressure 
of the plane on P is P cos i, or ^/*, and the force of fiiction 
on P is therefore ^P acting upwards ; so that the whole force 
acting on P down the plane is ^P-iP- 7"— that is, ^P- T. 
Hence the equation of motion of P is — 

16-^ a 




Fig. 6i. 



hP-T a 
2— t; — ss— , or 

P g 40 



S 



Similarly, the equation of motion of Q is — 



=— , or 
g 



26 



g 



From these we have — 



33 



T^ UfJ. 



2. In the last, if the constants of the plane AC are (f, ft), and those 
of BC are (t', ffc')* the weights being P and Qy find the acceleration 
of P downwards and the tension. 



Result, 



a= 



i^sin > - |i cos i) - g(sin i^ + |i^ cos i^) 

P+Q 

7"= ^ ^ J sin / - tt cos t + sin if + tt' cos f). 

P+Q ^ ^ 

3. Show that the values of a and T in Atwood's machin* follow firom the 
results in the last example. 

4. A mass of 20 pounds placed on a rough horizontal table is connected 
by a light inextensible cord passing over the edge of the table with a mass 
of 12 pounds hanging freely, the coefficient of friction between the table 
and the first mass being \ ; find the tension of the cord and the distance 
moved through in 2 seconds. 

Result. The tension is ii^ pounds' weight ; distances 4 feet. 

5. A mass, /*, on a rough horizontal table ()fc=-^) is connected by a thin 
flexible inextensible cord passing over a pulley at the edge with a mass, Q, 
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which hangs freely ; find the ratio of C to -P so that the system may move 
over 5 feet in 10 seconds. 

Result. ^=^. 

6. A mass of 191 grammes on a rough horizontal tahle is connected with 
a freely-hanging mass of 49 grammes by a fine cord passing over a pulley 
at the edge, and it is found tluit if the system starts from rest it moves over 
i^ inches in 4 seconds ; find the coefficient of friction. 
Result, |fc=i. 

f . A balloon contains a spring balance to which a mass of i pound is 
attached, and the indication of the spring is a tension of 17 ounces weight ; 
to what height has the balloon ascended from rest in 10 seconds ? 

Ans. 100 feet. (The balloon is moving upwards with an accelera- 
tion of 2 7ss>) 

8. In the last, if the balance indicates a tension of 14 ounces' weight, 
what is the nature of the motion of the balloon ? 

Ans, The balloon has a downward acceleration of 4 Vw* 

9< In Atwood's machine one mass, i', is 51 grammes, and the other, Q^ 
if 49 grammes; when the S3^tem has moved through 8 feet from rest, 
4 grammes are suddenly removed from P\ how long and how far will 
tiie motion continue before reversal takes place ? 

Ans. The reversal will take place at the end of 4^ seconds, and 
the distance =7. 68 feet. 

(Observe that at first the downward acceleration of i' is <^, or 

H V» 1 its velocity at 'the end of 8 feet is ^ % ; and when the 
4 grammes are removed the acceleration of P becomes f 7w 
upwards.) 

ID. To the ends of the cords in Atwood's machine are attached two 
scale pans, the mass of each of which is 4 ounces ; in one is placed a 
mass of 12 ounces, and in the other a mass of 10 ounces ; find the pressures 
between these masses and the pans in which they are placed. 
Result, 1 1^ and 10} ounces' weight. 

(The acceleration is "^ — g.^, or -^j so that if JVis the pressure 

12 + 10+8* 15 ^ 

between the 12 oz. mass and its pan, the equation of motion of 

this mass is HZ — — iL_^; .«, etc.) 
12 g 

11. To the ends of the cord in Atwood's machine are attached two equal 
scale-pans, each of mass /, and masses P and Q are placed in them ; find 
the pressure between each mass and its pan. 

Result, |^3«M and ^i^. 

12. The masses Pand Q in Atwood's machine are allowed to move from 
rest through any distance, x\ii P> Q what mass must be suddenly removed 
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from P at the end of the distance x so that the motion in the same sense 

shall continue through a Airther distance of — ? 

n 

Aus, (n+l) 



{n+i)F-'(n-i)Q, 

EXAMINATION ON CHAPTER VI 

1. If a moving point has now a velocity of io7s, and its velocity is 
uniformly increased at the rate of 2 feet per second per minute, what will 
be its velocity at the end of a quarter of an hour ? 

2. Give the expression connecting the velocity, acceleration, and time in 
the case of uniformly accelerated motion. 

3. What is meant by a velocity diagram ? 

4. What is the curve which represents the velocities of a point at different 
times when the motion is uniformly accelerated ? 

Is the curve different if the velocity is uniformly retarded ? 

5. What, in this diagram, represents the distance travelled over in a given 
interval of time ? Why does the area of the diagram represent this distance? 
(Because, however the velocity may vary, it can always be regarded as con- 
stant throughout an extremely small time. ) 

6. Give the expression for the distance in terms of the time in uniformly 
accelerated motion. 

7. Give the relation between the velocity and the distance travelled in 
this case. 

8. What is meant by the vertical height due to a given velocity ? What 
height is due to a velocity of 2000 Vs'? (62,500 feet. ) 

What is meant by the velocity due to a given height ? What velocity 
is due to a height of 100 feet ? (80 7s . ) Give a simple rule for calculating 
the height of a tower, or the depth of the surface of the water in a well, 
from the time taken by a stone to fall. 

9. What is the object of At wood's Machine ? 

10. State why it is clear without calculation that the tension of the cord 
in Atwood's Machine is not equal to — 

(a) the difference of the weights, 
\h) the sum of the weights, 
\c) the greater weight. 

11. If one penny is placed on top of another and both are then allowed 
to fall freely, what is the pressure between them ? 

12. If a man stands in a lift, what pressure does he exert on it when — 

(d!) the lift is moving upwards with constant speed ? 
{fi) the lift is moving downwards with constant speed ? 

13. How can the lift move so that the pressure is — 

{a) greater than his weight? 
[b) less than his weight ? 

14. If you are in a balloon and have a mass of i pound suspended from 
a spring balance, and if the balloon indicates a pull of 17 ounces' weight, 
what do you infer ? 



CHAPTER VII 

IMPULSE AND MOMENTUM ; WORE AND ENERGY 

36. Impulse of a Force. — If a force, P^ of constant magni- 
tude, acts on a particle for a time / the product 

F.t 

is called the impulse of the force for the time /. 

Thus, if /* is 4 pounds' weight and / is 2 seconds, the im- 
pulse is 8 " pounds' weight-seconds." The unit of impulse — 
which in this case would be the impulse of a force of i pound 
weight acting for i second — has not received any short name, 
so that we cannot speak of it otherwise than as above. If P is 
measured in poundals, P, t is spoken of as "poundal-seconds"j 
and so on. 

Momentum, — If a particle of mass m is moving with a 
velocity v the product 

m »v 

is called the momentum of the particle. Thus, if a particle whose 
mass is 3 ounces has a velocity of 20 7s» its momentum is 60 
" ounce-foot-seconds." The unit of momentum — in this case 
that possessed by a mass of i ounce moving with a velocity of 
1 7s — has not received any short name, so that momentum 
cannot be spoken of in more concise terms. If a mass of 5 
grammes has a velocity of 2o7s> its momentum is 100 gramme- 
centim^tre-seconds \ and so on. 

Connection between Impulse and Momentum, — Let a force of 
P pounds' weight act on a mass of m pounds, and produce an 
acceleration of a 7ss ; then (Art. 14) 

p^^a^ (i) 

Let P act constantly in the same right line for / seconds, 
and multiply both sides of (i) by /; then P, t= . But if u 

o 

89 
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and V are the velocities of the particle at the beginning and 
end of /, both measured in the sense of a or J^^ we have 
ai=v-u^ by (i), p. 73. Hence 

F.t^'^Zlfl ... (2) 
i 

Now /'./is the impulse of the force for the time /; mo 
is the momentum of the particle at the end, and mu the 
momentum at the beginning, of /; so (2) asserts that — 

The impulse of a force is equal to the momentum which it 

generatesy divided by g. 

If F had been taken in absolute^ instead of gravitation^ 
measure, (i) would be replaced by 

F=i ma (3) 

and (2) would become 

F.t^m{V''u\ ... (4) 

— i.e. the impulse of the force is equal to the momentum which it 
generates ; so that whether we divide the momentum generated 
by g or not depends on whether the force is in gravitation or 
in absolute measure. 

The student will do well to remember that in (2) and (4) 
the velocities v^ u are both measured in the sense of the force, 
and that therefore if we call the momentum at the beginning 
of the time / the old momentum and that at the end of / the 
new momentum, 

the impulse of a force » the new momentum in the sense of 
the force - the old momentum in the sense of the force, 

divided or not by g^ according as the force is taken in gravita- 
tion or in absolute measure. 

Equation (2), or (4), is called the Equation of Impulse and 
Momentum, 

As a numerical illustration, suppose that a force, F, acts on 
a mass of 2 ounces (fig. 62) which is moving with a velocity 
of 30 7g in a sense opposite to that of F, and that in \ second 
the velocity of the particle is reversed and converted into 
SoVij what is the magnitude of P} 
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Here the new momentum in the sense of /* is 2 x 50 ounce- 
foot-sec, units, and the old momentum in the sense of P is 
- 2 X 30 ; therefore, if P is measured in gravitation units — 1>. 
in ounces' weight, 

i'x J - !iS2±32} p ."IP :^ 

/. P^ 10 ounces' weight. 

\i P is in absolute units, /'x J = 2(50 + 30), /. P^^2o\ 
and the absolute of force here would be that which produces 
an acceleration of i 7ss in 1 ounce mass. 

If the absolute unit of force here is a poundal, we must 
write the mass of the particle \ lb., and then Z' x J = 1^(50 + 30), 
.•. /*= 20 poundals. 

If, when P began to act, the particle had a velocity of 30 7$ 
in the same sense as P, our equation of impulse and momentum 
would be — 

^^1,2(50-30) 
32 

. •. -P=s f ounces' weight. 

Taking the data as in fig. 62, suppose that the change of 
velocity from 30 7s to 50 7s in the opposite sense is produced 
by Pin -^^ second, what is the magnitude o( P? 

The equation of impulse and momentum is now — 

D^ 1 , 2(50 + 30) 

3a 

. • . P'= 3 200 ounces' weight. 

This shows that in order to change the velocity of a particle 
by any appreciable amount in an extremely short time, the 
applied force must be enormous — Le. enormous compared with 
the weight of the particle ; and the result is in accordance with 
common-sense, because the force with which the Earth pulls 
the particle (its weight) takes i second to produce a change of 
32 Vs in the velocity of the particle ; in such a time as -^^ 
second, for example, it would produfce a change of only |^, 
or ^, feet per second ; so that a force which in this time pro- 
duces a very abrupt change of velocity must be vastly greater 
than the weight. 



92 ELEMENTARY DYNAMICS 

This prepares us for the consideration of the case in which 
a body receives a Blow — i.e. the impulse of a force which acts 
on the body for some very small {and usually unknown) time^ 
and yet produces a very abrupt change of velocity. 

Many simple instances of Blows may be cited. Thus, if we 
place a small piece of chalk on the table and flick it off with 
the finger, we apply to the particle for some small fraction of 
a second a force which is, perhaps, many hundreds of times its 
weight. Suppose that we suddenly send off the particle with a 
velocity of 40 7$ ; then, if w is the weight of the particle, / the 
time of contact of the finger with it, and F the pressure of the 
finger against it, the equation of impulse and momentum is — 

P.t^w^^^w, 

Can we say what the magnitude of the force in this Blow is ? 
No ; not from the mere fact that the particle is sent off with 
40 7s : we cannot separate P from / in this equation, and in 
such cases it is usual to use B for the product P, /, and to write 
the equation of impulse and momentum — 

j^_ w{v-u)^ 

where B is called the Blow received by the particle. Observe, 
then, that this B is the impulse of a force-^\,^, P, /, the product 
of a Force and a Time. 

It is most important to remember that a Blow is not a 
Force : in every Blow there is involved a Force. 

In the case of the piece of chalk flicked off the table, we 
cannot say what the magnitude of P is until we know the time 
for which it has acted. If it has acted for, say, x2t second, 
we shall have — 

A very common error is contained in such a question as 
this : A hammer strikes a mass of a pound, and sends it off 
with a velocity of 50 7s ; what is the force of the hammer ? 

It is quite impossible to answer this question: we know 
nothing about the force of the hammer — we know only the 
magnitude of the blow which it has given. Before the force 
exerted by the hammer can be known, the time during which 
it acts must be known. 
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EXAMPLES 

1. A mass of 4 ounces strikes a fixed plane normally with a velocity 
of 60 7$, and is reflected with a velocity of 36 7$ » what velocity would 
the blow which the body receives impart to a mass of 2 pounds ? 

If the force involved in the blow is measured in ounces' weight, 
we have, by the rule, p. 90, 

If B is applied to a mass of 2 lbs., we have j5=~-=2>, . *. »= 12 7s. 

32 

2. If the duration of the blow in the last is -^ second, what is the force 
in the blow ? 

Ans. 7680 ounces' weight. 

3. A mass of 5 kilo|;rammes strikes a fixed plane normally with a 
velocity of i2C»7t, and is reflected with a velocity of 762*=/s, what velocity 
would the blow impart to a mass of 90 grammes ? 

Ans, 1090 metres per second. 

4. If the duration of contact with the plane in the last is -^ second, 
what is the mean value, in kilogrammes' weight, of the pressure exerted 
on the plane ? 

Ans, 100. 

5. A hammer whose mass is 2 pounds strikes a fixed steel plane with 
a velocity of 10 7s ; if the hammer rebounds after rchuis second with 
a velocity of 6 7s, what is the mean value of the pressure exerted on 
the plane? 

Ans, 10,000 pounds' weight. (This shows how easy it is to indent 
a very hard plane by a blow if the time occupied by the blow 
is very small. ) 

37. Work. — If a force of constant magnitude and line of 
action acting on a body at a point A (fig. 63) displaces its 
point of application to any other position, B, along its line 
of action, the product 

FxAB 

is called the work done by the force for this displacement. 

Work is either positive or negative. When the displacement 
of the point of application of the 



force takes place in the sense m^ S 

in which the force acts — as from B A o 

-^ to j5 in fig. 63 — the work is Fig. 63. 

positive. When the displace- 
ment takes place in the sense opposite to that of the force 
— as from A to B' in fig. 63 — the work is negative. The 
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work done by F if its point of application is displaced 
from -^ to ^ is 

[Of course, if nothing but the force F acts on the body, 
A would not be displaced to B'-, for this displacement other 
forces than F must act. This, however, does not alter the 
fact that the work of P is -Fx AB.] 

If force is measured in pounds' weight and length in feet, 
work is foot-pounds' weight. Thus, if a force of lo pounds' 
weight displaces its point of application through 4 feet in 
its own sense, the force does 40 foot-pounds' weight of work. 
If force is measured in poundals and length in feet, work is 
foot-poundals. 

The unit of work has not received any short name, except 
in the C.G.S. system: when force is measured in dynes and 
length in centimetres, a unit of work is a dyne-centimfetre, 
which is called by the special name — 

erg. 

Now, in fig. 63, if u is the velocity of the body in the 
position Ay and v its velocity in the position B^ we have, 

by (r), p. 77> 

^-u^=2axAB, .... (5) 

where a is the acceleration produced in the body by the 
force F. If w is the weight of the body, we know that 

F^w— (6) 

g 

Multiply both sides of this equation by AB^ and we have 

FxAB = ^=^ — ^, 

^g 

or, F, s= > ^^ S .... (7) 

where s denotes AB. 

Observe that, as in the case of impulse and momentum, 
p. 90, u and V are any two velocities of the particle, and s the 
distance between the corresponding positions of the partide. 

Energy. — Energy means capacity for doing work. If a 
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particle of weight w has a velocity v^ it can overcome any 
resistance, E, through a certain distance, and be brought to 
rest — ue, it can do work by means of the 

velocity which it has. Let A (fig. 64) be @^L. '^ 

the position of the particle when it has Kh B^ 

the velocity v ; let it encounter a resist- Fig. 64. 

ance of magnitude R at A^ and drive the 
point of application of jR to £^ at which point its velocity 
is zero. Then, using equation (7), we have 

"RxAB^-^ ^, 

or AB = —^; 

which shows that the distance through which the particle can 
overcome the resistance R when it yields up the whole of 

its velocity is obtained by dividing by the resistance. 

The amount of work which the particle can do before it 
is brought to rest is , and this is quite independent of the 

magnitude of the resistance against which it works. 

A numerical example will tend to clearness. Let a particle 
whose mass is 2 ounces have a velocity of 40 7, — 

{a) What amount of work can it do before losing its 

velocity ? 
{b) Through what distance can it drive a steady resistance 

of 10 ounces' weight? 
{c) What resistance will bring it to rest in 15 feet? 

The amount of work that it can do is 2— foot-ounces' 

weight — i,e, 50 foot-ounces* weight. "4 

If it works against a force of 10 ounces' weight and moves 
through s feet when its velocity comes to zero, 10 x 5 = 50, 
.*. 5=5 feet 

If a force R ounces' weight stops it in 15 feet, ^ x 15 = 50, 
.*. R—^- ounces' weight. 

If a particle of weight w having a velocity v 7«, is set to 
work directly against its own weight — i.e. if the particle is 
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projected vertically upwards with the velocity v — how high 
will it go ? By the above, if h is the height, 



wxh=^ 



w,v^ 



^g 

i 

h^ 



v^ 



^g 

which we found before (p. 78). 

The energy, ue, capacity for doing work, which a particle 
has in virtue of its velocity, is called its kinetic energy. 

If we imagine the particle to be placed at a height h above 
the ground, the weight, w^ of the particle can do the amount 
of work 

w ,h 

in moving the particle down to the ground. This capacity 
which the weight of the particle has for doing work in virtue 
of the position of the particle is generally called " potential 
energy " — an objectionable term which we shall not employ, 
although its use is almost universal. When we have occasion 
to speak of work which can be done by forces, or by particles, 
in virtue of the positions and not the velocities of the particles 
on which the forces act, we shall call such energy static energy,* 
This is not, however, a matter with which the beginner needs 
to trouble himself at present. 
The equation (7), p. 94, which is for clearness represented 

in fig. 65, is called the Equation of 
•^ « ^ -3^^ Work and Energy. 

P *^ ^" Fig. 65 represents a particle of 

Fig, 65. weight w acted on by a constant 

force, P, having a velocity u in one 
position and a velocity v in any other position, the distance 
between the positions being s ; then we have the result — 

Kinetic energy of the particle in second position - kinetic 
energy in first =^ the work done on the particle by the 
force from the first to the second position . . (A) 

* Positional Energy would also do; it is better than "Potential" 
Energy. 
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If the force acting on the particle is measured in absolute 
instead oi gravitation units, of course (6), p. 94, becomes 

and (7) becomes 

and the kinetic energy of a particle of mass w pounds moving 

with a velocity v 7, is 2!l_ foot-poundals. 

2 

Thus, if a mass of 4 ounces has a velocity of 4o7«> its 

kinetic energy is correctly described as ^ , ^^ foot-pounds* 

64 

weight, or as S — ^ foot-poundals ; i.e. either ^ or 200, 

z 

according as we estimate it in foot-pounds' weight or in foot- 
poundals. 

A simple diagram will assist the student to see the connec- 
tion between the dynamical principles hitherto discussed. 

/*= w^ {NewtofCs Axiom 11.) 



Impulse and Momentum I Work and Energy 
1 1 

g * 2^ 

At the head stands Newton's Second Axiom — the founda- 
tion of Dynamics. If we multiply both sides of the equation 
expressing it by /, we obtain the equation of Impulse and 
Momentum j and if we multiply both sides by x, we obtain the 
equation of Work and Energy. 

If in all the denominators we omit g^ we obtain the same 
equations in the absolute system of measurement of forces. 

Observe particularly that the kinetic energy of a particle 
being proportional to o*, it will be the same whether vis -^r 
or - ; i,e, if a particle in any position has a velocity v it does 
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not matter whether the particle is moving towards the right or 
left or in any other direction at that point, its kinetic energy is 

the same — viz. . 

2^ 



EXAMPLES OF IMPULSE AND MOMENTUM, 

WORK AND ENERGY 

' I. A mass of 2 ounces moving with a velocity of 1280 % encounters ft 
steady resistance of 1600 pounds' weight ; through what distance and for 
what time will the body move ? 

Express the kinetic energy of the body in foot-pounds' weight, and 
express the fact that it expends this in driving a resistance of 1600 pounds' 
weight through s feet ; then 

J£ — = 1600 XX 

64 

.*. j=2 feet. 

Express the momentum of the body in foot-second-pound units. It 
=^x 1280; hence 

4 X 1280 , . 
2 =i6oox/ 

.'• ^=Tfcy second. 

2. If a force of 6 pounds' weight acts on a mass of 8 ounces through a 
distance of g inches, what velocity does it generate in the mass ? 

Am. 24 Vs. 

3. In the last, what is the time occupied by the force ? 

Ans, -^ second. 

4. If a mass of 20 kilogrammes is acted upon by a force of i million 
dynes through a distance of i m^tre, what velocity will be acquired ? 

Ans, I m^tre per second. 

5. A train is moving with a velocity of 45 miles per hour; find the 
distance and the time in which it can be stopped by the brakes, supposing 
that their- total pressure on the wheels amounts to ^ of the weight of the 
train, and that the coefficient of friction between them and the wheels is }, 
neglecting all other resistances. 

Reiult, 1089 yards; 99 seconds, 

^ 6. A train is moving with a velocity of 30 miles per hour ; find the 
distance and the time in which it can be stopped by the brakes, supposing 
that their total pressure on the wheels amounts to J of the weight of the 
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train, and that the coefficient of friction between them and the wheels is \, 
neglecting all other resistances. 

Result, 605 feet ; 27^ seconds. 

7. In the last, if, in addition to the brakes, there is a uniform resistance 
of 8 pounds' weight per ton, in what distance and in what time will the 
train oe stopped ? 

Am, 564} feet ; 25} seconds. 

\The following examples may be omitted on first reading?^ 

8. A railway train of weight ff^ is to be brought from rest at a station, Ay 
to rest at a station, By a distance /, in t seconds, working all through against 
a uniform resistance, Ry a certain constant pull being applied to the train 
for a portion of the time ; calculate the magnitude of the pull and the time 
for wnich it must act. 

Let Pbe the magnitude of the pull, which is applied to the train from A 
to some point, C, on ABy and then removed. Iiien, using the equation of 
work and energy from the first position, Ay to the second position. By since 
there is a zero velocity at each station, and since the worx of P from A to 
B is PxACy and the work of R from ^ to ^ is - /? x /, we have, accord- 
ing to principle (A), p. 96, 

0''Os=PxAC-RJy 

.-. P.S^RJy (I) 

where s=AC. Again, if 9 is the velocity of the train at C (where the 
velocity is greatest), and f is the time of the run from A to C under the 
total force P-R,-we have from impulse and momentum — 

{P-R)f^!^, (2) 

and from the same principle for the run from C \o By 

R(t-f)=^'y (3) 

hence from (2) and (3) 

P,f=Rj (4) 

Now, if a is the acceleration of the train from ^ to C, we have 

P—R 
«=^-jj7-; therefojre 

^=k^.^ (5) 

But from (i) and (4) we have — 

T^'^R? ^^^ 



^ ^ J -* 

■J -J 
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Hence from (5) and (6) 

' • ^''R.g^-2We • • • • ^7) 

which detennines P^ while (i) snd (4) give the values oi AC and f. 

The least possible time in which the ran from rest to rest could be 
accomplished is given by the denominator of the right hand side of (7) ; 
for, since P must be positive, we must have — 

P.gt^>2lVJ, 

the magnitude of J^ being, of course, supposed fixed. 

9. Supposing that in the last question when the pull is removed, brakes 
are applied to the wheels, producing on each wheel a given normal 
pressure, A^, and that the constant resistance, P, acts as before, calculate 
the necessary pull and the time of its action if the train is to be brought, 
as before, from rest to rest in / seconds. 

If |fc is the coefficient of friction between the brakes and the wheels, 
each wheel to which a brake is applied is acted upon by a 
frictional resistance equal to |vA^, and the work of this resistance 
from C to -5 is - jvA^x (/- s). If n wheels are supplied with 
brakes, the frictional work is -«|iJV(/-j), or - P'{i - s), if we 
put P* for «|fciW, the total amount of jfriction. 
Our equations now corresponding to those in the last question are 

o-o={P-P)s-{P+P'){l-s); 
.\{P+P')s={P+P')L (I) 

Also {P-Py= W^, and (^+^')(^-0= ^"7; therefore 

o o 
{P+P')f = {P + P')U (2) 

P— P 

while the acceleration, a, from ^ to C is still — ---- . g, so that 

IV 

s=hg^.^- (3) 

Now, from (i) and (2) we have 

s_^P±J^± U) 



therefore, from (3) and (4), 

'-P P+P' I 
W ^P+P""?' 



iA 



^ P(P + P')gfi-¥2WP'l ,.. 

•^= {P+P')g^-2Wl ' • • • • ^5) 
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while (i) and (2) determine s and f. 

The work done against the firiction of the brakes is R'^l-s), or 

2WRT 

10. A train of 100 tons is to be taken from rest to rest in 2^ minutes over 
a distance of 3610 feet by a uniform pull against a constant resistance 
of 20 pounds' weight per ton ; the brakes press the wheels with a total 
force of I- of the weight of the train, and the coefficient of friction between 
them and the wheels is 'iS; find the magnitude of the pull and the time 
during which it must be appUed. 

Result, The pull is i '98 tons' weight ; time= 138): seconds. 

11. Two trains are travelling on the same rails in the same sense, the one 
in front with a velocity of 30 miles per hour, and the one behind with 45 
miles per hour, being separated by a certain distance when the guards see 
each other ; the one in front is at once accelerated at the rate of ^ feet 
per second per second, and the one behind retarded at the rate of f feet 
per second p)er second. In this way a collision is just avoided : find the 
distance between them when the danger was perceived, the further distance 
travelled when they just begin to separate, and their common velocity 
at this point. 

Result, 352 feet ; 1568 feet ; 54 Vs. 

12. An engine is capable of exerting a pull of 3 tons' weight, and it is to 
carry a train firom one station to the next, a mile apart, in 4 minutes ; 
the constant rolling resistance is 20 pounds' weight per ton, and the brake 
resistance 400 pounds' weight per ton ; find the greatest weight of train 
that can be so carried. 

Result, 202^^ tons' weight. 

13. The resistances being as in the last question, if the engine can exert 
a pull of P tons' weight, and the distance between the stations is m miles 
while the journey is to occupy n minutes, find the greatest weight of train. 

D U ,,-D 4S»*-22W 

Result. 112P -li- , 

45«'*+44CW!» 

[The equations, with the notation of example 9, are 

{P+^W)s =^Wl, 

{p+i^mf^^wt. 

We have now to consider the work done by a force when 
its point of application is not displaced along the line of action 
of tiie force but in some inclined direction. 
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Let a force, P, act on a body at the point A (fig. 66), 
and suppose A to receive a smdl displacement, AA , to a 

neighbouring position. A' \ then the 
.A" a' work done by the force P — which force 

^/^ ^ P may be considered as constant in mag- 

A »* B nitude and direction during this dis- 

Fig. 66. placement — ^is P multiplied by the pro- 

jection, Am^ of the displacement along 
the line of action of P, If from A' we drop the perpendicular 
A'm on the line of action of -P, Am is called the orthogonal 
projection^ or simply the projection, of AA* along AB, 

By definition, then, the work done by /* in the displacement, 
AA, is 

Py.Am, 

This might be negative', for example, if the displacement 
of A takes place to A' so that the foot of the perpendicular 
from A" on AB falls to the left of A, the projection Am has 
a sense opposite to that of /*, and the work is - /* x Am. 

Another way of looking at the matter is this: the work 
of P for the displacement A A is 

Py. Amy or Py. AA cos 0, or Pcos 6 x AA\ 

where 6 is angle between AA' and P*s direction. Now, taking 
the last form, Pcos 6 is the component of /* along AA\ and 
we can say that the work of P is the component of P along 
the displacement multiplied by the whole of the displace- 
ment; in other words, resolve P into components along 
and perpendicular to AA* ; the work of the perpendicular 
component is zero, and the whole work is that due to the 
other component. 

Corollary : If the point of application of a force is displaced in 
a direction perpendicular to theforce, the force does no work, 

A very simple and important case is that of the work done 
by gravity on a body which is displaced from any one position 
to any other. Suppose a body to occupy the position A (fig. 67), 
and to be displaced along any path whatever until it reaches 
the position B ; let g, g\ g" g" ... be successive and very 
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Fig. 67. 



close positions of the centre of gravity of the body — i,e, the 

point in the body at -which its weight, W^ acts. In the 

displacement from g to ^ the 

work of ^is Wxgfty if g^n is 

drawn perpendicular to the 

vertical through g; gn is the 

vertical step from g to g\ 

Similarly, if ^'«' is the vertical 

step from ^ to ^^ the work -- 

done by Win the displacement 

from^ to /'is IVxg'n'; and 

the next amount of work is Wx^n", and so on. Hence the 

total work done by ^from A to B is 

or Wx sum of all the vertical steps from A to B — i,e, 

where h is the difference of level between A and B. 

If A and B are at the same height above a horizontal plane, 
the work done by W is zero, no matter what the nature of the 
path AB may be — it may have any number of humps and 
hollows. 

li B is at a higher level than A^ the work done by ^from 
A to B is negative. No work is done by the weight of a 
particle if the particle is displaced in any way along a hori- 
zontal table. 

We may also note that if any number of forces act at the 
same point, A^ fig. 66, which is displaced to A\ the sum of the 
works done by the forces is equal to the work done by their 
resultant. For, resolving all the forces along and perpen- 
dicular to AA^ their total work is AA' multiplied by the sum 
of their components along AA \ and we know (Chap. III.) 
that the sum of these components is equal to the component 
of their resultant in the same direction. 

38. General Equation of Work and Energy for a Particle. 
— We have already given the equation or principle of Work 
and Energy for a particle acted upon by a force constant in 
magnitude and line of action, the motion of the particle taking 
place in this line. We shall now prove that — if a particle cuted 
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' upon by any farces moves from any one position to any other ^ its 
kinetic energy in the second position^ minus its kinetic energy 
in the firsts is equal to the toted work done on the particle by the 
forces from the first to the second position. 

This is the general principle of Work and Energy for the 
motion of a particle. 
Suppose that a particle describes any path, AB^ fig. 68 \ 

let Ai be any position of the 
'B particle, and R the resultant of 
all the forces acting on the par- 
ticle in this position; let v^ be 
the resultant velocity of the par- 
ticle at Ax — i,e, tiie velocity 
along the tangent to the path 
Fig. 68. At Ay ; take on the path an in- 

definitely great number of close 
positions, Ax» A^ ^3, . . . A„ of the particle ; let v^ v^ Vi^ 
. . , Vj,ht the velocities of the particle in these positions. 

Resolve R into a component, 5, along the tangent, AiA^ and 
a perpendicular component. Then if w is the mass of the 
particle, and we use gravitation measure of force, the accelera- 
tion a along AiAt due to the force S is given by the equation 

Also by (y), p. 77, 

v^^ - V,' = 2a. A,A, = 2^:d^g 

w 

. 7W^ ^^i^OA A 
2g 2g 

This equation asserts that the gain of kinetic energy in 
moving from Ax to A^ is equal to the work done on the particle 
by all the forces from Ai to A^, 

Now, imagine the direction of v^ at A% to be changed from 
AiA% to A^i without any alteration of magnitude. This does 
not alter the kinetic energy of the particle, nor does it require 
the doing of any work ; it is effected by the component of J?, 
which is normal to the path. 

Applying, again, the same equation to the motion from A^ to 
An we have — 
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— = work done by forces from A* to At. 

Similarly, 

^-^= A \.oA 



Adding these results, we have — 

— ^ i- = work done by forces from A^ to A^ 

2g 2g 

or if V is the velocity of the particle at A and 7i its velocity 
at^, 

= total work done on particle from A to B, (a) 

2g 2g *^ 

This is the general equation of Work and Energy for the 
motion of a particle. 

Forces which do no work. — If a particle moves along any 
smooth curve ot surface, the reaction of the curve or surface 
does no work, because the reaction is at every point perpen- 
dicular to the direction in which the particle is moving. (See 
Corollary, p. 102.) 

Again, if the particle is attached to an inextensible cord 
which is always tight, the tension of the cord does no work, 
because it does not alter the length of the cord. This is 
obvious if one end of the cord is fixed, because the other end 
(to which the particle is attached) must be always moving at 
right angles to the tension ; but it is true, even if the cord 
has no fixed end — if, for instance, the cord is attached to two 
moving particles — so long as the length of the cord is not 
altered by the tension. This latter result, however, we shall 
not for the present require. 

Particle sliding down any smooth surface under action of 
gravity, — If a particle slides from rest down any smooth curve 
or surface under the action solely of its weight and the 
(normal) reaction of the surface from any point, A^ to any 
other point, B (fig. 67), the velocity acquired is simply 

where h is the difference of level between A and B. For the 
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only work done on the particle from AtoBistvxA, and since 

kinetic energy at B is — , and kinetic energy at ^ is zero, we 

have — 

'i^ 1. I — r 
o = a;x^, .•. V— \l2gh. 

In this case the particle would ascend the surface beyond 
B^ and reach a point at the same level as A^ then return to 
A ; and so on. 

If a particle is projected from a point, B, along any smooth 
surface with a velocity v, it will reach a point whose vertical 

height above ^ is the same height as that which it would 

attain if it were projected vertically upwards from B, 

But there arises naturally the question : What is the use of 
discussing the motion of a particle on a smooth curve, since no 
such thing as an absolutely smooth curve exists ? Doubtless, 
no such thing exists ; and yet a particle can be made to move 
down any assigned curve whatever, without the intervention of 
any friction. Consider, for example, a circle, OPA^ fig. 69, 
in a vertical plane. One way of attempting to make a particle 

fall down a smooth vertical circle is to 
make such a figure out of a steel wire 
and allow the particle, Ay to slide down 
along it. This is a very bad way, and, 
after a few oscillations to and fro about 
the lowest point, Oy the particle would 
be brought to rest by friction. 

A practically perfect way of succeed- 
ing, however, is very easily found. 
Attach the particle to a very fine 
thread — a silk fibre, for example — ^and fix one end, C, of this 
thread. Now, if we allow the particle to fall from Ay it will 
describe a circle of radius CA ; and the only causes tending to 
stop the motion are the resistance of the air and a very small 
amount of friction, or perhaps resistance to bending, at C* 
These are much more feeble than the friction of a wire coin- 
ciding with the circle on which the particle could slide. 

Such an arrangement is called a cixcahi pendulum. Another 
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kind of pendulum has been used — viz. a cydaidal pendulum. 
In this case the particle, or bob, virtually slides down a smooth 
cycloid — not by making a cycloid of wire, but by attaching the 
particle to a fine thread, as above, fixing one end, C, then 
bending the thread over the surface of a cycloid, CDE (fig. 
70), accurately cut out in brass or wood, and attaching the 
particle to the other end, A^ of 
the thread. If E is the lowest 
point of the cycloid, CDE^ and 
the length of the thread is 
equal to the length of the arc, 
CDEy when the particle is let 
go, the thread will unwind itself 
off the arc, CDE^ and A will 
accurately describe a cycloid, 
EAOE'y exactly equal to that of 
which CDE is one -half. Of 
course, there will be an equal cycloidal rim, CE', to the left, 
on which the thread will wrap itself as the particle moves 
towards the left past O. The tension of the thread takes 
the place of the normal reaction which would exist if the 
particle were actually sliding down the smooth wire EOE ; 
and the only causes tending to stop motion are air resist- 
ance and a very small resistance to bending in the thread. 
By properly choosing the form of the constraining curve or 
rim, and causing a thread to wind and unwind itself on and 
from it, the particle A may be made to fall down any assigned 
curve whatever ; so that the case of its moving in this curve 
under gravity and without friction is realised. The curve 
formed by the constraining rim is the evolute of the curve 
which the particle is designed to describe. 

The following examples are meant to be solved by the 
direct application of the principle of work and energy. Of 
course, they can all be solved by using the equation expres- 
sing Newtof^s Axiom II. (see diagram, p. 97), from which 
the principle is derived. 

EXAMPLES 

I. A particle slides down a smooth inclined plane ; what is its velocity 
at the foot of the plane ? 

Let A be the initial position of the particle (fig. 71). The forces 
acting on the particle are its weight, W^ and N^ the normal 
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reaction. If «; is the velocity at the foot, j5, the kinetic enei^ 
of the particle at ^ is -— ; the kinetic energy at A is zero ; 

and the work done by the forces on the body from ^ to ^ is 
wy.hy where h—AC^^t height of the plane, the normal 
reaction, N^ doing no work. (See Cor,^ p. 102). Hence the 
equation of work and energy is — 

wv^ - 

as, of course, we could also find by other elementary means. 

2. AB (fig. 71) is a smooth plane inclined to the horizon at tan~^ f, 
the length, AB^ being 15 feet ; a particle is projected at A with a velocity of 

32 V» — 

(i) downwards along the plane, 
(2) upwards along the plane, 

with what velocity will it reach B ? 

Let » be its velocity at B ; then its kinetic energy at ^ b — , and its 

VO X ^2^ 

kinetic energy at A is =2—^ whether it is projected down- 
wards or upwards ; therefore in both cases the equation of work 
and energy is — 

WV^ WX'12^ ,^ 

2g 2g ^ 

.•. 2/2 = 32^ + 64x9 
.-. 2^=40 Vs. 

The velocity with which it reaches B is the same in both cases. In 
case (2) the particle would travel up the plane beyond Ay 
come to rest for an instant, and fall down, reaching B with a 
downward velocity of 32 7s, because if it reaches a point, /*, 
beyond A when it comes to rest, the difference of level of P 
and A being x feet, the work done on it by w firom ^ to P is 
-w^x'f and when it comes down from P\.o A, the work done 
on it in this motion is + w»x, so that the work done on it in 
the motion APA is zero, and therefore its kinetic energy on 
returning to ^ is the same as it was at first. (See remark on 
p. 98.) 

3. If the plane AB in fig. 71 is rough, with a coefficient of friction equal 
to it and inclination tan~^ f , and a particle is allowed to slide down firom 
A, what will be its velocity at B, AB being 15 feet? 

Since the tangent of the inclination of the plane is greater than the 
coefficient of friction, the particle will slide down (Art. 32) ; 
the force of friction will therefore act up the plane and be ^N, 
where i\ris the normal pressure. Now, there being no motion 



IMPULSE AND MOMENTUM 109 

perpwiidicular to the plane, N=w cos i^^w, .*. the force of 
^ friction = {fv. Use now the princii>le of work and energy. 

» If the velocity of the particle at ^ is v, the gain of kinetic 

energy from ^ to ^ is — , there being no kinetic energy at A, 

There are three forces acting on the particle — viz, w, N^ and {w; 
the work done by the first from ^ to ^ is fv x ^C, or Qw foot- 
pounds' weight (if w is in pounds) ; the work done by the friction 
from ^ to ^ is -^wxAB, or -6w; hence, by equation of 
work and energy, 

— =9w-6ttr=3af, 

. •. »=8 ^ 7«, ^ being taken as 32 %, 

4. If in the last the particle is projected upwards along the plane with 
a velocity v 7t, how far will it move up, and with what velocity will it 
reach A in the return motion ? 

Let it reach a point P, such that AP=s feet, and stop for an instant 
Then we may either put the case thus : the particle, in reaching 

f P, expends its kinetic energy — ~ which it had at ^ in doing 

work against the resistances w and {w (the latter being 
' friction) ; or else make a formal use of the equation of work and 
energy, regarding P as the second position and A as the first. 
If we treat it in 3ie first way we have, 

-- — =a;x jsini+fwx J, . . . • («) 
=wj(J+f)=wj; 

.•..=^ w 

If we treat it in the second way, we have kinetic energy in second 
position =0; kin. en. in first = -r— ; total work done on par- 

tide firom first to second position =~«rxfsinf-{wxf; 

w»* . . _ 

.'. o = -wxjsmi-fwxj, 

which is identical with (a). 

To find the velocity with which the particle reaches A from Z', use 
the equation of work and energy from P to A, If z/ is the 
velocity, since kin. en. at P is zero, 

---=wxA4sinf-|wx/'^=ar.j(f-|)=-.-, by(^); 

J ^ 
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5. BA (fig. 71) is a rough inclined plane on which a particle is placed at 
Ay the coefi£:ient of friction being \ ; the distance BA is 10 feet, tan t={ ; 
the particle slides down to B and then along a rough horizontal plane, BQy 

for which the coefficient of friction 
^ is i ; how fxt will the particle move 
alone this plane ? 

Use at once the equation of 
work and energy. Let the 
particle come to rest at Q, 
Then kinetic energy at Q 
s=o, kinetic energy at -4 = 
o, •*. total work done on 
particle by all the forces from A to Q=o. Now, while the 
particle is on the inclined plane, the forces which do work are 
w and the force of friction )«& ; and on the horizontal plane 
the only working force is the force of friction, \a). The total 
work done by w is n; x BA sin t, or (rw ; the work done by the 
force of friction on the incline is - \w x BA^ or - A,w ; and the 
work done by the friction from ^ to Q is - \w x BQ ; therefore 
the equation of work and energy from ^ to Q is 

o - o=6w - 4ttf - J^w. ^g, 
.-. j50=6feet. 

Note that there must not be a sharp edge of junction at B between 
the inclined and the horizontal plane ; for if there were, the 
particle would receive a blow^ and therefore abrupt change of 
velocity, from the horizontal plane. The junction must be 
rounded off. This will be better understood sdterwards. 

6. A particle slides down a rough inclined plane of inclination 1 and 
coefficient of friction |i ; find its velocity at the base. 

If the particle slides from rest at A (fig. 71), and BA—l^ the velocity, 
v, at ^ is given by the equation — 

»■ =s ^^sin f ~ |i cos »'). 

7. A particle placed at a given point, A (fig. 71), on a rough plane of 
inclination, t, and coefficient of friction u is projected up the plane with a 
given velocity, v ; find the velocity witn which it returns to A^ and its 
velocity at the foot of the incline. 

(Of course, the inclination of the plane must be greater than the angle of 
friction, otherwise the particle would never return to A» ) 

Result, If z/ is the velocity with which the particle moves through 
A on the return journey, 

sin f + |i cos % 



and if ^is the velocity at B^ and BA^l^ 
ra={z^+^/(sin« + |«:osf)} . 



sin g - n cos t 
sinj + |icos/ 
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8. A train moying with a speed of 30 miles per hour comes to the foot of 
an incline of i in 112, and shuts off steam ; the resistance of the road is 
10 pounds' weight per ton ; how hi will the train run up the incline before 
stopping ? 

Ans, 2258I feet. (The sim of the inclination is xiT*) 

9. A train, with steam shut off, runs a mile down an incline of I in 112, 
and with die velocity acquired runs up an incline of I in 56 through a 
distance of \ mile ; what is the resistance to motion in pounds' weight 
per ton ? 

Ans. la 

10. A train, with steam shut off, runs with a speed of 30 miles per hour 
down an incline of i in 120 ; find the resistance, m pounds' weight per ton, 
necessary to stop it in half-a-mile. 

Result, 44]^. 

11. If in a locomotive engine D is the diameter of the driving wheels, 
d the diameter of each cylinder, / the length of the stroke of the piston, 
and / pounds' weight per unit area the intensity of pressure of the steam, 
prove tnat the pull exerted by the engine on the train is 

(The distance travelled by the engine during one stroke of the piston 
is iirZ> ; therefore if F is the pull exerted on the engine by the 
rest of the train, the work of this force on the engine is - \wD x P. 
The force exerted by the steam on each piston is iviflPf . *. the 
work done by the steam on the engine in a stroke is iir^/ x /. 
If there is no gain of kinetic energy of the engine in this motion, 
the total work done on the engine =0; .'. Jwrf*//- Jir/>/'=so, 
and P is as given above. If / is estimated per square inch, 
/, d, D must all be taken in inches.) 

The details of the driving of a railway train by steam, as involved in 
Example 11, lead to the consideration of the transformation of energy. 
Thus, let us begin with the contemplation of a mass of coal in the iiimace. 
The static energy of this coal is the cause from which all the motion arises. 
When the coal is ignited, this static energy passes into the kinetic form 
called heat ; this heat is taken up by the water in the boiler — still as kinetic 
energy, until the water begins to EX)il, and then commences a process in which 
the kinetic energy (or a part of it) is used up in separating the water mole- 
cules from each other, overcoming their mutual attractions, and converting 
the water into steam of high pressure. This pressure now does work on 
the piston, and a part of this work is at first employed in increasing the 
kinetic energy of motion of the whole train, while the rest of it is continuously 
absorbed in overcoming external resistances to motion. This is not the 
end of the process ; for the kinetic energy of the train is itself being con- 
tinuously converted into heat in the rails and in the atmosphere. Thus, by 
several stages, the original static energy of the coal finally passes into the 
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kinetic energy of heat which is radiated away into space. Only a very 
small fraction (about M of the static energy of the coal is, in the process, 
capable of being used as work in drivii^ the piston : hence the process 
employed in a locomotive engine is an extremely wasteful one. 

An animal working any kind of machine — a man driving a bicycle up an 
incline, a horse dragging a boat a^nst a stream, for example — ^is exactly 
comparable with a steam engine in its transformations of enei^, the food 
which the animal consumes answering to the coal supply of the engine. 

A curious consideration in connection with animal hcomotion presents 
itself to us here. 

No body can move with the slightest acceleration unless it is acted upon 
by some force in the direction and sense of the acceleration. This is 
^fewton's Second Axiom. Suppose a horse dragging a boat through a 
canal by means of an attached rope. Though the horse may appear to 
move uniformly — ue, with a speed which never varies during even the 
millionth of a second, and with a motion exactly like that of a smooth glass 
marble moving in a right line along a perfectly smooth horizontal glass 
plate — such is not the case in reality. The horse goes by jerks ; and during 
the effort of each jerk his velocity varies considerably ; that is, there is 
acceleration during the time of the effort made by his hoof with the ground. 
What force is there to account for this forward motion of the horse ? Cer- 
tainly not the tension of the rope, which acts on him in the wrong sense ; 
nor the resistance of the air, for the same reason. Nothing remains but 
the tangential reaction of the ground — a kind of stress between his hoof and 
the ground, which we call ^t farce of friction. 

It sounds very paradoxical to say that the only force which produces the 
forward motion of the horse is the force of friction — yet such is the case. 
If the velocity of the horse can be regarded as constant (without looking 
minutely into the state of afiairs taking place during the effort of the hoof 
on the ground), the mean value of this force of friction (or tangential stress) 
is equiu to the tension of the rope ; but, in reality, this force of friction 
varies also by jerks : it must for some time during die hoof effort exceed 
the tension, otherwise the forward motion of the horse could not take 
place. 

Work and Energy in Atwood's Machine. — The fact that 
the motion of two particles connected, as in fig. 59, p. 82, 
is one of uniform acceleration, is very readily seen by the 
principle of work and energy ; and as, in the more advanced 
portion of our subject, we shall frequently use this principle 
in cases which are essentially the same as that of the simple 
Atwood's machine, we shall deduce the value of the accelera- 
tion, a, given in equation (3), p. 83, by work and energy. 

Suppose that A and B (fig. 59, p. 82) are the initial 
positions of P and Q^ and that AF^BQ^x. Now, in the 
motion from A to ^P the work done on /'is ^Px x-\- the work 
of the tension. Denote the work of the tension from A to B 
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by - W, (Of course, if we know that the tension is constant, 
its work on Z' is - Tx. x ; but we need not assume that T 
is the same throughout the motion.) Also, the tension does on 
Q the work + W from B to Q, whereas gravity does on Q 
the work - Qy,x. 

And if V is the velocity of F in the second position, the 
equation of work and energy for F from A to F is — 

F—^Fx^W,. . . . (i) 
and the equation for Q is — 

since the velocity of Q is always equal to that of F, By 
addition the work of the tension disappears, and we have — 

{F+Q)^^{F-Q)x, . . (3) 

Now, whenever z^ is proportional to x, the distance moved 
over, the motion is uniformly accelerated (see art. 34), and if 
a is the acceleration, 

»• s= 2a . jc. 

Comparing this with (4), we see that 

as before obtained. We have now shown that the motion is 
uniformly accelerated; and from this it follows that the 
tension is constant ; for, since the motion of F is uniformly 
accelerated, the resultant force, F- T, acting on F must be 
constant, and its value is obtained from (i) by putting H^= T.x 
and using (4). 

In the same way, the fact that the motion is uniformly 
accelerated can be deduced from the principle of impulse and 
momentum. For if / is the impulse of the tension in the time 



114 ELEMENTARY DYNAMICS 

/ of moving from A to P, we have for the motions of P and 
Q, respectively, 

i!i = Pt-I, 
g 

g 

which shows that v is uniformly accelerated, the acceleration 
bemg_^.^. 

Observe that since the tension is the same for P as for 
Q at each instant, its impulse has the same value for both, 
whether the tension is the same at all times or not. Of course 
if we knew that 7* is a constant, its impulse, /, could have 
been put equal to T, t 



EXAMPLE 

A mass of weight W is placed at the foot of a rough inclined plane of 
inclination i and length /, and is connected by a thin flexible cord which 
passes over a pulley at the top of the plane with a mass of weight P which 
hangs freely ; find the distance through which P must be allowed to fall 
so ^t if P\& then detached, fVm&y just reach the top. 

Let V be the common velocity of P and fV when P has descended 
a distance x ; then, by work and energy, 

(P+fV)^={P'PV(^i+^cosi)]x . . (I) 

If P is now detached and fV comes to rest at the top, the kinetic 

energy fV- — is expended in doing work against the resistance 

fV(sin {'+|iCos»), though the distance (i-x) ; hence 

fT— =:fF(sin/+|icosO(/-a:) ... (2) 

From (i) and (2) we have, by division, 

P+ fV sin t + 11 cos I , 
P i+sm» + |icos} 
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Power. — If a force P applied to a body at a point A (fig. 
63, p. 93) displaces its point of application along its line of 
action and in its own sense, and if the velocity of the point 
in this direction is v^ the product 

P.v 

is the power exerted at the instant by the force. This ex- 
pression is evidently the time-rate at which the force is working. 
Thus, if uP is 10 pounds' weight, and if -4 is displaced through 
I inch in ^th part of a second, the work done by the force in 
this time is 

10 X ^ foot-pounds' weight ; 

and as the force takes ^ sec. to do this work, it is working at 
the rate of 

10 X ^ X 60 foot-pounds' weight per second, 

— i.e. at the rate of 50 foot-pounds' weight per second. This 
time-rate of working is sometimes called the activity of the 
force. 

Power^ then, means time-rate of doing work. In this sense 
it is now used in all branches of applied science.* 

The rate at which a strong horse can work is supposed to "be 
represented by 550 foot-pounds' weight per second, or 33,000 
foot-pounds' weight per minute; and this particular rate of 
worlang is called a horse-power^ which is the unit of power in 
common engineering use. Another unit, called the watt^ 
which is about ->f^ of a horse-power, is a unit very commonly 
employed by electrical engineers. 

When an agent has done 33,000 foot-pounds' weight of work, 
we must not conclude that he has worked with a horse-power. 
If he has done it in i minute, he h<is worked with i H.P. (the 
notation for a horse-power) ; but if he has taken a week to do 
it, his time-rate of working is a very small fraction of i H.P. 

If, 'as in fig. 66, p. 102, the motion of the point, Ay of 
application of a force, Py does not take place along the line 

* Treatises on ** Mechanics," some twenty or thirty years ago, invariably 
spoke of the ** Power" and the ''Weight" in various machines (such as 
the screw-press, the lever, the wheel and the axle, etc. ) to designate what 
are now known as tlie ** Efifort" and the " Resistance." Old terms, how- 
ever absurd, die hard ; and hence, even in a few modern works, we still 
and the terms '* power " and '' weight " applied in this objectionable way. 
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of action of the force, the activity, or time-rate of wording, of 
the force is the product of P and the component of the velocity 
of A along P*% line of action* If the point of application is 
moving at right angles to the force, the activity of the force is 



zero. 



EXAMPLES 

1. An engine of 400 horse-power can draw a train of 200 tons up an 
incline of i in 280 at 30 miles an hour ; find the resistance of the road in 
pounds' weight per ton. 

Let/ lbs.' weight per ton be the resistance ; then the total resistance 
to this train is 200/ lbs.' weight. Also, since the train is going 
with constant velocity, the positive work done on it by the 
steam from any one position to any other is equal numericidly to 
the sum of the negative works done on it by the resistance of 
the road and by its weight ; hence the time-rate at which the 
steam works is equal to the sum of the time-rates at which work 
is done against resbtance and gravity. Now, 30°*/h =^44 Vs. ^^id 
the rate of doing work against the resistance of the road is 

200/ X 44 foot-lbs.' weight per second. 

Also the vertical component of the velocity is 44 x -^ 7s, and 
the weight is 20x3x2240 lbs.' weight; tlierefore the rate of 
doing work against gravity is 

44 ^ rhj ^ ^^^ ^ ^240 ft. -lbs.' weight per sec. 

Hence the total time-rate of doing work against resistance and 
gravity is 

200X44(/+8), 

which is zz(/+8) horse-power. Equating this to the 

given horse-power, 400, we have 

p^\*J lbs.' weight per ton. 

2. If an en^e of horse-power ZT draws a train of W tons up a plane of 
inclination i with a uniform velocity of v 7s against a resistance 01 / lbs.' 
weight per ton, prove that 

W,v 
H= -T^iP + 2240 sin 1). 

3. Find the horse-power of an engine which draws a train of 120 tons 
with a velocity of 30 miles per hour up an incline of i in 224 against a 
resistance of 25 pounds' weignt per ton. 

Jitsult, 336. 
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4. If in exercise 3 the engine draws the train down the plane, prove 

that 

,, W.v ^ . ., 

-firs=-^(/ -3240 sin *)• 

(Here gravity is working with, instead of against, the engine.) 

5. Find the whole resistance to the motion of a steamer of 10,000 h. -p. 
which is being driven through the water with a constant speed of 20 miles 
per hour. 

Result. 8i-Ht tons' weight. 

6. The mass of a bicycle and its rider is 200 pounds ; the machine and 
rider come down an incline of i in 100 with a uniform speed of 8 miles 
per hour against the resistance of the air, the pedals not being worked ; 
prove that to go up an incline of i in 200 at the same speed the rider must 
work with '064 of a horse-power. 

If the radius of each crank is 6 inches, and the cranks make one revolu- 
tion per second, show that the mean value of the crank effort (pressure on 
the pedal tangential to the circle) is about 1 1 *2. pounds' weight. 

7. The mass of the bicycle and rider being ff^ pounds, if down an incline 
(small) of I in If there is a uniform speed of v feet per second, prove that 
to go up an incline of i in fv at the same speed, the rider must work 



(I I \ «/ 
'n'^mJsS^ horse-power. 



8. Prove that when a bicycle and rider are coming down an incline 
against air resistance with uniform velocity there is no force of friction 
exerted on the wheels by the plane. 

9. If a mass of 10 pounds is let faX\ from the top of a house, what is the 
activity of its weight when 25 feet have been fisdlen through ? 

Ans, 400 foot-pounds' weight per second. 



EXAMINATION ON CHAPTER VII 

1. Define the impulse of a force, and describe it in any system of units. 
Define the momerUum of a particle, and describe it in any system of units. 

2. Give the equation of impulse and momentum for a particle acted upon 
by a force which is constant in all respects for a time /. 

3. If a force P acting on a mass w for a time / generates velocity v, are 
the equations 

P^t—w, »and P.t^w-^ 

g 
both true ? If so, with what understanding? 

4. If a hammer strikes a given particle and sends it off with a given 
velocity, can we speak of "the force of the hammer " ? If so, can we say 
from these data what its magnitude is ? 
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5. Define a blew. Why does a hammer blow indent a surfieu^e of steel, 
alUiough the steel reqniies a steady pressure of very great magiutade to 
mdent it ? 

6. Define work. When does a force do positive work and when n^;ative ? 

7. What is the CG.S. unit of work? 

8. Define energy. Define kinetic energy and stixtic energy (** potential " 
energy). 

9. If the speed of one particle is twice the speed of another, how much 
more mass must the second have so that it may have the same kinetic 
energy as the first ? 

10. State the principle of work and energy for a moving particle, and 
give the equation expressing it. 

■II- Kinetic energy of a particle may be expressed either as — , or _ : 
With what understanding ? ^ -^s 

12. How are the equations of impulse and momentum and of zverk and 
energy deduced at once from " Newton's Second Axiom " ? 

13. When the displacement of the point of application of a force does not 
take place along the line of action of the force, how is the work done by the 
force from one position to another calculated? How represented in a 
diagram? 

14. If at any instant a force is doing no work on a body, how must the 
point of application of the force be moving ? 

15. If a particle is lowered off a table to the floor and again raised to the 
height of the table, what is the work done on the particle by its weight ? 

16. Name any forces which in the motion of a particle do no work. 

17. How may a particle be made to move on a perfectly smooth vertical 
circle ? How on a perfectly smooth vertical cycloid ? 

18. Give the equation of work and energy for the Atwood machine 
motion. 

How does this equation at once show that the motion is uniformly 
accelerated ? 

19. What is meant by /<m^^? What is the ordinary English engineering 
unit of power ? 

If the mass of a snail is \ ounce and he climbs to the top of a house 
40 feet high, what work has he done ? Can you give the horse-power with 
which he has worked ? 

20. Define the activity of a force. 

21. In the motion of a train driven by a steam engine state the various 
transformations of energy that occur. 



CHAPTER VIII 
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BLOWS: COLLISIONS 

In the previous chapter we have defined and illustrated the 
impulses of forces in various cases, the duration of the action 
of the forces being either short or long. In the present we 
shall consider more especially cases in which the duration is 
extremely small — impulses in such cases being generally termed 
blows. 

39. Impulse between two Bodies. — Suppose two spheres 
of masses w and a/' (fig. 72), to be moving with velocities 
V, 1/ in the line joining 
their centres, and to 
come into collision. 
They will remain in con- 
tact for, perhaps, some 
small fraction of a 
second, during which 
time their surfaces will 

be distorted, as repre- (h^ 

sented in (p\ and each 
will be subject at a 
given instant to a pres- 
sure, -P, from the other. 

This pressure is a force (c) 

which grows from zero 
up to a maximum ; it is, 
therefore, different at 
different instants dur- 
ing the contact, and 

we have no ready means of figuring out its various values 
during this period. The compression of the two bodies will 
proceed for a certain time ; it will then cease, and one or both 

119 




Fig. 72. 
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of the bodies will begin to regain its original figure, the 
pressure between them still, of course, continuing. Finally, 
the bodies will separate, as represented in (^), going with differ- 
ent velocities Xy y^ and at the instant of separation when, of 
course, P has fallen to zero, each will have partially regained its 
original shape — the extent to which the recovery of shape 
takes place depends on the nature of the bodies : two glass 
balls or two ivory ones would almost completely recover. 

The most important things to note with regard to the 
pressure P are — 

(i) however variable it may be during the impact, it is 
of the same magnitude for both bodies and in 
opposite senses ; 

(2) it acts for the same timt on both. 

If we imagine a diagram representing the various values of 
/'during the time of collision, it must be something like fig. 73, 

in which OT is an axis along which time 
is represented, and Op an axis along which 
Jorce is represented. If the whole time 
of contact is represented by Or^ the curve 
whose ordinates represent the values of 
Py must shoot upwards from O with very 
great rapidity, and, after the maximum 
ordinate is attained, it must again drop 
down towards OT^ crossing it at the point 
T. The whole impulse of the pressure 
during the time Or is represented by the 
area, OPQr, of this curve, as is obvious 
■^ from the perfectly analogous case of the 
Fig. 73- distance travelled with variable speed, ex- 

plained in fig. 55, p. 76. 
Hence, then, from (i) and (2) we conclude that 

total impulse received by 0; = total impulse received by w\ 

these impulses being, of course, in opposite senses. 

The mean value of P during the time, t, of collision is, of 
course, such that 

PxT- area of curve OQr. 
As the figure OQr cannot be very different from a triangle, 
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we can see that the mean value of the pressure must be some- 
thing like ^^the maximum value of the pressure. 

If we denote the total impulse of P by B^ we have, by the 
rule given in p. 90 for the motion of w^ 

bJ^Sz^, (X) 

the value of the force in the blow being taken in gravitation 
units. Similarly for the motion of udy 

g ' ^ ' 

hence 

wx-\-w'y = wV'-w'f/y ... (3) 

which expresses the fact that the sum of the momenta in the 
line of collision after impact is equal to the sum of the 
momenta in the same sense before impact. 

Our figure represents w and w' moving in opposite senses, 
so that the algebraic sum of their momenta from left to right 
before collision is wv-w'n/. The whole discussion would 
remain exactly the same if the two velocities Vy %/ were in the 
same sense, and then our momentum equation would be 

wx + ti/y=^tw + ti/z/. ... (4) 

The fact that the impulses on the bodies are equal and 
opposite shows, then, at once that — fAe resultant momentum of 
the system remains the same just after collision as it was just 
before — ^all the momenta (both before and after) being measured 
in the same sense. 

This important fact is called the principle of the conservation 
of momentum. We shall enlarge on this principle afterwards : 
it is one of great utility, and sdways readily applicable without 
any practical limitations such as those which hamper the use 
of the principle of work and energy. 

We cannot determine the two unknowns x and y from the 
single equation (3) : another relation between them is required, 
but it cannot be deduced by any dynamical considerations ; it 
is to be found solely by experiment. 

For the present we shall assume the bodies to be such that 
they do not separate at the end of the blow, but travel together 
with a common velocity. 
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In this simple case (approximately that of two lumps of 
putty) x=y^ and the conservation of momentum gives at once 

{w ■\-w')x=^wv±w't/ ^ ... (5) 

the ± depending on whether the original velocities are in the 
same or in opposite senses. 



EXAMPLES 

1. Two spheres whose masses are 6 ounces and 4 ounces collide in the 
line joining centres with velocities of 25 % and 35 7i, respectively, in the 
same sense ; if they do not separate, what is the common velocity after 
collision ? 

Ans. 29 % 

2. If they are moving in opposite senses before collision, what is the 
common velocity ? 

Ans, I 7t in the sense of the motion of the first sphere. 

3. If in Ex. I the collision ends after -^ second, what is the value of the 
mean pressure between the spheres ? 

Ans, 48 ounces' weight. 

4. If in Ex. 2 the time of collision is ^ second, what is the mean 
pressure ? 

Ans. 288 ounces' weight. 

5. Masses of 4, 5, 8, 3 ounces are placed in a right line, a velocity 
of 30 7i is communicated to the first ; on collision no two of the masses 
separate ; what is the final velocity of the system ? 

Ans. 6% 

6. What are the magnitudes of the blows in the collisions which take 
place in Ex. 5 ? 

Ans. f (, ^, and -f^ ounce-foot-sec. units. 

7. A particle. A, hangs at rest from a fixed point, C, by means of a 
thread; a particle, B, of eaual mass is attached to one ena of^ thread 
whose length is equal to tnat of the first, and whose other end is also 
attached to C ; the line CB is dravm out from the vertical CA until B is 
at a height A above ^ ; ^ is then let go and the particles do not separate 
on collision ; to what height above A will they rise ? 

Ans. i h. 

In all these cases there is a loss of kinetic energy in the 
system. Taking the general case in which a mass w moving 
with a velocity v overtakes w' moving with v' in the same sense 
— the case represented in fig. 72 except that v' is in the 
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opposite sense — and assuming that no separation takes place 
after collision, the common velocity, x^ is given by the 
equation 

ai^ + ze'V 



x = 



w + w 



and the kinetic energy of the system after collision is 
(w + w') — , which can be easily shown to be 

wz^ w'z/* zifzi/ (v-v'y 

2g 2g W + w' * ^g ' 

The sum of the kinetic energies before collision is expressed 
by the first two terms, and the last term gives the loss of 
kinetic energy produced by collision. 

We shall return to this farther on. 

40. Pile Driving. — Suppose a pile of weight F (fig. 74) 
forced into the ground (bed of a river or other) 
by successive blows of a hammer, or of a very 
heavy body, Wy which falls through a given ver- V 
tical height h, is raised and again falls through 
h ; and so on. 

We shall assume two things — 



1 



w 



(a) that the ground into which the pile is "^^^^^ F^^^^ 
driven consists of merely loose sub- ^z 

stance, such as clay, mud, sand, or Fig. 74. 
gravel. 

{b) that on the occurrence of each blow the pile and the 
hammer travel downwards together with a common 
velocity — ue. they do not separate. 

The result of {a) is that only a finite force, comparable with 
the weight of the system, is produced by the ground on the 
pile from the very instant of collision ; and such a force can- 
not in a small fraction of a second produce any appreciable 
momentum; it cannot, then, produce any effect during the 
time of the blow — that is, the time which elapses between the 
instant of contact of hammer and pile and the instant at which 
they are travelling together with a common velocity, (This time 
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is not, of course, the same as the time taken by hammer and 
pile to penetrate the ground and be brought to rest) 

We assume, then, that the ground is such that there is no 
blow at the foot of the pile. 

If vis the velocity with which hammer and pile go together, 
and B is the upward blow received by fV and the downward 
blow received by -P, we have, by Art. 34, 

B= — - — ^^ for hammer, . . . (i) 
B^ — for pile, . . . • (2) 

o 

the force which involved in B being taken in gravitation units, 
as explained at p. 90. From these we have 

{W+P)v^WV, .... (3) 

which asserts that the momentum of the system at the end 
of the blow is equal to that before the blow, a result which 
is obvious from the discussion in the last article. 

The two bodies now go together with a common velocity, 
and the kinetic energy of the system at the end of the blow 

is(^+i')— , le. 

l^WTFf """"WTb" • • • (4; 

Observe also the loss of kinetic energy to the system here. 
At the instant just before the blow the kinetic energy of the 
system was wholly in the hammer and was Wh; so that an 
amount of energy equal to 

^-rr^^^TTTp • • • (s) 

has been lost to the system. (We shall so far anticipate future 
discussion as to say that the amount of kinetic energy which 
always disappears from a system of two bodies in collision 
is converted into the kinetic energies of the molecules of the 
bodies and of the surrounding air — rapid vibratory motions, 
producing sound and heat. Instead of speaking, as here and 
at the end of last article, of lost kinetic energy, it would 
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be more accurate to speak of the amount of kinetic energy 
transformed by the blow.) 

Now (4) is the amount of kinetic energy with which the 
system starts to do work ; and what is the resistance against 
which this work is done ? If i? is the resistance of the ground, 
the total force against which the hammer and pile have to 
work is 

since W+P acts downwards on the system. If, then, the 
point of the pile is driven a distance x into the ground by one 
blow, the principle of work and energy gives 

^^=(Ji-lV-P)x, . . . (6) 

supposing the resistance P to be constant throughout the 
penetration. 

To find the time occupied in this penetration, use the 
equation of impulse and momentum. If / is the time in 
which a mass W+P moving with a velocity v is stopped 
by a forced- fV-P, 

iR^jv-.P)tJ^+^>^Ei:. 

g g 

Hence substituting for R - W- P from (6), 

W — v^' ^ 

If we measure the amount by which the pile is crushed 
by each blow, we can calculate the pressure between the 
hammer and pile during the blow, supposing it uniform. 

For, the kinetic energy transformed in the blow has passed 
into the vibratory form by means of the crushing of the pile. 
If S is the mean pressure between hammer and pile during 
the blow, and z is the amount of compression of the pile, 
the energy expended must be S,z. Equating this to the 
energy transformed (5), 

The time occupied by the blow is found by the principle 
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of impulse and momentum. If t is the time, Sxt = the 
momentum of the hammer at the beginning — its momentum 
at the end of the blow ; and thus 

g W-^P g* 

• * • T ^ -r^* ...... \9/ 

The case in which a hammer drives a nail into a board 
is exactly the same in principle as this. 



EXAMPLES 

1. A pile whose mass is i ton is driven 12 feet into the ground by 
30 blows of a hammer whose mass is 2 tons fJEdling 30 feet ; prove that 
it would require 120 tons, in addition to the hammer, to be superposed on 
the pile to drive it slowly against the resistance of the ground (supposed to 
be uniform). 

Prove that each movement of the pile takes 0*0228 seconds. (Greenhill's 
Notes on Dynamics, p. 27. ) 

2. If the resistance of the ground to the penetration of a pile is 56^tons' 
weight, i)rove that 10 blows of a hammer whose mass is i^. ton mlling 
24 feet will drive a pile whose mass is \ ton 5 feet into the ground. 

Prove that each movement of the pile occupies 0*034 seconds. 

3. A hammer whose mass is 2 pounds, moving with a velocity of 50 feet 
per second, strikes a nail whose mass is i ounce and drives it I inch into a 
fixed block of wood, the diameter of the nail being ^ inch. From this 
prove that a rigid bullet whose mass is i ounce and diameter \ inch moving 
with a velocity of 1500 f^ per second will penetrate the block to a depth 
of 1*16 inches, supposing that the resistance of the wood to penetration is 
proportional to the cross-sectional area of the penetrating body. 

Determine also the time occupied by the penetration in each case. 
(Greenhill, ibid» p. 28.) 

Result. The nail takes skhs of a second, and the bullet — ^ ^ . . 

128x10* 

(Observe that if we take to represent the resistance of the block 

k 
to the nail, the resistance to the bullet will be — : resistances 

4 

proportional to the squares of the diameters.) '^ 

4. If a hammer whose mass is I pound moving with a velocity of 34 feet 
per second strikes a nail whose mass is i ounce and drives it I inch into a 
fixed bloc^of wood, prove that the mean value of the resistance of the 
wood to* m nail is 204 pounds' weight, and that the time of penetration 
i^Ti^sec. (Greenhill, i^fic/.) 

I 
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Fig. 75. 



Fig. 76. 




c=o— 



41. Hammer, Nail, and Block Problem. — It will be a useful 
exercise in the study of the transformation of energy, as well as 
in the principles relating to impulse, momentum and work, to 
suppose that the block of wood, in the preceding examples, 
into which the nail is driven is moveable. Thus, with the 
data of Example 4, let us suppose that the block of wood has 
a mass of 68 pounds, and is free to move on a horizontal 
plane. 

We may represent three succcessive stages in the pheno- 
mena, as in figures 75, 

76, 77. 

In fig. 75 the hammer 

head is represented as 

moving towards the nail 

with a velocity of 34 7s> 

the nail and the block 

being at rest. 

In fig. 76 the impulse 
between the hammer and 
nail is finished, and the 
hammer and nail are re- 
presented as travelling to- 
gether with a velocity of 
32 7i (which is deduced by 
the equation of impulse), 

while the block still remains at rest, the force produced on the 
block by the nail not being sufficiently great to produce any 
perceptible motion of the block during the extremely small 
time occupied by the blow between hammer and nail. 

When fiiis blow is finished, the pressure of the nail on the 
block will very gradually move the block, whose velocity will go 
on increasing until a stage is reached in which hammer, nail, 
and block will all travel with the same velocity. If v is this 
velocity, the momentum of the whole system will then be 

(6|+i+tV)^ 

in pound-foot-second units, and this must be equal to the 
original momentum— viz. i x 34, 

This is the state of affairs represented in fig. 77, the block 



Fig. 77. 
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having in the meantime moved over a small distance AC, 
Beyond this stage the motion of the system does not concern 
us. 

Let us exhibit in a table the successive velocities and kinetic 
energies of the system in these three stages. 



Velocity. 



34 



32 



t» 



Kinetic Energy of 
System. 






Remarks. 



The diff. between these is lost 
to the system as heat. 



The difF. between these does the 
work of crushing the block. 



The original kinetic energy in the system (that of the 
hammer) was 18^ foot-pounds' weight: when the impulse 
between the hammer and nail is ended, the kinetic energy of 
the system drops to 17 foot-pounds' weight, and the loss is 
converted into heat and sound. The final kinetic energy of 
the system drops to \^ foot-pounds' weight ; and the difference 
between this and 1 7 goes into the work of crushing the block. 

Now the resistance to crushing by the nail was proved by 
the experiment in Example 4 (in which the block was fixed) to 
be 204 pounds' weight ; so that if CD is the distance through 
which the nail penetrates the block, we have 



204 X CD 
.-. CD 



17 



- 17 



TIT X 



64 



Vk inch. 



feet 



What is the value of the distance AC through which the 
block has moved when the penetration is complete? This 
can be ipbtained by the equation of work and energy for the 
hammer and nail as one body from stage 2 to stage 3. The 
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hammer and nail have worked against the force 204 poimds' 
weight through the distance AD \ their expenditure of kinetic 

energy in this interval is xif 32*"|-8)i^; so that, equating 

this to 204 AD^ we have 

AD— I - r-i inches : 
65* 

and as CD is f| inches, we have AC= -^ - 7-7 inches. 

What is the time occupied by the nail in penetrating the 
wood? If t seconds is the time, equate 204 / to the gain of 
momentum of the block divided by^; hence 

204 t —- ^rY> 

32 

• • '^ ift y sec. 

Take the following example in general symbols : 

A hammer of weight W moving with a velocity v feet per 

second strikes a nail of weight w and drives it a distance of 

X feet into a wooden block which is held fixed ; if the block 

is made moveable and has a weight Py prove that the nail will 

P 
be driven through a distance -=77 — =; . x. while the block 

wiU have moved through 7^^ — J* \, . x, and the nail mil 
have taken --^ j _;- — =7^^ • — seconds to penetrate, 

A good typical example of impulses and of the transformation 
of kinetic energy is furnished by 
two particles connected by a slack 
cord, one of the particles receiving r"""''^ ^ ' \ ' p ^ 
a velocity. Let AB^ (fig. 78), be a 
smooth horizontal table on which 
is placed a mass of weight P which 
is connected by a slack cord passing 





over a pulley at the edge, By with Yig» 78. 

a mass of weight Q lying on the 

ground. P is projected along the table with a given velocity, 

V] how high will Q be raised ? 



I30 ELEMENTARY DYNAMICS 

Here the initial kinetic energy of the system is , and if 

Q is raised through a height x, the work done against gravity 
is Q.x; but it would be a fatal mistake to say that the kinetic 

energy is equal to this work. We shall see that the 

kinetic energy available for doing work is less than . 

When the cord becomes tight each mass receives an im- 
pulse, or blow, from the tension. Denote this impulse by B ; 
and let v be the velocity with which Q is suddenly pulled off 
the ground ; then v will also be the velocity of F along BA if 
the cord is (as we assume) inextensible ; that is, /'s original 
velocity, F, (which remains constant, as the table is smooth, 
until the instant of tightening) is suddenly converted into v ; 
hence we have for P^s motion 

^^' .... 

and for ^'s 

J-f ^ , • • • • • 

g 

so that 

{F+Q)v^FV, .... 

which shows that the sum of the momenta of the masses 
remains the same after the blow as it was before. 

After the blow, then, the kinetic energy of the system is 

) I.e. 

F^V^ 
— rr= — rrr- is the kinetic energy available for work, . (a) 

F 

which is a fraction, •= — ^, of the original kinetic energy, 

FV* 

^g ' 

Exactly as in Art. 36 in the discussion of Atwood's machine, 
in which it is pointed out that the work done on F by 
the tension of the cord after the blow is over is equal and 
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opposite to that done on Q by the tension, the sum of the two 
kinetic energies (a) after 5ie blow is equal to the work done 
against gravity ; therefore 

When the blow is over, the tension in the cord assumes a 
finite value which is easily found, as at p. 83, from the 

equation — = ^^, .-. T^y^ 

Whenever, as in this example, a slack inextensible cord 
connects two particles, and this cord becomes suddenly tight, 
there is instantly a loss of available kinetic energy in the 
system ; that is, a certain amount of the kinetic energy which 
existed before the tightening is instantly converted into the 
energy of motion of the molecules of the two bodies and 
radiated from these bodies in heat or sound into the surround- 
ing air. Whenever a sudden tightening of a cord, or any kind 
of blow, occurs in a system (say, by collision) we must bridge 
over the time of the blow by applying 

the equation of impulse and momentum^ 

and it is only after the new velocities which instantly succeed 
the blows have been calculated that we can employ 

the equation of work and energy. 

The only way in which a loss of available kinetic energy 
could be avoided in this example of motion is to give Q an 
upward velocity equal to that, F, with which P is moving, just 
at the instant at which the cord is about to become tight ; but 
then our initial kinetic energy would have to be regarded as 

(P+ Q) — and not P — : and of course this kinetic energy 

would be equal to Q.x, 

By the term available kinetic energy we mean kinetic energy 
which can be used for doing some desired work. Here, for 
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example, if the desired work is that of raising Q, all energy 
which will not help in this object is regarded as lost, wasted, 
or unavailable. If our object were the production of heat or 
sound, the energy previously regarded as wasted in the blow, 

viz. -m — T^i would be regarded as the useful part. 



EXAMPLES 

1. A mass of 8 kilogrammes on a smooth table is comiccted by a cord 
passing over a pulley at the edge with a mass of 12 kilogrammes lying on 
the gromid, the cord being sUick; the first is projected along the table 
with a velocity of 10 7s ; find 

{a) the distance through which the system will move before coming 

to rest for an instant, 
{b) the tension of the cord after the tightening of the cord. 
{c) the time between the tightening and the return motion. 

Result, 5 inches ; 4^ kilogrammes' weight ; ^ second. 
(Find (c) by impulse and momentum,) 

2. A mass of 40 ounces on a rough horizontal plane (|i=]l) is connected 
with a mass of 10 ounces lying on the ground by a cord which has 5 feet 
of slack ; the first mass is projected along the plane with a velocity of 20 Vs > 
find the three things reouired in the last example. 

The velocity of the mass on the table when it has moved over 5 feet 

— i.e. just before the cord tightens — is ^tJTl^l% ; the principle 
of impulse and momentum shows that the two masses will 

start with a common velocity of ^n/i5 7s 5 so that the initial 
available kinetic energy is 120 foot-ounces' weight ; the work 
to be done is the raising of the second mass and the overcoming 
of firiction — i,e, 30:^ foot-ounces* weight, if the system moves 
through X feet ; hence the required distance is 

4 feet. 

The tension after the tightening is 4 ounces' weight, and it remains 
at this value until the motion stops. There is no return 
motion ; and the time between the tightening and the stoppage 

is ^n/is seconds, 

3. If in the last example the mass on the rough horizontal plane is 
2 pounds, the hanging mass 3 pounds, the length of slack portion initially 
8 feet, the coefficient of friction i, and the velocity of projection of the 
mass on the table 24 feet per second, discuss the motion. 

Result, After the tightening of the cord the system will move 
through I foot; the time occupied in this motion will be 
\ tJTl seconds, and the tension will be f pounds' weight ; 
in the return motion the tension will become \ pounds' weight. 
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4. If the magnitudes in the last example are, respectively, /*, Q, a, ft, 
and F, find the height to which Q is raised. 



Result* 



JP^ 



y^-2 



{P+Q){Q+\^) 



^ 



es. 



5. If in Atwood's machine (see fig. 59, p. 82) the mass P is 18 grammes, 
and it carries on its top a removeable bar whose mass is 8 grammes, while 
Q is Si mass of 22 grammes, and the fixed ring through which F passes 
is 3 feet below A, the initial position of P, find the point to which P rises 
when it has come up again through the ring. 

At starting the acceleration of P downwards is — Z^ — . ^, i.e. } 7sii 

and its velocity in going down through the ring is 4 7s. When 
the bar is picked off, the acceleration is reversed and becomes 

22:ii^, i.e. Y7«- ^ wiU return to the ring with the 

velocity 4 Vs. and will experience a dlotu on taking up the bar 
from the ring. In this blow energy will be lost (1.^. trans- 
formed into me molecular form), and at the end of the blow 
the velocity of P upwards (and of Q downwards) will become 
ff X 4, or -^ 7s, and P will ascend to a height of ^* feet above 
the ring. The same succession of events will then follow, 
the successive heights attained diminishing in geometrical pro- 
gression, the common ratio being (^)^ or ff-. 

Another good example of impulse and energy is furnished 
by a dox of sand suspended by parallel cords into which a shot 
is fired. 

Let w be the weight of a bullet which is moving horizontally 
with a velocity V just as it is about to strike the box in a line 
passing through the centre of gravity 
of the box, the box hanging from two 
fixed points, P and Q (fig. 79), by 
two equal and parallel cords, FA and 
QB, In a small fraction of a second 
the bullet will come to rest inside the 
sand, having traversed a distance x 
within the box ; and when the pene- 
tration of the sand is complete, the 
box and bullet will move with a 
common horizontal velocity, v. At 
this instant the two cords will have 
assumed the positions PC and QDy which very nearly coincide 
with their original positions, PA and QB^ the small displace- 
ments AC and BD being equal and very nearly horizontal. 




Fig. 79. 
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When the box and bullet go together with the common 
velocity v^ the whole system rises to the position CEFD^ 
exhausting thereby the kinetic energy which it had immediately 
after the penetration of the sand was complete in doing work 
against gravity. 

Now ff we measure the vertical height h^ through which the 
box has been lifted, we can infer the value of F, the original 
velocity of the bullet. 

For, during the time of penetration of the sand, the force, F^ 
which the bullet exerts on the sand is equal and opposite to 
the force exerted by the sand on the bullet, so that the impulse 
received in this time is the same for both (see Art. 36). If we 
take F as constant, and if t is the time of penetration of the 
sand, we have for the bullet 

^^ = ^-. . . . . (X) 

and for the box, whose weight is W^ 

— = ^.T, .... (2) 

(/^ being taken in gravitation units); therefore (W-\'wyD=^wV^ 
as might have been foreseen ; 

w 
•'• '^^ W^w^' ' ' • ' ^^^ 

The kinetic energy of the system, then, in the position CEFD 
is (W+w) — , or 

rr^ = available kinetic energy : . . (4) 

and (see Art. 35) the work done against gravity from the 
position CEFJD to the position CFIFD is {W-^w)h\ 
therefore 

——.^^^lV+zv)h, ... (5) 

,, W+w , — — , ^ 

••. ^=— jj;— n/2^ • • • (^) 

which gives the required velocity. 
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By measuring the distance x through which the bullet has 
moved in the sand, we can find the value of the resistance, I] 
of the sand to the bullet. 

For, when we consider what becomes of the kinetic energy 
which is transformed in the motion from the position FABQ 
to the position FCDQ^ we see that it has passed into heat by 
means of the crushing of the sand. The work of crushing the 
sand is Fx x ; hence 

777- — • — ^^F,x .... (7) 

2g W+W 2g ^'' 



.-. F^—^ '-' —y by (6) . (8) 



W X 

The time, t, occupied in the penetration of the sand can now 
be found from (2), and we get 

2W X / V 

The small distance AC moved over by the box while the 
bullet is penetrating the sand is 

• X, . • . . ^10} 



W+w 



as can be deduced by the equations of work and energy for 
bullet and box thus : the force F acts on the bullet through 
the distance AC+x^ while it acts on the box only through 
the distance AC Hence for the gain of kinetic energy by the 
box during the action of Fwe have 

I^^FAQ 

and for the loss by the bullet, 

^-^^F.{AC+xy, 

AC^xw{V^'-7^) ^ V+v 
•*• AC " Wv" V 

AT ^ ^ 

V W-\-w 



13^ 
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Another interesting example of the same principles (impulse 
and momentum, work and energy) is furnished by a gun from 
which a shot is fired. 

To reduce the figure to its simplest form, we shall represent 
(fig. 80) merely a tube containing a charge of powder from 

which a bullet is fired, the tube 
being, like the sand-box, sus- 
pended by two equal, parallel, 
and vertical cords, PA and QB^ 

fig- 79- 

For the present we shall sup- 
pose the weight of the charge 
negligible when compared with 
W^ the weight of the gun, and a/, 
the weight of the shot 
When the charge is fired, there 
is generated a gas which at each instant during the passage of 
the bullet exerts the same pressure, F^ on the shot as on the 
end of the barrel (in opposite senses, of course), so that when 
the shot is leaving the barrel the impulse of the powder pressure 
on the bullet is equal to that on the gun, since the duration^ r, 
of the pressure is the same for both shot and gun. 

If, then, V is the velocity of the shot just as it is leaving the 
barrel, and v the backward velocity of the gun at this instant, 
and F is the mean value of the powder pressure during the 
time r, we have 




CO 



<x% 



Fig. 80. 



wV 

g 

Wv 

g 



= /^.T, . 



^F.Ty. 



WV^WVy 



(0 

(3) 



i.e. the ipomentum of the gun is equal to the momentum of 
the shot (Of course, this is true at each instant during the 
time T.) 

When the shot is leaving the muzzle, the cords will have 
moved very slightly and will be, suppose, PC and QD', i.e, 
the gun wUl have moved backwards through the distance AC^ 
or BD. Denote this distance by x. 

If / is the length of the barrel, the shot will have moved 
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forward through the distance l-x. (Of course relatively to the 
barrel it has moved through the distance /.) 

Now observe particularly that the impulse of the powder 
pressure is the same for shot and gun^ because the same force, 
Fj acts on each for the same time j but the work done by the 
pressure on the shot is not at all the same as the work done 
by the pressure on the gun, because this force does not act 
through the same distance on both — the distances being /-* 
and X. If the force acted through the same distance on both, 
the work done on each would be the same, i,e. the kinetic 
energy of the gun would be equal to the kinetic energy of the 
shot — or, in other words, the destructive power of the gun to 
its owners would be as great as that of the bullet to the enemy, 
because the mischief-working capacity of a missile is measured 
by its kinetic energy and not by its momentum. 

If the rifle recoils and rises to the position C'lf before 
coming to rest for an instant, and if the vertical height of CJy 
above CD is h^ we have by work and energy 

= IVh .*. f/= sl2gh, . . (4) 

2g 

W I—- 
and therefore V= — 'J2gh = the muzzle velocity of the shot. 

w 

To find the mean value of the powder pressure, we have by 
work and energy 



wV* 



F{l-x) 



^g 

X V w w 



F^^W^w)^^ ... (6) 
^ w I 



and if T is the duration of the explosion, 

F.T= f 

g 

wl 
W+w'y gh 



^'-^sItk •••(') 
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If JS and e are the kinetic energies of the bullet and gun 
when the bullet is leaving the muzzle, we have E— and 

e= y therefore — = -ttft^I -TtT- I • — = — > which shows 

2g e IVzr \Wv / w w 

that the kinetic energies are inversely proportional to the 
weights of shot and gun. If S is the total amount of static 
energy in the powder charge — Le, the amount that will 
be developed on explosion — we have E'{-e=^S, Hence 

W 
E = -77= . Sy so that the square of the velocity of the 

bullet is proportional to the weight of the powder. 



EXAMPLES 

1. A box of sand whose mass is 2000 pounds is suspended by two equal 
vertical cords, each 8 feet long, and a shot whose mass is 20 pounds is 
fired into it in a horizontal line passing through the centre of gravity of the 
box of sand, the shot remaining embedded ; if the box recoils through a 
circular arc the length of whose chord is 6 feet, prove that the velocity of 
the shot is 1 2 12 7s. 

If the shot penetrates 2 feet into the sand, prove that the mean resistance 
of the sand to the shot is 227250 pounds' weight, that the time of penetra- 
tion is 7^ sec. , and that during this time the box will have moved through 
-^j^ inches. (Greenhill, Notes on Dynamics^ p. 29. ) 

2. A rifle whose mass is 10 pounds is suspended horizontally by two 
equal parallel cords, and is observed to have risen i foot after firing a 
bullet whose mass is i ounce : the length of the barrel traversed by the 
bullet is 3 feet ; find the velocity of the bullet, the time taken by the bullet 
to travel through the barrel, and the distance through which the rifle recoils 
in this time. (Greenhill, ^tid. ) 

Result. 1280 7» ; tIt sec. 5 ^ff^ inches. 

3. If with a given powder charge a bullet fired vertically reaches a height 
^, what charge will be required to make the bullet reach double the 
height ? 

Ans, Four times the original chaise. 

4. Supposing that the penetration of a body of given material by a pro- 
jectile of weight w moving with a velocity of v ^sisx feet when the body 
is fixed, prove that if a block made of this same material, of weight JV, is 
free to move on a smooth horizontal plane and is a feet thick, the body will 
be perforated if 

a < 757 . X, 



±.v. 
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and that after passing through the body the projectile will retain a velocity 
(Greenhill, ibid,) 

42. Oollision of Spheres. — The case in which two spheres 
both moving in the line joining their centres come into 
collision and do not separate has been already discussed. 
There is only one magnitude to be found, namely, their 
common velocity after collision ; and for this the equation of 
impulse and momentum (p. 122) suffices. 

The spheres, however, in nearly all cases do separate after 
collision, so that there are two velocities, x and y (fig. 72, 
p. 119), to be found. 

The necessary additional relation between x and y is ob^ 
tained by an experimental law — viz. 

the velocity of separation is a constant fraction of the 
velocity of approach. 

This fraction (always denoted by e) depends on the substances 
of which the spheres are made. It never reaches the value 
unity — except, possibly, for the molecules of a gas which are 
in perpetual collision with each other inside the vessel contain- 
ing the gas. The largest value of e has been observed in the 
collision of two glass balls, viz. e^\^'y next comes the value 
of e for two ivory balls, viz. ^ = yf ; for two of lead, ^ = 7 j two 
of cork, f , and almost the same value for two of cast iron. 

Newton {Frincipia^ Book I., Scholium) made a series of 
experiments for the determination of this coefficient by taking 
two spheres, A and B^ of any materials, suspending them by 
two equally long threads from two fixed points, F and Q, in 
such a way that when they hang at rest the threads are both 
vertical and the bodies A and B just touch each other. By 
drawing out the threads from the vertical through equal angles 
at opposite sides and then letting them go, A and B will 
collide in their lowest (original) positions with equal and 
opposite velocities ; each will be reflected and will rise to a 
certain measured vertical height above the lowest position. 
These heights will for each give the velocity with which it 
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was reflected (see p. 78) ; and in this way the above law is 
verified and e found for the bodies. 

Like many other such experimental laws (e,g, the law of 
friction, p. 68) the constancy of e is only approximate, and 
the law must not be taken too seriously. 

This coefficient e is called the coefficient of restitution of the 
bodies. 

Now to apply the law. Take fig. 72, p. 119. The velocity 
of separation isy-x^ and the velocity of approach i^v^rz/^so 
that 

y''X^e{V'\-7f)i ••••(') 

and this with the momentum equation 

wx'\-w'y^wv-w'v' ... (2) 

determines both x and y. 

If in fig. 72, p. 119, the ball w' was before collision moving 
in the same sense as w^ and v^-tf^ the relative velocity of 
approach \%v- v\ and our equations become 

y-x^eip'-v') (3) 

wX'\-'afy — wV'\-w'v\ ... (4) 

At every instant during the contact the resultant momentum 
remains the same. Hence if at the instant of maximum 
compression u is the common velocity of the spheres, we have 

(a; + a;')« = z«Af; + wV, ... (5) 

assuming that v and t/ were in the same sense. 

Except in the ideal case in which e^i^ there is always a 
loss of kinetic energy produced by the collision — ue, a transfor- 
mation of some of the original kinetic energy, h % into 

zg 2g 

heat. This is evident to common-sense ; for, if ^ is < i, the 
bodies separate in a more or less crushed condition, and some 
work must have been done to produce this crushing — exactly 
as work is done in the case of the shot and sand-box in crush- 
ing the sand (p. 133) — and this work never again restores 
kinetic energy to the system, but is the means of producing 
molecular motions^ or heat which is ultimately given to the 
surrounding air. 
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The loss of kinetic energy is best calculated thus: Let 

jB* — + = kinetic energy of system before collision : 

E « — + — ^ » kinetic energy after collision ; then 

^,^=,«^(^-^') + ^X^"-.>^) . . (6) 

But from (4) we have w(v* -y)^ -w{v-'X)', hence (7) 
becomes 

2g{E - Erj^w{v - x){v + X - v' -y) 

^w{V'x){i-e){v-'Zf),hy{i) . (8) 

Now from (3) and (4) we have 

{w + w^c = zw + w'v' - eu/{p - v*) 
.-. {^'^w')(p-x)^w\\-\re)(p'-^ . . (9) 

Substituting this value oiv-xm (8), we have 

E-E^ f^^ ii^^{v-vy . (10) 

the right hand side being the energy transformed. This 
vanishes if ^= i. 

If the particles were moving in opposite senses before 
collision, as in fig. 72, p. 119, the relative velocity of approach, 
v-tf^ would become v+zf in (lo). 

The blow sustained by each is given by the equation 

g 
= /"^ J i4-^)(e>-gr-) . (11) 

If the two spheres were devoid of restitution, i.e, \ie=o^ the 
blow, B^ would be given by 

g{w + w'y ' 
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hence we see that when there is separation, the blow is greater 
than B^^ and 

B={i-\-e)B^ .... (12) 

From (10) we see that the energy transformed is equal to 
\B{i - e){v - v') ', or if a and s are the relative velocities of 
approach and separation, both measured in the same sense, 

E-E'^B.^LZI, . . . (13) 

2 

If a ball strikes a plane, whether fixed or moving, the ex- 
perimental law (p. 139) connecting the velocity of recoil with 

that of approach must, of course, be 

{taken as holding. 
J, Thus, if AB (fig. 81) represents a 

I 1^^^ plane which is being mechanically moved 

"'^ A B with a velocity v' perpendicularly to AB, 

Fig. 81. while a ball overtakes the plane with a 

normal velocity v, and if x (which may 
be in the sense represented or in the reverse) is the velocity of 
reflection of the ball, we have, with the arrows as represented 
in the figure, 

velocity of separation = x + v\ 

„ approach ^v-v\ 

x + ^ = e{V'-v'). . . (14) 

Of course if the plane AB is moved by some mechanism, 
there is no question about the alteration of v' by the impact, 
and hence no momentum equation is required. 

If w is the weight of the ball, and the blow given by the 
plane = B, 

B=^(i+e){v-zr). . . . (is) 
EXAMPLES 

I. Two spheres whose masses are 3 ounces and 2 ounces are movii^ in 
the line of centres towards each other with velocities 50 7s and 60 7», 
respectively ; their coefficient of restitution is J ; find their velocities after 
collision, and the amount of kinetic energy transformed. 

Result, They are both driven back, the first with a velocity of 
16 7s. and the second with a velocity of 39 7s. The kinetic 
energy transformed is 170^ foot-ounces' weight. 
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2. In the last case find the magnitude of the blow sustained by each, and 
if the duration of contact is ^ sec. , find the mean value of the pressure 
between them. 

Result, B=6fy foot-second-ounces' weight units; mean value of 
pressure =396 ounces' weight. 

3. Two spheres whose masses are 10 and 15 grammes are moving in the 
line of centres with velocities of 80 ^/s and 60 ^/s in the same sense, the 
first overtaking the second ; find the velocities after collision and the 
quantity of kinetic energy transformed, their coefficient of restitution 
being J. 

Result, The velocities are, respectively 65 */s and 70 «/s both in 
the sense of the original motion; the energy transformed 
amounts to 1 125 ergs. (N,B, g is taken as 981 ^/ss.) 

4. If in the last the duration of contact is -^ sec, find the value of the 
mean force between them. 

Result, 100 grammes' weight. 

5. Three spheres, A^ By C, of equal masses are placed in this order at 
any distances in a right line on a smooth horizontal table ; e^\ iox A and 
By and e=^ioi B and C; Ai& projected towards B with any velocity ; how 
many collisions will take place between them ? 

Ans. Only two. 

6. If in the last the masses of A and B are equal while the mass of C is 
twice that of either, how many collisions will take place, and what will be 
the final velocities of Ay By C? 

Ans, Three collisions, and if v is the original velocity of Ay the 

velocities will be -5-, ~ > — . 

8 24 3 

7. If in Q. 5 the masses of Ay By C are proportional to 3, 2, 6, how 
many collisions will there be, and what will be the final velocities ? 

Ans, Four collisions ; -^v, -^Vy -f^v, 

8. Two spheres, of masses A and C, are placed on a horizontal table ; 
between them is placed a sphere of mass .^ ; ^ is projected towards B, and 
a velocity thus communicated to C ; find the mass of ^ so that Cs velocity 
may be greatest. 

Result, B must be the geometric mean between A and C 

9. Two marbles are placed inside a smooth groove in the shape of a 
closed curve of any form, the distance between them, measured along the 
groove being 0, and the whole length of the groove being /; one of the 
particles is projected along the groove with a velocity v so that the distance 
TOne over before the first collision is a ; find the time interval up to the 
first collision and the intervals between the successive collisions. 

D 7^ <» ^ I ^ «. 
Result, — , — » -3-, -3— f etc 
V ev rv rv 
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la Two spheres, of masses A and B^ are projected towards each other 
on a smooth norizontal table with given vdoaties ; can they after collision 
exchange velocities exactly ? 
Afu» Not unless « = i. 

11. A circular hoop of mass ^and radius r rests on a smooth horizontal 
table ; if a marble of mass m is projected from the centre with a velocity v, 

2 T 

prove that the interval between the first and second impacts is — . — , and 
find the ultimate velocity of the marble and hoop. 

12. A plane surfiEu:e is moved with a constant velocity of 20 ^% normally 
to itself, and is struck normally by a ball moving in the same sense 
with 6o Vs ; ^=i ^<>' ^1 ^^^ plane; find the motion of the ball after 
impact. 

Result The ball is reduced to rest by the impact. 

13. If in the last the plane is moving with 20 7t to meet the ball, what 
is the motion of the ball after impact ? 

Ans. Its original velocity is exactly reversed. 

The case of the oblique collision of two smooth spheres is 
^ very easily disposed of. A nu- 

V. ^ merical case will at once make 

^v^ \^^^ the thing clear. 

«:(Op5:^- .^^ -^^' ^8- ^^» ^^ ^^ ^^ 

A \^Sy^^ ^ joining the centres of two smooth 

spheres at the instant of collision, 

I I one moving with 80 '/t in a line 

64 ^^^^/^^20 making an angle a such that 

.. ,. » L.,^^^ ^ .,, tana=f with AB^ and the other 

^""^ moving with i3o7t in a line 

making an angle j^, such that 
tani8 = ^ with AB\ let the 
.. masses of these spheres be, re- 
spectively, 7 and 5 grammes, and 
let ^ -= J for them. Required the 
magnitudes and directions of 
their velocities after collision. 
Resdlve each of the velocities 80 and 130 into two com- 
ponents along and perpendicular to the line of centres. Thus 
we have the second figure. 
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Now since the surfaces are smooth, neither of the com- 
ponents perpendicular to AB will be altered by the collision : 
it is only the component velocities along AB that will be 
altered; so that the first will after collision be still moving 
with a velocity of 48 7t perpendicularly to AB^ and the second 
with a velocity 507$ in this direction. Let the unknown 
component velocities in the line of centres be x^ y) and thus 
we have the third figure. 

Hence the problem is only one in direct collision: two 
spheres whose masses are 7 and 5 grammes are moving towards 
each other in the line of centres with velocities of 64 and 
i2o7si respectively; e\s\\ find their velocities after collision. 

Our equations for x and j/ are 

7^-S>'= -44^ + 600=152, 
x-\-y ^ 1(64+120) = 92, 
.-. ^ = 5i;>'«4i. 

Hence the line of resultant motion of the first is the diagonal 
of a rectangle whose adjacent sides along and perpendicular 
to BA are 5 1 and 48 ; and the line of resultant motion of 
the other the diagonal of a rectangle whose sides are 41 
and 50. 

The r(fj«//a«/ velocities are Vsi* + 48*and n/4i* + 5o*. 
The blow received by each sphere is wholly in the line AB^ 
and its magnitude is 

7(64 + 51)^605 foot-second-grammes' weight units. 

The loss of kinetic energy to the system is due wholly to 
the motion in the line of centres ; for the kinetic energy of the 

first body before collision is ' ^ ^, or 7^(64* + 48*); and after 

64 

collision it is -^^ + 4^*)- Hence the loss is 

7(64' -51') + 5(120' -41') foo^ammes' weight. 
64 

It is not worth while to express the results of oblique collision 
in a general formula. The procedure in every case is exactly 
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that indicated above — viz. resolve the velocity of each sphere 
into two components^ one along and the other transverse to the 
line of centres; assume each transverse component unaltered^ and 
calculate the other components by the principles of direct collision. 
The case in which a ball strikes obliquely a plane either fixed 

or moving is also easily disposed 
n of by the same prindples. Thus 

(fig. 83) suppose that a ball moving 

\r , ,^Q in the line CP with a velocity v 

\ Y ,•/'' strikes a fixed plane AB at the 
21 J ./ j0^Jv point P and is reflected. Let Pn 

y*' ^ be the normal to the plane at P^ 



yy 






^ 



^ and let x and j/ be the components 
of V (called the velocity of incidence) 
along and perpendicular to the 
Fig. 83. plane. Then, assuming no friction 

between the ball and the plane, 
the component x will be the same after incidence as before, 
while if y is the new normal component, we have 

so that the components of the velocity after striking the 
plane are 

X along the plane, and 

ey perpendicular to the plane, 

and the new line of motion, PD^ is the diagonal of a rectangle 
whose sides are x along PB and ey along Pn. 

The angle CPn is called the angle of incidence^ and DPn the 
angle of reflection. Denoting these by /and /' and the velocity 
of reflection (in PD) by v\ we have 

(0 

(3) 
(4) 



v'cosi' = e . vcosiy 
v' sin f == V sin /, 

tan /' = — . tan /*, 
e 



V =^v VsinV+^*cos*/. 



Hence the angle i' is always greater than /, except in the 
ideal case in which ^=1, and in this case the angles of 
incidence and reflection are equal — as in the case of an 
incident and reflected ray of light. 
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Equation (3) supplies the solution of the following problem : 
a ball is to be projected from a given point, C, to strike a fixed 
plane, AB^ and to pass after reflection through a given point, 
D ; find the requisite direction, CF^ of projection. 

From C draw CQ perpendicular to AB, and produce it to C 
so that QC = e.QC: join D to C ] then DC cuts AB in the 
point jP, and CF is the required direction. The proof is 
obvious. 

And in exactly the same way we solve the problem : a ball 
is to be projected from a given point, F^ fig. 84, and after 
reflection from any number of fixed planes, 
ABy BQ CD, is to pass through a given 
point, Q; find the requisite direction, Fn, of 
projection. 

Let tf, e\ ^, be the coefficients of rebound 
of the ball and the planes AB, BC, CD] 
draw Fm perpendicular to AB and produce 
it to F* so that mF' = e,mF] from F* draw 
Fm' perpendicular to BC, and produce it to 
i^ so that m'F'^^.m'F] from F" draw A] /B 
F'n^' perpendicular to CD and take m"F' P\Z / I 
= e\ m"P' ; let QF'' cut CD in «"; let «"P" >-•,;> • 
cut BC in «'; let n'F cut -4^ in « ; then ^^'V 

the path of the required path is Fnn'n'Q. Fig. 84. 

This supposes the radius of the ball to be 
negligible ; if it be not so, we must replace the given planes 
AB, BC, CD by planes parallel to them at a distance r, 
where r is the racUus of the ball : we thus obtain the path of 
the centre of the ball. 

EXAMPLES 

1. ABCD is a square ; a sphere whose mass is 15 grammes is moving 
from A\o B with a velocity of 35 *=/s, and one whose mass is 14 grammes 
is moving from C to -5 with a velocity of 40 ^1%, the line of centres at the 
instant of collision being BC\ if «=i| find the velocities of the spheres 
after collision. 

Result, The sphere that was moving in AB moves in the diagonal 

DB produced through B with a velocity of 35 tjz <=/§, while the 
other sphere continues its motion CB with a velocity of 2\ «/,. 

2. If the duration of contact in this case is -^ sec., what is the mean 
value of the force exerted between the spheres? 

Am, 175 grammes' weight. 
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3. AB (fig. 82) is the line of centres of two spheres at the moment of 
collision ; the masses are 10 and 8 grammes ; the first is moving with a 
velocity of 153 *=/, in a line making with the lower side of AB an angle 
whose tangent is t^, and the second with a velocity of 90 *=/» in a line 
making with the upper side of AB an angle whose tangent is f ; ^ is f for 
the spheres; find their speeds and lines of motion after collision, and 
the magnitude of their pressure, supposing the duration of contact to 
^ lAa sees. Find also the amount of tran^ormed kinetic energy. 

Result, After collision the first sphere has a velocity of 72 *=/, per- 
pendicular to ABy and one of 5 7» along BA ; the components 
of velocity for the second are 72 *=/s perpendicular to AB and 
121 */s along ^.^. The mean pressure is 2800 grammes' weight, 
and the energy transformed is 44, icx? ergs. 

4. In the last what will be the distance between the centres of the 
spheres after / sec onds ? 

Ans, 18 n/ii3 / centimetres. 

5. All the data being as in Q. 3 except that the magnitude of the 
velocity of the sphere whose mass is 8 grammes is not given, what must 
this velocity be in order that after coll^ion the other sphere may move 
at right angles to AB ? 

Am, 78f Vr 

6. All the data being as in Q. 3^ except that the masses of the spheres 
are not given, what must be the ratio of their masses so that after reflection 
they may both move in the same right line ? 

Ans, 13 : 22. 

7. A marble is placed at a given point on the bottom of a rectangular 
box whose sides are vertical ; show how the marble must be projected 
against one side so that after reflection from each of the others it may 
return to its original position. 

(Apply the construction in p. 47, the point Q being the same as P.) 

8. If in the last e is the same for the marble and each side, show that the 
path of the marble is a parallelogram. 

9. A ball moving with a velocity v strikes a moving plane at an angle 
of incidence 2, the plane having a velocity u in the direction of its normal ; 
find the angle of reflection. 

ResuU, If »' is the angle of reflection, tan »'= £fi5i . 



EXAMINATION ON CHAPTER VIII 

1. Describe the state of afiairs in the collision of two spheres firom the 
moment of first contact to the moment of separation. 

2. What are the two important £au;ts relating to the pressure (or various 
pressures) between the spheres during the collision ? 

3. Draw roughly a curve representing the values of the pressure at 
various instants during the collision. 
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What, in the figure, represents the whole impulse on either sphere during 
contact? (Area.) 

4. Enunciate the principle of the conservcUion of momenium for the 
spheres. 

5. What about the sum of the kinetic energies of the spheres before 
collision and the same sum after separation ? 

What becomes of the difference ? 

6. What are the two principles to be used in calculating the distance 
through which a pile is driven into soft ground by a hammer blow ? 

7. If the foot of the pile meets a rock how are these principles affected ? 

8. What is meant by available energy} Is the whole of the kinetic 
energy of the hammer available for the work of forcing the pile into 
the ground? 

9. If a hammer drives a nail into a moveable block is there anything 
conserved after the penetration is complete ? (Momentum. ) 

10. In this case what kinetic energy is converted into heat before the 
nail begins to penetrate, and what kinetic energy is used up in crushing 
the block ? 

11. If a body lying on the ground is connected by a slack cord with 
a body lying on a horizontal table and the latter hoay is projected along 
the taole, is its kinetic energy available for raising the mass on the ground ? 

12. Which is the more readily applicable principle in the case of forces 
very suddenly applied — the prinaple of impulse and momentum or the 
principle of work and energy ? 

13. Trace the application of these principles in the case of a shot fired 
into a suspended box of sand. 

14. In the case in which a gun fires a shot why is the momentum of 
the shot equal to that of the gun ? Why are their kinetic energies vastly 
different ? If a rifle of mass lO lbs. fires a 2-ounce bullet, how many times 
greater than the kinetic enei^ of the rifle is that of the bullet ? 

15. What is meant by the coefficient of restitution of the spheres? Give 
the numerical values of some coefiidents of restitution. 

16. How much kinetic energy is transformed and radiated during the 
collision of two spheres ? 

17. State shortly the way in which the velocities after collision are 
calculated in the case of two obliquely -colliding spheres. How much 
kinetic energy is transformed during their collision? (Only that corre- 
sponding to motion in line of centres.) 

18. Ifa ball projected firom a given point is to strike a fixed plane, how 
do you find the direction of projection so that, on reflection, the ball shall 
pass through a given point? 

19. What is meant by angle of incidence and the angle of reflection ? 
If tf=i for the ball and the plane, what is the relation between these 
angles ? If ^ is not equal to i, which is the greater ? 



CHAPTER IX 
NON-CONCUBBENT FOBGES 

43. Concurrent forces mean forces whose lines of action 
all pass through a common point. In the previous chapters 
we have confined our attention to such forces. We now pro- 
ceed to consider a body of any size whatever — no longer a 
particle — acted upon by forces whose lines of action do not 
pass through the same point, but we shall assume these lines 
of action to lie all in the same plane. 

Such forces have evidently a single resultant; and it can 
obviously be found by taking the forces two at a time, pro- 
ducing their lines of action to meet, and at the point of 
meeting constructing the resultant of the two forces by the 
parallelogram law. Thus, suppose that we have any number 
of coplanar forces (/>. forces whose lines of action all lie in 
the same plane), Pi, P^^ /\, P^^ Pg, . . . ; produce the lines of 
action of P^ and Px to meet ; take their resultant, ^1, ; in the 
same way find the resultant of ^12 and Pi ; let this be ^n, ; 
find the resultant, ^1334, of Rxa and P^ ; and so on, until all the 
forces have been taken ; then we shall have finally the resultant, 
R^ of the whole set. 

This merely shows how the thing could be done; but 
the actual process of thus combining forces in pairs would 
be very long and tedious, and there are better ways of 
arriving at the final result, as we shall explain in this 
chapter. 

Let us begin by taking a special case which naturally 
presents itself to us — viz. the case of two parallel forces^ ue, 
forces whose lines of action are parallel. 

T^o Parallel Forces, — Let a body be acted upon by two 
forces whose magnitudes are P and Q^ acting in the lines 
marked AP and BQ in fig. 85. If we attempt to find their 

150 
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resultant by producing their lines of action to meet, we en- 
counter the difficulty that the point of meeting is at infinity. 
Hence we must adopt another method; and that method 
consists in replacing the two parallel forces by two non-parallel 
forces which are completely equivalent to them. Thus, let the 

line AP represent the mag- 

nitude of P and BQ the ^^ ----^^.,.^^ 

magnitude of Q\ draw AB\ /^^ O ^^^ 

at J4 and -5 apply two equal / p^...™-— — ►F j 

and opposite forces in the p^ / k^''p^ ^'^ B /^ p 
line ABy these forces hav- / y yj /q 7'*-^^ / / 

ing any magnitude what- / ^^^^J v /. /:J 

ever, AF towards the left !y' /^^^.^ ^ "7 ^ 

and BF towards the right. R*- -p ■ ^ 

These two equal forces. Fig. 85. 

Fy Ff acting in the same 

line in opposite senses produce no effect on the body if the 

body is rigid, as we assume. 

Now take the resultant, AR, of AP and AF, and also the 
resultant, BS, of BQ and BF, and we see that the two given 
parallel forces AP and BQ are equivalent to the two non- 
parallel forces AP and BS, Let these latter meet in O, and if 
O is rigidly connected with the body, we can let AP and BS 
each act at O. If O is outside the physical limits of the body, 
we must imagine it to be rigidly connected with the body by a 
thin rigid membrane, or something of the kind. Re-resolve 
these two forces at O into their original components i^and P 
for the first, parallel and equal to AFdSid. AP] and /^and Q 
for the second, parallel and equal to BFznd. BQ, Then we 
have the two equal and directly opposed forces -^ -^ at O, 
which may be struck out as cancelling each other; and, in 
addition, we have at O the two forges P and Q acting together 
in the same line, OG, parallel to their original lines of action, 
AP and BQ. 

Hence the resultant of the two parallel forces is 

the forces being, observe, in the same sense. Parallel forces 
acting in the same sense are called like parallel forces ; those 
in opposite senses are called unlike parallel forces. 
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The line of action, OG^ of the resultant is defined thus : 
since the triangle AGO is similar to RFA^ 



similarly 



AG 
GO' 


RP F 

'PA ~ P ' 


BG 


.SQ_P. 


GO' 


Q^'Q' 


AG 


.Q 


GB~ 


T' • 



(a) 

or PY.AG=Qy.BG . . . (fi) 

Hence — ^the resultant of two like parallel forces, P and Q, is 
equal to their sum, P+ Q ; its line of action is between the 
lines of action of the two forces, and it divides any line drawn 
across their lines of action into two segments inversely pro- 
portional to the forces. 

CoR. I. — The resultant of two equal and like parallel forces 
is equal to twice either force, and its Hne of action is midway 
between them. 

CoR. 2. — Any force, P, can be broken up into two parallel 
forces, Ta.nd P- T'the distances of whose lines of action from 
that of P are inversely as the magnitudes of the components, 
rand P- T. 

For, let AP (fig. 86) represent P in magnitude and line of 

action ; let BT represent any parallel 

C A B force, T^ in the same sense; and let 

/ / 7 C be a point on BA such that 

I I ^ {P-T)y.AC^TxAB] 

**""" / then by the result (j8) above we see 

*p that the resultant of the force T act- 

Fig. ^, ing at B and a parallel force P-T 

at C is the force P acting aX A; 
that is, P can be replaced by T aX B and P-T ot C. 

Now let us find the resultant of two un/ike parallel forces. 
We may proceed exactly as in the case of like forces, or thus, 
making use of the result of Cor. 2. 

Let the unlike forces be /* acting at A, fig. 87, and Q acting 
in the opposite sense at B, Suppose P to be the greater. 
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Break up P into a force JBQ^ equal and opposite to Q acting 
at B, and a force equal to jP-Q acting at G. Then by 
Cor. 2., G is such that (P-Q) 
xAG=-QxBA,OT fQ 

jPxGA==QxGB. 

Since the two opposed forces Q, 
Q acting at JB cancel each other the 
resultant of jP and Q is ^R=P-Q 

acting at G. 

Hence — the resultant of two un- 
like parallel forces, jP and Q, is 

equal to their difference, P-Q; its line of action is outside 
the lines of a:ction of the two forces, at the side of the greater ; 
and it divides any line drawn across their lines of action into 
segments inversely proportional to the forces. 

Observe that in fig. 87 AB is any line drawn across the lines 
of action of P and Q, and the segments of AB made by the 
point G are GA and GB. 

If the magnitudes of the two unlike parallel forces are equal, 
t\e. if jP= Q, their resultant is a farce of zero magniiude acting 
at infinity ; for if P= Q, we have GA = GB^ which requires 
G to be at infinity. 

We must now occupy some time in studying this curious 
result. Of course if we actually replace the two unlike forces 
P^ Q by their resultant, B-Q, we must rigidly attach its 
point, Gy of application (or its line of action) to the body 
which is acted upon by P and Q. Before dealing directly 
with two equal parallel forces acting in opposite senses along 
any two lines, we shall prove the property of moments for 
parallel forces, whether like or unlike ; that is, we shall show 
that— 

the (algebraic) sum of the moments of two parallel forces 
about any point in their plane is the same in magni- 
tude and sense as the moment of their resultant about 
the point. 

Let P^ Q (fig. 88) be two like parallel forces acting on a 
body, and O any point in their plane. From O draw OA and 
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OB perpendicular to F and Q ; then the point, G, in which 
their resultant, J?, intersects AB is obtained by the relation 

FxGB=QxGB. 

Now the moment of P about O is Px OA, and its sense 

is counterclockwise; the moment of 
Q about O is Qx OB^ and its sense 
is clockwise; hence the sum of the 
moments about O in the counter- 
clockwise sense is Px OA -Qx OBy 
which is 




Fig. SS. 



Fx {0G-\- GA)'-Qx {GB - OG), 
or (/*+ X OG + Fx GA-Qx GB, 
i.e. {F+ Q) X OG, 

since Fx GA -Qx GB = o; and this 
is the moment of J? about O, 

In the same way, if O is taken anywhere else, as at (7, 
the sum of the moments of F and Q about it is the same 
in magnitude and sense as the moment of F about it. 

When the forces F and Q are in opposite senses (fig. 89) 
the same result holds. The resultant is now F- Q, if F 
is the greater, and the point, G, in 
which it cuts AB is still found from 
the relation 

FxGA:=QxGB. 

The sum of the moments about 
O is now Fx OA+Qx OB, or 
Fx{OG-GA) + Qx (GB-'OG), 
or {F'-Q)x OG, as before. 

As a numerical example of two 
unlike parallel forces, let F= looi, Q= 1000, pounds' weight, 
suppose; then JP= i pound weight, and we have 

GA = ioooAB', 

thus G is very distant from ^'and B, and if O is any point 
in the body, the perpendicular, OG, from O on the line of 
action of F is very great, so that in the moment of F about O 
we have a very small force, F^ multiplied by a very great 
perpendicular, or lever arm, OG; and this moment is, of 




Fig. 89. 
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course, equal to/'x OA + Qx OBy a very considerable number 
of foot-pounds* weight. In the same way if /*=iooo'ooi, 
and ^=1000, E will be Yinnj- pound weight, and AG will 
be 1000000^-5, so that we have an extremely small force 
acting in a line extremely distant from the body, while the 
moment of this very small and distant force about O is 
lOQo X AB ■{• Y^j^ . OA, 

It is clear, then, that, however small R may be^ it has a 
finite^ and perhaps very large^ moment about every point in the 
body — viz. the sum of the moments of the two unlike parallel 
forces themselves about the point. 

Pass now to the case in which F— Q, and we have J? = o, 
AG=x>. Looked at in this way, we have actually a zero force 
acting at infinity ; but looked at from the point of view of the 
property of moments, we see that the moment of R about any 
point in the body is a perfectly finite amount, viz. the sum 
of the moments of the two equal and unlike forces themselves. 

Now when the two unlike forces P and Q are equal, they 
have the same moment in magnitude and sense about all points 
in their plane. 

For, if we denote the sum of these moments about O in 

fig. 89 by MJy we have 

M)^Fy.OA + Fy.OB 
^Fy.AB, 

This moment is the same whatever point, Oy is chosen 
on AB, If O is taken outside the lines of action of the forces, 
say at the side of the point G in fig. 89, and we draw the 
line OAB perpendicular to the lines of action as before, 
we have 

M^=-Fy.OA->tFy.OB 
= FxAB, 

wherein there is nothing depending on the position of the 
point O. 

Hence, then, the very important result stated above — viz. 
two equal and opposite parallel forces acting in different lines 
have a moment which is constant both in magnitude and in sense 
about all points in their plane. 

The converse of this is also an important result — viz. if two 
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foras have a moment which is constant in magnitude and sense 
about all points in their plane^ the foras must he equal and 
opposite parallel forces. For, unless they are equal and opposite 
parallel forces, they have a resultant of finite magnitude acting 
in a line which is not at infinity, and such a force must have 
variable moments about points which are more or less distant 
from its line of action. 

Two equal and opposite parallel forces acting in different 
lines are called a couple. If h is the perpendicular distance 
between their lines of action, h is called the arm of the couple ; 
and if Z' is the magnitude of each of the forces, the product 
P, h is the moment of the couple. 



44. Besultant of axiy nimiber of Parallel Forces. — Let any 
given parallel forces, jP,, P^ P^ . , , (fig. 90) act on a rigid 

body, and let it be required to 
find the magnitude and line 
of action of their resultant. 

Since the magnitude of 
the resultant of two parallel 
forces P and Q is equal to 
their algebraic sum, it is ob- 
vious that by taking some two 
and combining their resultant 
with a third force, and so on, 
the magnitude of the resultant 
of any number of parallel 
forces is the algebraic sum of 
the forces. 

Thus, with the senses of the forces as shown in fig. 90, the 
magnitude of the resultant, ^, is 




Fig. 90. 



i>i-P,-P, + /^4 + P,. 



(0 



To find the line in which it acts, employ the principle of 
moments — i.e. that its moment about any point is equal to 
the algebraic sum of the moments of the given forces about 
that point. 

Thus, let O be any point in the plane of the forces, 
and let the perpendiculars from O on the lines of action 
of Ply P^ Pi, ... he Onit On^ On^ . . . ; then if p is 
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the perpendicular from O on the line of action of ^, 
we have 

which gives/, and therefore the line of action of It, 

Let, for example, /\=io pounds' weight, Pa=io, jP,= i2, 
P4 = 4, Pj = 20, and Ofiy = 6 inches, On^ = 8, C^«3 =10, On^ =14, 
(?«5=i8; then JP=i2, and/ = 23 inches, so that if we take 
0N= 23 inches, and at N draw a line in the direction of 
the forces, this is the line of action of R, 

In algebraic notation, if the algebraic sum of the forces is 
denoted by DP we have 

^ = 2P, (3) 

and if / denotes the perpendicular from O on the line of 
action of any one, F, of the parallel forces, the distance, ON^ 
of the line of action of R from O is given by the equation * 

^ ON=^-j^ .... (4) 

* 

•' Equation (2) or (4) gives us the result that — the distance 

of the line of action of the resultant of any number of parallel 

forces from any point is obtained by dividing the sum of the 

moments {with their proper signs) of the given forces about the 

point by the sum of the forces {with their proper signs), 

EXAMPLES 

I. Find the nu^nitude and line of action of the resultant of two like 
parallel forces whose magnitudes are 50 and 30 pounds' weight, the distance 
between their lines of action being 2 feet. 

Result* The resultant is So pounds' weight, its line of action is 
between those of the forces, and is 9 inches from the line of 
action of the greater. 

- 2. In the last find the sum of the moments of the forces about a point 

between the lines of action and distant 16 inches from the greater force. 
Result, 560 inch-pounds' weight 

3. In the same case find the position of a point about which the algebraic 
sum of the moments of the two forces is 1680 inch-pounds' weight 

Result, Any point on a line parallel to the force 50, and 30 inches 
distant from it ; or any point on a line parallel to the 50 
at a distance of 12 inches from it. (These moments are, of 
course, of different signs. ) 
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4. Two forces have a constant clockwise moment of 100 inch-pounds' 

weight about all points in their plane ; represent them in a figure. 

Two equal and opposite parallel forces of 100 pounds' weight with a 

distance of i inch between their lines of action ; or two of 50 

with a distance of 2 inches ; or two of i pound weight with a 

distance of 100 inches; or, generally, two of magnitude x 

100 
pounds' weight with a distance of -^ inches — producing a 

X 

clockwise moment 

45. EqnilibriuiiL of Two Couples. — 1/ a rigid body is acted 

upon by two couples of equal and opposite 
'Y moments^ the body is in equilibrium. 

Let there be two equal and opposite 
I3 parallel forces, Py Fy fig. 91, with an arm 
hy and two equal and opposite parallel 
forces, Qj Qj with an arm k, such that 




*Q 



F.h=-Q.k, 



Fig. 91. 



k AB 

AD' ^^ h^AD' 



the sense of the couple P, P being counter- 
clockwise, while that of Q^ Q is clockwise ; 

let their lines of action when produced form the parallelogram 

ABC£>. 
Then since the angles at B and Z> are equal, we have 

J h 

AB 

but, by hypothesis, 

h" Q' 

. P AB 
" -Q-Alf 

i.e. the forces P and Q may be represented by the sides of the 
parallelogram ABCD, 

Now the resultant of P and ^, each acting at Ay is 
represented by the line AC^ and the resultant of the remaining 
P and Qi each applied at C, is represented by the line CA \ 
and these resultants are equal and opposite in the same line ; 
hence the four forces constituting diie two couples are in 
equilibrium. Q.B.D. 

An obvious consequence of this result is that a couple can 
be changed into any other couple which has the same moment 
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and sense as the given one. For example, two equal and 
opposite parallel forces, each equal to 20 pounds' weight, with 
an arm of 5 inches, and a clockwise moment, acting on a rigid 
body, can be changed into two forces each of 50 pounds' 
weight with an arm of 2 inches provided that the sense of this 
latter couple is also clockwise; and, generally, the couple of 
forces (jP, /*), fig. 92, with arm a 

can be replaced by the couple ^ ^ 

{Qi Q) with arm d, provided that 1^ ^ ^ 

Q.d=P.a. ^ 

For, by the above, if we reverse 
each of the forces Qy Qy we obtain 
a couple whose moment is equal pJ 
to that of Fy Py while its sense is Fig. 92. 

opposite, and these couples are in 

equilibrium; therefore, etc. In other words, the only things 
essential to a couple are its sense and the magnitttde of its moment, 

46. Composition of Couples, — Couples acting in one plane 
(coplanar couples) are compounded by simple addition and 
subtraction of their moments. To see this, let us take a 
numerical example. Let the sense of a couple (clockwise or 
counterclockwise) be denoted, as before, by a bent arrow ; and 
suppose a rigid body to be acted upon by the following couples : 

ioo\f inch-pounds' weight, 80), 964,, and 60). Now each of 
these can be converted into a couple of forces having an 
equivalent moment. Let each of them be converted into a 

couple having any common arm — say 4 inches ; then 100^ is 
equivalent to two opposite parallel forces of 25 pounds' weight 
at the ends of an arm, ABy of 4 inches. Denote this result thus, 

ioo| = f2S, 25^; arm 4 

also 80^ = ^20, 2of , „ „ 

96^ = t24, 24^, „ „ 

60) = 4,15, i5t, „ „ 
.•. sum of moments = fi4, 14^, „ „ 
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because at the point A of the arm AB we have the resultant 
force 25-20 + 24-15, and an opposite force at B\ that is, 

we have the single couple f 14, 14^ with 

the arm 4, whose moment is 56^ inch- 
pounds* weight. This is, of course, the 
algebraic sum, 100-80 + 96-60, of the 
moments of the given forces. 

If a couple is combined with a force act- 
Fig. 93. ^'^S ^^ ^ given line, the resultant is simply 

the same force transferred to a parallel 
line. For, let P be force acting in the line AP^ fig. 93, and 

let a couple (^, Q) whose moment is JEf ) be combined with 
P\ change this couple into a couple (P, P) whose arm is 

therefore -^. Move this couple into the position in which 

one of its forces, Am^ is directly opposed to the given force P^ 
the other force being represented by Bn, Now since Am is 
equal to P^ the two forces P and Am cancel, and we are left 
with the force Bn^ which is equal and parallel to P, Hence 
the couple (Q, Q) and the force P result in the force Bn^ or 
P, Therefore, etc. 

CoR. — A force and a couple acting on a rigid body cannot 
produce equilibrium. 

47. To find the Besnltant of any Ssrstem of Forces. — 
When we are given any system of coplanar forces acting on 
a rigid body, the resultant can be found by the long process 
described in p. 150; but it can be far more simply found by 
calculation as follows : 

The resultant has — 

(a\ the same component along every \\n€\ as the given forces 
(p) the same moment about every point ] themselves. 

These two properties enable us to lay down the resultant 
in magnitude, line of action, and sense. 

A numerical example will make this clear. 

A rigid body is acted upon by forces along the sides and 
diagonals of a rectangle ABCD (fig. 94) as follows : 29 pounds' 
weight from A to Z?, 30 from C to D^ 16 from Cto B, 6 from 
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B to A^ 39 from -4 to C, and 26 from D to B\ the side 
AB is 12 inches long, and AD is 5 inches ; find the magnitude 
and line of action of the resultant of these forces. 

Call X the total component of the forces in the direction 
of AB^ and Y the total component in the direction of AD. 
Then 

X^ -6-30 + 39x^1+26x^-24, 

y= 29-16+39x^-26x^^=18, 

which give the resultant, R^ equal to Jx^^ y, or 30 pounds* 
weight. The values of X and F give the magnitude, direction, 
and sense of ^, but not its line 
of action. Thus, draw any lines, 
EF, EH, parallel to AB and AD ; 
on the first measiure off a length 
EF representing 24 pounds' weight, 
and on the second measure off a 
length EH representing 18 pounds' 
weight. (We may, of course, mea- 
sure off these lengths on AB and 
AD themselves.) Complete the rec- 
tangle EFGH Then R is parallel 
to EG and in the sense EG; but 
of course EG is not its line of 
action. 

Now employ the principle {b) 
above, and choose (9, the intersection of the diagonals of 
the rectangle ABCD, as the point about which moments 

are to be taken. Let MJl denote the sum of the moments 
of the forces about O; then 

MJl— 29x6-30x4+16x6 + 6x1=210 inch-pounds* weight 

Now this is the moment of ^ about O ; and as 7? = 30 pounds* 
weight, if / is the perpendicular from O on its line of action, 
we have 

3ox/ = 2io .'./^y inches. 

Hence from O draw a line perpendicular to the direction 
EG^ and measure off a length Om equal to 7 inches ; at m 
draw a line parallel to EG; this line is the line of action of 
R. Observe that we measure the length Om equal to 7 inches 
towards the upper side of O^ not the lower, because we know 




Fig. 94. 
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that the moment of ^ about O is clockwise. Since R acts 
in the sense EGy it could not act at the lower side oi 0\ 
for, if it did, its moment about O would be counterclockwise. 
As further exercises take the following : 

1. In fig. 94 let the force 29 in AD be replaced by a force 54 acting in 
the sense DA^ and let the 16 in CB be replaced by a force 4 acting in the 
sense BC^ no other change being made, r ind the resultant. 

Result, The resultant is a force of 51 pounds* weight, and its line 
of action is thus found : along EF, which is parsiUel to AB^ 
measure a length EF to represent 24, produce HE through E 
to H' so that EH' represents 45 ; complete the rectangle 
EH'G'F\ then R acts parallel to EG* and in the sense EG' ; 
from O drop a perpendicular ovlEG', and on this perpendicular 
measure on a length, Oi», equal to 8 inches ; then R acts in 
the line through n parallel to EG', 

2. In the same figure let the forces in ^C and BD remain unaltered, 
while — 

force from Dto A=2$; force from B to C=20 ; force from 

i? to ^=84 ; force from D to C=:24. 
Here the resultant vanishes altogether, since the forces have no 

component along any line, and no moment about O. These 

forces are in equilibrium. 

3. ACB is a right-angled triangle whose right angle is C; ^C is 4 
inches, CB is 3 inches ; a force of 112 pounds* weight acts from A to C, b. 
force of 45 from C to B, and one of 85 from A to B ; find their resultant 
completely. 

Result. The resultant is a force of 204 pounds* weight in a line 
making tan"^ ^ with ^C, at a perpendicular distance of i inch 
from C, its components along ^Cand CB being 180 and 96, 
and its moment about C is the same as that of the force 85 
in^^. 

4. In fig. 94 let the side AB= 15 inches and ADs^S inches. Find the 
magnitude and line of action of the resultant of the following forces : 260 
pounds* weight acting from A to B, 92 firom C to B, 195 from C to D, 52 
from ^ to />, 34 from A to C, and 51 from /> to B, 

Result. The resultant is a force of 148 pounds* weight acting in a 
line making tan~^ ^ with AB, at a perpendicular of 5 inches 
from O, its components in the senses AB and DA being 140 
and 48 pounds* weight, respectively. 

5. If two different systems of forces have the same moments about any 
three points A, B, C, the two systems must have the same resultant. 

6. Hence if a system of forces has moments Z, M, iV about any three 
points Af B, C, and if A is the area of the triangle ABC, show that the 

resultant is the same as that of three forces — ^ , ' , -^ acting aloi^ 

BC, CA, AB, these sides being a, b, c, respectively. 
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EXAMINATION ON CHAPTER IX 

1. What is meant by coplanar forces ? Why can they be replaced, in 
general, by a single force ? 

2. What is the rule for compounding two like parallel forces ? What is 
the rule for unlike parallel forces ? 

3. Prove that the sum of the moments of any two parallel forces about 
any point in their plane is equal to the moment of their resultant about that 
pomt. 

4. Define a couple. Explain the meaning of expressing the resultant of 
two equal unlike parallel forces as a zero force acting at infinity, 

5. What is the fundamental property of a couple ? (Constant moment 
about all points.) What is meant by the moment of a couple ? 

6. If any given system of coplanar forces has the same moment about 
all points in their plane, what do we know about their resultant ? 

7. If two unlike parallel forces whose magnitudes are 40 and 30 pounds' 
weight have moments of 160 and 180 inch-pounds' weight, both clockwise, 
about a certain point, what is the distance of the line of action of their 
resultant from that point ? (34 inches.) 

8. Prove that the only things essential to a couple are the magnitude and 
sense of its moment, and that it may be replaced by any other one having 
the same things. 

9. What is the resultant of any number of given couples? 

10. Explain how the magnitude and line of action of the resultant of any 
given system of coplanar forces are found. 



CHAPTER X 

EQUILIBBinM OF BIGID BODIES 

48. Conditions of Eanilibrinm of a Bigid Body. — When a 
rigid body is acted upon by any coplanar forces, the necessary 
and sufficient condition that it shall be in equilibrium is that 
the Resultant of the forces absolutely vanishes. In other 
words, 

(a) the forces must have no component along any line, 

and also 
(S) the forces must have a zero moment about every 

point 

The condition (a) would not of itself be sufficient, because 
it would be satisfied if the forces reduced to a couple ; hence 
(ff) must be added. 

Two very special and simple cases of equilibrium, owing to 
their very frequent occurrence, must be pointed out 

7\vo Forces. — When a body is in equilibrium under the 
action of only two forces, what do we know about them ? 

They must be equal and opposite in the same right line. 

Three Forces, — When a body is in equilibrium under the 
action of only three forces, what do we know about 
them? 

Their lines of action must meet in a point. This is necessary 
because each one must be equal and opposite to the resultant 
of the other two, and for this purpose they must meet in a 
point The result is seen also by the principle (^) above ; for 
if we take moments about the point of meeting of two of them^ 
we have the moment of the third about this point equal to 
zero — i,e, the third passes through the point. Meeting in a 
point includes parallelism : if two of the forces are parallel, the 
third must be parallel to them. 
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49. Action at a smooth Axis. — Before entering on the 
consideration of the equilibrium of rigid bodies in special 
cases, it is well to consider the nature of the action exerted on 
a body which, while acted upon by any forces, is moveable 
about a smooth cylindrical axis fixed in the body. 

Let fig. 95 represent a body of any form in which there is 
fixed a smooth axis. A, There may be 
contact between the body and the surface 
of this axis all the way round, or contact 
merely along a line parallel to the axis. 
In the case of the joint, pin, or axis 
which connects the legs of an ordinary 
compass there is usually contact between 
the pin and a leg of the compass all round 
the pin; but the joint may be so worn 
that the leg and the pin really touch each 
other along a mere line. Suppose that 
there is contact all over the axis, and let 
fig. 96 represent a cross section of the 
axis. Imagine the whole surface of the axis broken up into 
very small elements, mn, nr, rs, , , , Then mn may be con- 
sidered as a little plane surface, and the force exerted by the 
axis on the body over this surface is (since 
there is no friction) normal to mn at its 
middle point This force passes, therefore, 
through the centre of the axis, as represented 
by the arrow. Similarly the action produced 
by the axis on the body over the little plane 
surface nr acts normally to this element at 
its middle point: this force, again, passes 
through the centre of the axis, and it may 
not be equal to the force on mn. In this way we see that 
each element of the surface of the body round the axis is acted 
upon by a force which passes through the centre of the axis. 

Now, however variable in intensity these forces may be^ they 
must have a single resultant passing through the centre of the 
axis. This resultant may assume any direction whatever^ but it 
must pass through the centre of the axis. 

Moreover, this must also be the case when the axis is worn 
and contact takes place at a single line, (or point) /, as in 

fig- 97- 




Fig. 96. 




1 66 ELEMENTARY DYNAMICS 

In all cases, therefore — 

the resultant action exerted on a body by a smooth axis 
consists of a single force passing through the centre 
of the axis, and it may have any direction whatever 
through this centre. 

The direction which it will take depends on the other forces 
acting on the body. Thus, suppose that the body in fig. 95 is 
kept at rest by two given forces, P and Qy in addition to the 

pressure on the axis. Then, since the body is 
kept at rest by three forces, the lines of action 
of these must meet in a point ; so that if P and 
Q meet at O, the reaction, R, of the axis on the 
body must pass through O, It must also pass 
through the centre of the axis; therefore its 
line of action is completely determined; and 
R must, of course, be equal and opposite to 
Fig. 97. the resultant of P and Q, 

If the axis. A, is rough, in addition to the 
normal forces acting in fig. 96 on the various small elements of 
surface, there will be forces of friction which act all round the 
axis, and the resultant of these may act anywhere — perhaps in 
a line very distant from the centre of the axis ; so that — 

the cution of a rough axis on a body moveable round it may 
be a force whose line of action is very distant from the 
centre of the axis. 

As a simple illustration of the foregoing principles, take the 
equilibrium of a cantilever, fig. 98. AB is a horizontal bar 
whose end A is fixed by a smooth pin vertically below A ; CJD 
is a bar jointed at C to the bar AB, its end D being fixed by 
a smooth pin ; a load ^is suspended from B, and the weights 
of the bars may be neglected in comparison with W*, find the 
forces exerted on the pins at A, C, and D, 

Consider the separate equilibrium of the bar CD, This bar 
is kept in equilibrium by only two forces — those exerted on it 
by the pins C and D (its weight being neglected). These two 
forces must be equal and opposite, and therefore they must act 
along the bar — i.e. in the line CD. 

What forces keep the bar AB at rest ? Three forces — viz. 
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Fig. 98. 



Wf the reaction of the pin A, and the reaction of the pin C, 

which last acts in the line DC. These three must meet in a 

point, which point must be that in which DC produced meets 

the line of action of W. 

Denote this point by O, 

Then the action at A must 

act in the line OA, The 

only possible senses of 

these forces are those of 

the arrows drawn from 

the point O. Hence the 

bar CD acts on AB in 

the line and sense CO, 

and of course (since action 

and reaction are equal and 

opposite) the action, ^, of AB on CD is in the sense CD. 

The pin D is acting on the bar CD with the force jR in 

the sense DC Let S be the action of the pin A on the bar 

AB, Now, considering the equilibrium of the bar AB — t\e, of 

the three forces W, R, S acting through O, we may use either 

the law of sines or the triangle of forces. The triangle ADO 

has its sides parallel to W, jRy and S ; hence 

WiR:S^AD:DO\OA] that is 

« OD „r , r, OA „^ 

SO that the values of the pressures R and S are known in terms 
of JV. 
Supposing, for example, that AB= 24 inches, AC =12, 

AD=n then since by similar triangles T^'^TYii ^^ have 

C0=- 13, .-. Z>(?= 26. Also 

AO^ = AD^ +D0^ "2 AD, DO co^ ADC, .\ A0= »j6oi,md 






W. 



We proceed now to illustrate the two general conditions (a) 
and {b) at the head of this article by taking some simple ex- 
amples of the equilibrium of bodies which may be regarded as 
rigid. 
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A bar AB (fig. 99) of n^ligible weight is freely moveable 
round a smooth fixed horizontal axis at F^ and has two masses 

whose weights are P and Q sus- 
oR pended from its ends; find the 

relation between PzxA Q for equili- 

brium, and the pressure on the axis 

i? ^ ==?P at P. Let AF=a, BF^b. The 

bar AB is in equilibrium under the 
action of three forces, -P, Q^ and 
#P 4q the reaction, R^ at F» Since two 

Fig. 99. of these forces, P and Q^ are 

parallel, the third must be parallel 
to them; hence R is vertical. Resolving forces vertically, 
we have 

^-/>-Q=o, .-. R^P-k-Q. 

Again, take moments about Fj and we have P.a^Q.b^ 
which is the relation between the two weights and the arms 
a and b. 

Thus if a»6 inches and ^«=8 inches, and if ^=« 18 ounces, 
Pmust be 24 ounces, and R = 42 ounces' weight The bar 
AB is called a /ever, and the fixed point F is called the 
/u/crum. 

If the lever itself has weight, Wj which is not negligible, and 
if this weight acts at a point G (called the centre of gravity of 
the lever) whose distance from the fulcrum is ^, the equation 
of moments about F'v& 

Pa=^Q.b^ IV.c, 

and^=jP+C+ W, 

Thus, if fl = 6 inches, ^ = 8, and ^=2, while W^^ ounces 
and C=i4 ounces, then P must be 20 ounces, and -^=38 
ounces' weight. 

The common balance is a lever having, of course, weight, 
while its centre of gravity, G, coincides with the fulcrum, and 
the arms a and b are of equal length. In this case jP= Q. 

If the centre of gravity of the common balance coincides 
with the fulcrum, while the arms a and b are unequal, the 
weights P and Q are unequal, and the machine is a false 
balance. 

In this case let a given body be weighed by suspending it 
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from A ; then if its weight is IVy it will be balanced by sus- 
pending a body of weight Wi from J?, such that 

W^^jW (i) 

Now remove the body ^from A and suspend it from i?, 
balancing it again by suspending a body from A, If the 
weight of this latter is ^, we have 

^, = - ^. .... (2) 

The weights Wi and W^ are the apparent weights of the 
body whose true weight is W. Combining the results (i) and 
(2) by multiplication, we have 

so that the true weight of the body is the geometric mean of 
its apparent weights in a false balance. 

A common crowbar furnishes also an example of this kind 
of lever. AB {fig, 100) is a bar which rests at a point -^ on 
the top of some fixed body, such as a log of wood or a stone 
block, while the end 
B is inserted between iH 

the ground and the 
under surface of a 
heavy body, JV, which 
we desire to lift or tilt 
up from the ground; 
a pressure -P, called 
the effhrfy is applied 

at A to the bar, and this pressure has to balance the resistance^ 
S, of the body IV2XB. 

In this case F is the fulcrum of the lever, and if (as we may 
usually do) we neglect the weight of the crowbar itself, we 
have the bar in equilibrium^-or in a state oislow motion which 
may be treated as equilibrium — under the action of the three 
forces Py Sy and the resistance, ^, at the fulcrum. 

The relation between the effort and the resistance is obtained 
by taking moments about JF for the equilibrium of the bar : 
thus, 

moment of P about i^« moment of S about F. 
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The forces P, Ry S must, of course, either meet in a point 
or be parallel Usually we may take them as parallel — though 
the crowbar may be so placed and used that 5 is not parallel 
to Pi we might, for example, apply the effort obliquely instead 
of perpendicularly to the bar. If the forces are parallel, the 
arm of P about Fis AF^ and the arm of S is BF^ so that 

Py.AF^Sy.BF, 
AF 



S^P. 



BF' 



If AF='4, BF, for example, an effort applied at A will just 

overcome a resistance of 4 times the magnitude at B. 

S 
The ratio, o> of the resistance to the effort in a machine is 

called the mechanical advantage of the machine. 

The crowbar may be so used that the fulcrum is outside the 
lines of action of the effort and the resistance, as in fig. loi. 

By moments again about 
iR the fulcrum, F, we have 




S^P. 



AF 
CF' 



?//W?//??///M///?^????^V^^^^y' 



and in this case the pres- 
sure, Ry at F is equal to 
S-'P. 

The Wheel and Axle, or 
Windless, — On an axis AB (fig. 102) the ends of which are 
supported in some fixed structure is rigidly mounted a cylinder 

C of large radius, a, which 



T . forms one solid piece with 

III! D I — * B another cylinder, Dy of much 
smaller radius, r; a rope is 
coiled round Dy and at the 
free end of this rope is 
applied a resistance R 
(usually a bucket filled with 
□R water which we desire to 

Fig. 102. raise from a well, or a 

load of coal) ; another rope 
is coiled round the cylinder (7, and to the free end of this 
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is applied the effort (see p. 115) /* which is to overcome 
the resistance R. 

If the friction at A and B produced by the support of the 
machine is negligible, we may consider the machine as kept in 
equilibrium by J?, P, and the supporting forces at A and iS?, 
which latter forces have no moment about the line AB, 
Taking moments about AB^ we have 



.-. P^R- 



a 

Thus, if a is 10 times r, P=-^R^ so that to overcome any 
resistance an effort of only -^ of its amount is required. 

The mechanical advantage of any machine is the ratio of the 
resistance overcome to the necessary effort ; and in this case 
the mechanical advantage is 10. Generally, the mechanical 

advantage of the wheel and axle is — . Sometimes the cylinder 

C is reduced to a simple wheel ; and sometimes the machine 

has the form of fig. 103, in which the effort P is applied by 

hand to a handle, H^ 

rigidly attached to the \P 

axis of rotation, AB, If ^ — —V 

the radius, BH^ of the 

circle described by the 

handle is a, while r is 

the radius of the cylinder ACII 

C, we have, as before, by 

moments about ABy 



P.a=-R.r. 




B 



Dr 



Fig. 103. 



The machine is some- 
times used in the form 
(fig. 104) of a differential windlass^ in which a rope passing 
round a moveable pulley, M, is coiled in opposite senses 
round the cylinders C and D, while the resistance, R^ is 
applied to the pulley. When the handle is turned, the rope 
winds on C and off D, Let the radius of C be r, that of D 
being r , while BI£=^ a. Then the tension in the rope is the 



\ 
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same throughout (if friction can be neglected) and equal 
to ^ jR; and if we consider the equilibrium of the machine 



^ 



AC 



B 



t:; ;:t 



Fig. 104. 

ACDB^ the sum of the moments of the two tensions applied 
to it about AB^ in the sense opposite to that of P^ is 

r(r-/),orii?(r-/). 
Equating this to the moment of -P, we have 

The mechanical advantage of this differential windlass is 

2(1 

__ / ; so that, by making / nearly equal to r^ we can obtain 

a mechanical advantage as great as we please. If, for example, 
r is i^ feet, and /= ij feet, while a is 2 feet, we have 

The disadvantage of making / nearly equal to r is that the 
pulley M is then raised very slowly. 

JTu Wedge, — The wedge (fig. 105) is an isosceles triangular 
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prism which is employed for splitting wood. We shall assume 
that the wedge is in contact with the wood at two points, A, B^ 
symmetrically situated at the sides of the wedge. If there is 
no friction, the resistances at A and B will 
be two forces normal to the surface of con- 
tact. Let -P be a pressure applied at the 
base of the wedge, and 2a the vertical angle 
of the wedge. Then, for equilibrium, we have, 
by resolving forces in the direction of -P, 

-P» 2JV^sin a. 

If there is friction, and the wedge is just 
about to enter the wood, the forces of friction 
at A and B being each /xiVJ we have 

P= 2N{sm a + /i cos a). 

Arrangements of Pulleys, — Combinations 
of pulleys are sometimes em- 
ployed for the purpose of raising 
heavy loads. Thus, suppose 
that A and B (fig. 106) are two 
blocks to each of- which are 
attached pulleys, the same rope 
passing over the upper system and under the corre- 
sponding pulleys of the lower system, the free end 
of the rope being pulled by a force F, while the 
body, W^ to be raised is attached to the end of 
the lower block. The other end of the rope, after 
passing round the uppermost pulley of the lower 
block is attached to the end of the upper block. 

Then, the tension of the rope throughout being 
assumed to be constant and therefore (see p. 49) 
equal to -P, if there are n pulleys in the lower 
block, each of these will be acted upon upwards 
by the force 2F\ so that, if we consider the equi- 
librium of the lower block and the body to be 
raised, we have the total upward force on this 
system equal to 2nF. This must, for equilibrium 
Fig. 106. or uniform motion, be equal to the total weight ; 
and if the weights of the pulleys and block are 
negligible in comparison with W^ we have 

2nF^W, 



Fig. 105. 
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If W is the total weight of the block B and its pulleys, and 
if this is not negligible, we have 

We have, of course, assumed that all the portions of the cord 
{plieSy as they are called) are parallel and vertical. 

If, as in fig. 107, we have an arrangement in which each 

pulley is suspended from the beam A^ 

A and if we can neglect the weight of each 

^ ■ ' ■ ' ^ pulley, the tension of the rope round 

the pulleys B and C will be F; the 
tension of the rope round D will there- 
fore be 2P\ the tension of the rope 
round E will be z^P, and if there were 
another pulley below -E, the tension 
of its rope would be 2^P'y and so on. 
Hence if there were n moveable pulleys, 
the tension of the rope which passes 
round the last would be 2'»"^-P; and 
if we now consider the equilibrium of 
this last pulley and Wy we have twice 



B 



?f; 









X 

Fig. 107. 



this tension equal to IV; i.e. 

2np^ W. 

Finally, if, as in fig. 108, the rope passing round each pulley 
is attached to the body W, the tension of the rope round the 
lowest is P', round the next above 2P\ round the next 2^-P; 

and round the highest 2«~^-P, where n is the 
whole number of pulleys. Now the total up- 
ward force acting on Wis P+ 2P+ 2*P+ . . . 
+ 2«-iP, that is, (2« - i)P, so that 

(2« - i)P= JV. 




If the weights of the pulleys have to be 

taken into account, there is no difficulty in 

P calculating the tensions in the various plies; 

but the result is not worth recording in 

general symbols. 

Trains of Toothed Wheels. — Let a (fig. 109) 
be a toothed wheel of radius r^ moveable round a fixed 
horizontal axis fitted with a handle to which an effort, jP, is 



Fig, 108. 
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applied ; let this wheel gear with a larger wheel, Ai, of radius 
-^1 fixed to a horizontal axis on which is also rigidly mounted 
a wheel, a^, of radius rj ; let as gear with another wheel, A^, 
of radius jR^, move- 

A. 
C 

""^ ^^^^ A. 

P 




1 



Fig. T09. 



able round a fixed 
horizontal axis on 
which is rigidly 
mounted a cylin- 
der, C, having 
coiled round it a 
rope from whose 
free extremity is 
suspended a body 
of weight IV, 

It is required to 
find the relation between the effort P and the resistance IV, 
when the system is just about to move, or in uniform motion. 

Suppose the pressure between ai and Ai to be ^1 ; then if / 
is the lever arm of P about the axis of aj, we have the equi- 
librium of this wheel 

F,p = Si.r^ .... (i) 

Again, if 8% is the pressure between ^a and A^ we have for 
the equilibrium of the rigid system 0% and Aiy by moments 
about its axis, 

S\ . ^1 = jSj . rj • . . (2) 

Finally for the equilibrium of the rigid system C and -^21 if c 
is the radius of C, 

St.Ri=^W.c ... (3) 

Multiplying the left sides and the right sides of (i), (2), (3) 
together, 



P=JV^. 



nrt 



The wheels ^i, 0% are called drivers^ and A^y At are called 
followers. 

If there are n drivers and n followers, the relation becomes 



P^w't.'^''^^ 



... 



P It\It% . . •Rn 



176 



ELEMENTARY DYNAMICS 



If the drivers have all the same radius, r, and the followers 
all the same radius, ^, 



^- «-? ■ (J)" 



[Friction on axles is, of course, neglected.] 
^ack and Pinion, — Let there be a straight rod, Ay fig. no, 

provided with teeth which gear with 
a system of teeth projecting from 
the circumference of a wheel move- 
able round a fixed axis at its centre, 
this wheel being rigidly attached to 
a handle at which an effort, jP, is 
applied perpendicularly, the resist- 
ance, Ry being applied at one ex- 
ip tremity of the toothed rod. This 
rod is called a rack, and the toothed 
wheel a pinion. The rack is cap- 
able of sliding freely along some 
fixed smooth surface parallel to its 
own direction, but of no other 
motion. 

Let r be the radius of the pinion 
and / the length of the handle. 
Then if R includes the weight of 
the rack, the pressure between the rack and the pinion is J?, 
so that for the equilibrium of the pinion we have simply 

P.p=R.r, 




Fig. no. 



EXAMPLES 

1. A body when suspended from one arm of a balance appears to have a 
mass of xoj ounces, and when suspended from the other arm a mass of 
lojt ; find its true mass and the ratio of the arms. 

Result, True mass= ia374 ounces ; nitio= 1.012 : 1. 

2. There is a uniform lever, AB, 50 centimetres long, whose fulcrum 
does not coincide with its centre of gravity, and whose mass b 200 
grammes ; a mass of 106 grammes suspended from A is just balanced by a 
mass of 94 grammes suspended from B ; when the first mass is suspended 
from B, it requires a mass of 119 suspended from A to balance the lever ; 
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find the lengths of the arms and the distance of the centre of gravity from 
the fulcrum. 

Result, The arms are 26 and 24 cms. long, and the centre of gravity 
is \ cm. from the fulcrum. 

3. If the oar of a boat is 8 feet long and the rowlock is 2\ feet from the 
handle, compare with the pull of the oarsman the resistance of the water 
and of the boat to the oar. 

Result These forces are proportional to 11, 5, and 16. 

4. A straight bar, AB, 40 centimetres long is found to balance about a 
knife edge 18 centimetres from A ; a mass of 1 10 grammes is suspended 
from jB, and a mass /' (to be weighed) is suspended from A. It is now 
found that the fulcrum must be placed at a distance of 10 centimetres from 
A. The mass R is next suspended from B, while the 1 10 mass is suspended 
from A, and it is found that the fulcrum must be moved to a distance of 29 
centimetres from A, Find R and the mass of the bar. 

Result, R=4go grammes, mass of bar =200. 

5. AB is a uniform bar 20 inches long whose mass is 10 ounces ; from it 
are suspended masses of 3, 4, and 15 ounces at distances 4, 8, 16 inches, 
respectively, from A ; find the position of a knife edge about which the bar 
will balance horizontally. 

Result. At a distance of 12 inches from A. 

6. If a tradesman uses a false balance whose weight may be neglected, 
and puts the substance to be weighed as often into the one pan as into the 
other, show that he must lose by the transaction, and find his loss per cent. 

Let a and d be the lengths of the arms, a> d; if he suspends i lb. 
mass from the arm d, and balances it by a quantity of tea 

suspended from the other arm, the mass of this tea is — lb., so 

that he gains i lb. In the next transaction if he suspends 

d 
I lb. from a and balances it by tea, the mass of the tea is -r- lb. , so 

a 

that he loses -r ~ i • On the double transaction he loses, because 


-T — I is greater than i , the difference being -?-+ 2, 

which is positive, whatever the value of -7- may be, because this 

difference is ^ — r-^ . This is the loss on a 2-lb. transaction, so 
ao 

that the loss per cent, is 50^ — r-^. 

7. If the weight of the balance and the scales is not negligiblci must he 
gain or lose? 

M 
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If the centre of gravity of the balance and scales is at the same side 
of the fiUcrum as the shorter arm, if a known mass, /, is em- 
ployed each time, and if the mass of the balance and scales 

is > /, where x is the distance of the centre of gravity from 

the fulcrum, he will gain. 

8. A nutcracker is 5 inches long ; a nut is placed in it at a distance of 
I inch from the fulcrum, and the nut requires a pressure equal to the weight 
of 10 pounds to crack it ; what effort must be used by the hand to crack 
the nut ? 

Ans. 2 pounds' weight. 

9. A rectangular box uniformly loaded lies on the ground ; its mass is 
300 pounds ; a crowbar 4 feet long whose mass is xo pounds is inserted 
to a distance of i foot under the box; find the effort which must be 
applied to the crowbar to tilt the box. 

Result, 42} pounds' weight. 

10. On an axle 20 inches in diameter are mounted two wheels whose 
diameters are 5 and 4 feet ; what mass can be raised over the axle by 
efforts of 40 and 30 pounds' weight applied by means of these wheels, 
respectively ? 

Ans, 192 pounds. 

11. In a differential windlass in which the radii of the cylinders are 2 
feet and li feet, and the radius of the circle described by the effort is 3 feet, 
what mass will be raised by an effort of 40 pounds' weight ? 

Ans, 480 pounds. 

12. Through what vertical distance is the moveable pulley AT (fig. 104) 
raised when the handle has completed a revolution, in the differential 
windlass ? 

Ans, ir(r-r'). 

13. In the arrangement of six pulleys represented in fig. 106 if ^repre- 
sents a basket in which a man of weight ^is placed, and if the man wishes 
to raise himself by catching the free end of the rope and pulling, what force 
must he use ? 

Ans, -— . 
7 

14. What force must he use if he raises himself by means of the system 
represented in fig. 107 ? 

Ans, -— '. 
9 

15. If he raises himself by the system in fig. 108, what force must he 
use? 

Ans, -^. 
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16. In Questions 13, 14, 15, if the free end of a rope, before passing to 
the man's hand, is passed round a fixed pulley attached to the ground, 
what forces must he use to raise himself? 

WWW ,. , 

Ans, -— , — , -5-, respectively. 
570 

17. If a man has to raise a given mass from the ground and has only one 
pulley for the purpose, what is the most advantageous method ? 

Ans, If he can fix the pulley to the top of the mass, and one end 
of the rope to the beam, passing the rope round the under 
surface of the pulley, let him pull the free end vertically up, and 
then the required tension is only J W, If he fixes the pvdley 
to a fixed beam above the mass, attaching a rope to the body 
and passing this rope over the pulley, and if his own weight 
is less than that of the body, let him attach himself to the 
body and raise both together by pulling the free end of the 
rope. If his weight exceeds that of the body, it is better to 
pull the free end without attaching himself to the mass to be 
raised. In the former way he will have to exert a tension equal 
to i( W-\- W'), where W and W are the weights of the given 
mass and of himself ; and this tension is less than W, 

GENERAL EXAMPLES OF EQUILIBRIUM 

We now proceed to apply the two conditions (a) and (3) 
given on p. 164, to various cases of the equilibrium of bodies. 

I. A bar, AB, fig. ill, whose centre of gravit}r, G, divides it into two 
segments AG, GB equal to a and by rests with its ends on two vertical 
props of the same height ; find the pressure on each prop. 

Let JVand S be the pressures exerted by the props on the bar ; then, 
to find Sy taice moments 

about Ay and we have S x AB N^ 8^ 

- WxAG=^o — i,g. 







W 



S. 



Similarly //=zW—y ' ^^^ ,„^ 

2. A plank 15 feet long, whose centre of gravity divides it into segments 
of 6 and 9, is placed with its ends resting on two vertical props of equal 
heights ; where must a mass whose weight is one-third of that of the plank 
be placed on the plank so as to equalise the pressures on the props? 

Ans. 3 feet from the end of the longer segment, GB (fig. in). 

3. A pole 28 feet long rests with its ends on two vertical props of the 
same height, on which it exerts pressures of 270 and 150 pounds^ weight ; 
find the position of the centre of gravity of the pole. 

Result, It is 10 feet from one end. 
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4. A heavy cylindrical roller (fig. 112) whose centre of gravity, C, is its 
centre is to be pulled over an obstacle B by means of a horizontal pull, P^ 

applied at C ; find in terms of the weight, W^ 
of the roller the required force. 

Let h be the height of the point of con- 
tact, B^ of the roller with the obstacle 
above the ground, and r the radius 
of the roller. Then when the roller 
is about to roll over at B^ it just 
comes out of contact with the ground 
at A, Hence it is in equilibrium (just 
bordering on motion) under the action 
of only diree forces — viz. W^ P, and 
the reaction at B. These three must 
meet in a point ; and since P and W meet at C, the reaction 
at B must act through C — i,e, it is normal to the surface of the 
roller at B; and this is true whether the surfaces in contact 
at B are rough or smooth. 
Now, by taking moments about By we have 

P{r-h)=^W^r^^{r-hf, 




.\P=W. 



\l2rh - h^ 



which gives /'=oo Mh^r — ^an obvious result. 

5. If fig. 112 represents a heavy circular wheel with spokes, and it is 
desired to drag it over the rough surface B by means of a rope attached to 
a spoke at a given point and pulled horizontally, will the initial motion of 

the wheel be a rolling over ^ or a slipping 
, :^8 at B and A simultaneously ? 

Ans, If the line of the rope meets the 
vertical through C in a point 2>, 
the wheel will begin to roll over B 
provided that the angle CBD is 
less than the angle of friction be- 
tween the wheel and the obstacle. 
6. A ladder, ABy fig. 113, 15 feet long, 
whose centre of gravity, (?, divides it into 
two segments of 6 and 9 feet, AG being 
6, rests on the ground at A and against 
a vertical wall at B ; the coefficients of 
friction against the ground and the wall are \ and |- respectively ; find the 
position in which the ladder is just about to slip. 

Let be the inclination of the ladder to the horizon when it is about 
to slip ; let N and 5 be the normal pressures exerted on the 
ladder at A and B\ then, since the end A is about to slip 
towards the left, the force of friction at A on the ladder is 
acting towards the right, and is \N, (See p. 69.) Similarly 
the friction at B on the ladder is \Sy and it acts upwards. Let 
W be the weight of the ladder. 
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For equilibrium resolve the forces horizontally — i,e. express the fact 
that they have no horizontal component ; thus : 

S-\N=o ... (I) 

Resolve them vertically, and we have 

N+\S-lV=o ... (2) 

From these we have 5=f ^and N=^^W, 
Finally, taking moments about Ay we have 

6cos0. fr~issin0.5-5cos0.5'=o . . . (3) 

or 5(cos + 3 sin 0)5= 6 ^cos 0, 

or S(cos + 3 sin 0) = 14 cos0 

.'. tan 0=4. 

7. In the last, if the ladder is placed at an inclination tan~^ f to the 
ground, and a man whose weight is equal to that of the ladder ascends, 
how high can he go before the ladder slips ? 

Suppose that he reaches a point P whose distance from A is x^ 
and let the notation be as in last example. Then, resolving 
horizontally and vertically, we have 

S-\N=^o (I) 

N-\-\S-2W=o (2) 

which give S=^W (3) 

Taking moments about Ay 

(6 cos 0+jccos 0)^=5(15 sin + 5 cos 0) . . (4) 

Substituting in (4) the value of S given by (3), and for tan the 
value J, we have 

x=sf. feet. 

8. In the last example, if a man is just able to reach the top of the ladder 
before it slips, what is his weight in terms of W^ the weight of the ladder ? 

Ans, \W. 

9. If the same ladder is placed at the inclination tan~^ \ to the ground 
and has attached to it at ^ a cord which is pulled in the direction AOy find 
the limits between which the tension of this cord must lie so that the ladder 
may not move. 

Result, -Pi=A^> and P^^^W, where -P^, and P^ are the 
extreme values of the tension. When the tension is -Pj , the 
ladder is on the point of slipping down, and when the tension 
is P^y the ladder is on the point of slipping up the vertical 
plane. 

10. If the ladder AB is 17 feet long, and AG =6 feet, while the co- 
efficients of friction at A and B are \ and -^ respectively ; find the dis- 
tance AO when the ladder is about to slip. 

JResulL -40= IS feet. 

11. If the ladder in the last is placed so that AOv&Z feet, find, in terms 
of W (the weight of the ladder), the weight of the mass which must be sus- 
pended from B to cause the ladder just to slip down. 

Result. ^i-W. 
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12. AB (fig. 1 14) is a uniform trapdoor moveable round a fixed smooth 
horizontal axis zX. A\ to ^ is attached a cord which, passing round a 

smooth pulley, C, in the horizon- 
tal line through Ay such that AC 
= ABy sustains a mass of weight 
/*, the weight of the door being 
IV\ find the position of equili- 
brium and the pressures on A 
and C, 

Let the angle CAB be 0, 
and let this define the 
position of equilibrium. 
Then there are three 
forces keeping AB in 
equilibrium — viz. , its 
weight, Wy the ten- 
sion, Pf of the cord 
BCf and the pressure 
at A, These must 
meet in a point; and 
if CB meets W in (9, 
the reaction, R, of 
the axis must act in 
OA. 
If AB^2a, and the centre 
of gravity, G^ of the 
door is the middle point, we have by taking moments about A 
for the equilibrium of the door, 

e 




Py,2acos ^a cos 6=0, or 



2 WCQS^ 2PCOS W= o, . 

2 2 



(I) 





a quadratic for cos — . One value of cos — is negative, that is 

one value of is >ir. This value, O', corresponds to such a 
position of the door as AB'^ since it is impossible to exclude 
nrom the solution the supposition that the door is capable of 
revolving completely round the axis A, The position AB is 
given by the value 



cos 



9 _ P+slP^ + 2lV^ 

2" 2W 



(2) 



The force R produced by the axis is equal and opposite the resultant 
of P (in BC) and W\ hence . 

-^= fT^ + /'^ - 2 ^/'cos — 

2 



= fV^-P'^P^ + 2lV\ from (2). 



EQUILIBRIUM OF RIGID BODIES 183 

If 5 is the resultant pressure on the pulley C, we have 

and S bisects the angle between BC and the vertical. 

13. If in the last the mass of the trapdoor is 312 pounds, and the mass 
of P is 1 19, find the position of equilibrium. 

Pesuit, 0=cos-^Hf. 

14. If the axis at A is rough and fits tightly, so that there is friction all over 
its surface, it is no longer true (see p. 166) that the force which it exerts on 
the door passes through the centre of the axis. This force must, however, 
in all positions of equilibrium of the door pass through the point O in which 
the other two forces, P and fV, acting on the door meet, and it is equal 
and opposite to the resultant of fVamd the tension, /*, acting in OC. 

Let the axis at ^ be rough, with contact all round, let the length 
jiB be 2.6 feet, ^=48 pounds, P=S2 pounds, and suppose that the door 
takes a position of rest such that BC=2 feet ; find the magnitude and line 
of action of the force produced on the door by the axis at A, no loss of 
tension taking place over the pulley at C 

Taking at the total horizontal and vertical components, X and Y, 
of ^and the tension, we have 



X= 52 sin — = 52 X -]^=20 pounds* weight, 



K=48 - 52 cos — =48 - 52 X t\=o. 

The resultant of ^and the tension is, therefore, a horizontal force 
acting to the right of 0, and hence the resultant action of the 
axis on the door is a force of 20 pounds' weight acting in a 
horizontal line at O towards the left. 

15. If in the last ^ is 68 pounds, while all ^ 
the other data remain unaltered, find the resultant 
force exerted on the door by the axis. 

Result, A force of 20 n/J pounds* weight 

IT 

acting at O in a line making — 

4 
with the vertical. 

16. AB (fig. 115) is a uniform bar of weight 

^freely moveable roimd a horizontal axis at A ; 

C is a smooth pulley fixed vertically above ^ ; a gi 
cord attached to B passes over C and sustains a 
mass P\ find the position of equilibrium. 

The bar is kept in equilibrium by three 

forces, Wf the tension P acting in 

BCy and the reaction at A, These must meet in a point; 

hence if the vertical through Gy the centre of gravity of the bar 

meets BC in O, ^.acts in AO, 
Nqw we can employ the principle of the triangle of farces; fot OCA 
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is a triangle whose sides are parallel to the three forces keeping 
AB in equilibrium ; hence 

p 
Now since (? is the middle of AB, CB=2C0, .'. CB=2r^ . CA, 

that is, CB is a known length, therefore B lies on the circum- 
ference of a given circle whose centre is C ; but B also lies on 
a circle of radius AB and centre A ; hence B is known, and 
therefore the position of equilibrium. 
liAB=i2at and AC =26, we shall find that 



^=t(i+^)»"-^'. 



One position of equilibrium, no matter what may be the values of P 
and fVf is always a vertical position ; and this may be the only 
one. It ydll be the only one if it is impossible to construct a 

p 
triangle whose sides are a, d, and 2jpd, 

17. BA (fig. 115) is a heavy bar of weight IV, moveable round a fixed 
smooth horizontal axis at B, and resting at A against a vertical wall, AC; 
its centre of gravity, G, is 2^ feet from B, the length of the bar is 5I feet, 
and ^ is 5 feet from the vertical wall ; find the pressure at A, and the 
magnitude and line of action of the pressure at B. 

If the bar is merely laid against the wall at A, and not jammed 
against it, there is no tendency to slip at ^, so that, whether 
the wall is rough or smooth, no firiction is called into play at A, 
and the reaction, S, of the wall is horizontal. The reaction at 
B passes through the centre of the axis at B and through the 
pomt in which S meets the vertical through G, The pressure 
S can be found by taking moments about B, and we have 

while, since the reaction, ^, at ^ is equal and opposite to 
the resultant of W and S, we have 

-^=1.27?^, nearly. 

18. AB and BC, fig. 1 16, are two uniform planks the first resting on a 




♦8 
Fig. 116. 

prop at D and the second on a prop at E, and just overlapping at B ; the 
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props are of the same height ; find the position of equilibrium, assuming 

all necessary data. 

Let AB=2a, BC=2d, weight of AB=P, weight of jBC=Q, and 
let the distance between the props be c. Then if ^ is the 
pressure of each plank on the other at B, we shall obtain a 
value of S in terms of P by considering the separate equilibrium 
of AB and taking moments about 2> ; and another value of 
Sf in terms of Q, by considering the equilibrium of BC and 
taking moments about E. Let DB=x ; then x defines the 
position of equilibrium. 
By moments about D for the equilibrium of AB, we have 



S,x-P{x-a)=iO, 



X — a 

X 



(I) 



Again, BE^c-x, and EC^^b-c+x^ where G* is the middle point 
of BC ; therefore by moments about E for the equilibrium of 
BC, 

S{c-x)'-Q{b-c+x)^o, r.sJ-^^^^.Q . (2) 

Equating the values of .S in (i) and (2), we have 

{P+QW-¥{{b-c)Q-{a-^c)P}x+acP=o, . (3) 
a quadratic for Xy which shows that there are two positions, 
if any. 
Thus, if P=^4Qy AB=I2 feet, BC=S, and DE^io, there is one 
position in which the points G and G' coincide with D and E ; 
and another in which I)B=S feet. 
19. A body of any shape rests with a flat base on a rough horizontal 





Fig. 117. 

plane which is gradually tilted up ; find whether the body will begin to 

slide or to tumble. 

Let fig. 117 represent the body on the horizontal plane PQ, Then 
u PQ is gradually tilted up, as in figs. 48, 49, 50, p. 66, and 
the body still rests, the reaction, P, of the plane must always 
be equal and opposite to IV, the weight of the body. Now if 
we can reach such a position as that in fig. 1 18, in which IV 
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passes through the extreme point A of the base of the body, the 
whole reaction of the plane acts at A — which means that the 
base of the body is just out of contact with the plane PQ except 
at the single point A — i.e, that the body is just about to tilt 
rounds. But in order that the vertical line ^(7 (where ^is 
the centre of gravity of the body) should be a possible line 
of action of R^ the angle nAG must be less than the angle of 
friction between the IxKly and the plane, An being the normal 
to PQ at A, Hence, if X is this angle of friction, we see in 
fig. 117 without tilting the plane at all, that tilting round A will 
take place if 

z. nAG is less than X ; 
and, of course, if L nAG is >X, the position in fig. 118 cannot 
be reached, so that sliding must have taken place. 
Hence if |i is the coefficient of friction, 

tumbling over will take place if tan nAG< m 
and sliding „ ,, taiinAG>}^ 

20. A uniform solid cone whose height is 12 feet and diameter of base 
4 feet is placed with its base on a rough horizontal plane, the coefficient of 
friction being \ ; if the plane is gradually tilted up, will the cone slide or 
tumble ? 

(The centre of gravity of a solid homogeneous cone of height A is at a 

distance — from the base. ) 
4 
Ans, It will slide. 

(Here tan ff^ (?=}.) 

21. In the last question if the diameter of the base is still 4 feet, what is 
the least height of the cone that will allow of tumbling ? 

Ans, 16 feet. 

22. A thick uniform board in the shape of an isosceles triangle whose 
height is 16 inches and base 6 inches long is placed vertically with its base 
on a rough horizontal plane for which the coefficient of friction is }^ ; if the 
plane is gradually tilted up, will the motion of the board be sUding or 
tumbling ? 

Ans, Tumbling. (The centre of gravity of a triangular area of 

he^ht ^ is — from the base. ) 

23. A brick whose edges are 12, 6, and 4 inches long is placed with one 
fiice on a rough horizon^ plane for which the coefficient of friction is -^ ; 
can it be placed on the plane so that when the plane is gradually tilted up, 
the motion will be tumbling ? 

Ans, Yes. 

24. If the brick is placed with the sides 12 and 4 on the plane, at what 
inclination of the plane will motion take place ? 

Ans. tan'^T*^. 

25. Two pegs, A and B^ are driven into a vertical wall, the distance 
between them being given, and the inclination of the line AB to the horizon 
being tan '* -^ ; a heavy rod is laid on the pegs, the coefficients of friction 
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at the pegs being ^ and ^ ; find the position of the rod when it is just about 
to slip down, and the corresponding normal pressures on the pegs. 

Hesult, The centre of gravity of the rod is midway between the 

pe^, and the pressures are each equal to -^IV^ where ^is the 

weight of the rod. 

26. Two long thin pegs, A and By are driven into a vertical wall, and 
they project outwards from it, the line AB being vertical ; a rod CD of 
weight IV passes down along the line AB having the upper peg, B^ to the 
right and the lower to the left of the rod ; the lower extremity, i), of the 
rod rests on a fixed inclined plane whose inclination to the ground is i ; 
calculate the pressure on this plane and also the pressures on the pegs. 

Result, Let the distance BA be r, let AD be a, and let the 
pressures at Dy Ay and Bh^ Ny R, and S i then N= ^seci ; 

R^fvi^ttLTii; .S=^— tani. 

c c 

27. Two uniform ladders, BA and CAy of equal lengths and weights, 
are freely jointed tc^ether at one common extremity, A, while the other 
extremities. By C, rest on a rough horizontal plane, the plane BAC being 
vertical ; find the value of the angle BAC when the ends B and C are just 
about to slip. 

Result, If |i is the coefficient of friction between the ladders and 

BAC 
the ground, tan =:2|i. (The reaction at A is horizontal.) 

EXAMINATION ON CHAPTER X 

1. State the conditions that must be satisfied by any system of co-planar 
forces acting on a rigid body in order that the body may be in equilibrium. 

Can these conditions be reduced to one ? 

2. What is the condition for the equilibrium of two forces ? 
Give the conditions for three forces. 

3. How much is always certainly known concerning the resultant action 
of a smooth cylindrical axis on a body moveable round it ? 

If the axis is rough and contact exists all the way round, do we know 
anything about the resultant action ? 

4. Can the true weight of a body be found by means of a false balance ? 

5. Give any common instances of various applications of the lever. 
What is the relation between the effort and the resistance in every lever ? 

6. What is meant by the mechanical advantage of any machine ? 

7. What is the objection to multiplying very greatly the mechanical 
advantage of a differential windlass. 

8. Sketch a train of toothed wheels, and say which are drivers and which 
followers, 

9. If a tradesman uses a false balance, and puts the substance to be 
weighed as often into one pan as into the other, does he gain or lose ? 

10. If a bo iy of given shape the position of whose centre of gravity is 
known is placed with a flat base in contact with a rough plane which is 
gradually tilted up, how can you tell at once whether the body will slide or 
tumble as the plane is tilted ? 
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CENTRES OF PABALLEL FORCES AND OF GRAVITY 

50. Qeometrical Theorem. — A and B (fig. 119) are any two 
points whose distances ^J/and BNixom any plane, MN, are 
Zi and Z2'y (? is a point on AB dividing AB into two segments 
such that AG : GB — m : «, and GF^ or 5, is the distance of G 
from the plane MN'y then 

/?2fi + fnz% / x 

. (a) 



z = 



pt-{- ft 



To prove this draw the line Apn parallel to MPN\ then 

z= Gp +pF= Gp + z^. But -^=-^n»=irrT^ •*• ^ 



^« ^^ w + « ' 



m 



m + n 



(0, - -Si), since Bn = ^g - afj. Hence 



s = 



m 



(^2 - ^1) + Zi 



m + n 

flZi + ITIZ2 

m + n 
which was to be proved. 

In particular, if G is the middle point of AB^ z = \{z^ + z^. 

Note.— The lines AM, BN, 
GP may be oblique to the 
line MNy provided that they 
are parallel, and this result 
will still hold. 

If at A and B act two like 
parallel forces of magnitudes 
Px and P^ having any com- 
mon direction whatever, their 
resultant is Pi + Pti and its 
line of action is found (see p. 152) by dividing AB at a point, 
Gy such that AG \ GB^Pz: F^', then the resultant acts 
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through Gin a. direction parallel to that of Pi and -f^- By the 
above the distance, s, of G from any plane from which the 
distances of A and B are Zi and z^, is given by the equation 



z = 



F, + F, 



(0 



This is true no matter what the common direction of Fi 
and F2 is ; so that if Fi and F2 keep turning round the fixed 
points A and B while remaining always parallel to each other, 
their resultant keeps turning round the fixed point G. 

This point G is called the centre of the two parallel forces, 
so that we have the definition : the centre of two parallel forces 
is that fixed point through which their resultant always passes 
if each of the two given parallel forces turns round a fixed point. 

Now let there be any number of parallel forces, -Pi, /t> -Pj> 
P4, . . . . (fig. 1 20), each acting at a fixed point, these points 
being Ax^ A^, A^, A^, . . , re- 
spectively, and each turning 
round its point of application, 
the system always remaining a 
parallel set ; then their resultant 
will always pass through a cer- 
tain fixed point, which is called 
the centre of the given parallel 
forces. 

For, the resultant of Fi and 
F2 acts through the point ^1 on 
A1A2 such that Aigi : A2gi = 
Fi : Fi and turns round ^1 as 
Fi and F2 turn round Ai and 
A2. This resultant is /i + ^i; and the resultant of /i, /V, 
and J\ is found by joining ^1 to Ai and taking the point ^2 
on giAi such that gigt'-A^gt^^FiiFi + Fi. This resultant is 
Fi-\-F2 + Pi, and it will keep turning round ^, when F^, P„ 
and F^ turn round A^ A^ A^ (while remaining parallel, of 
course). 

Similarly, the resultant of Fx, A F^ and F^ is found by 
joining g2 to A,, and taking on giA^ the point G such that 
g2G : A,G ='F,:Fi + F2 + P^. This resultant is Pi + F2 + Pi + A 
and it continuously turns round G if the individual forces 
keep turning round the fixed points Ai^ A2, Ai^ A^, 




Fig. 120. 
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The various points ^i, ^t, G are all fixed^ because tbeir 
positions depend on the magnitudes or F^y JP^, -A, /!», and 
not at all on their common direction. 

Moreover, the distance of G from any plane is very simply 
expressed in terms of the distances of the fixed points Ai, A^ 
, . . from this plane. 

For, let the distances of Ai, A^ ^3, A^ from the plane be 
'i> ^2) '3» ^4 y ^nd let ^^ distances of g^ g^ G from this plane 
be/i, /„ 0. Then by (i) we have 

Again, since gxgi : Jj^j=/j -.Fi + Pt, we have by (i) 

_{Pi±P^)£x±PiZy 

— F;TK+Fr'^^^ ' ^^' 

Similarly - (/>! + /*, + />,)/, + .P,g4 

' F, + F, + F, + F, 

= F, + F, + F, + F, '^'^^^^ • ^^^ 

If the forces Fi, /|, . . . are not all in the same sense, the 

formula for z still holds : we have merely to mark all forces 
having one common sense positive and those having the oppo- 
site sense negative. For, returning to fig. 119, if /j and Fi act 
at B and A in opposite senses, the point G (see fig. 87, p. 153) 
will be on FA produced either through A or- through F 
according as -Pi is > or < F^. Suppose /i>jPjj then G will 
be to the left of A m fig. 119, and since GA : GB^F^ : /\, 
it is easy to see by exactly the same proof as before that the 
distance, 0, of G from the plane, MN^ of reference is given by 
the equation 

« p _^ p 9 ' • • • \o) 

and hence, if the forces in fig. 120 at Ai, A2, -^3, A^ were 
^li - ■^2> - -Pa •^4> equation (4) would become 
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Thus when some of the parallel forces act in one sense and 
some in the opposite, there will be positive and negative forces 
involved in our formula for z. But also some of the distances 
«i» ^2» % ^4 may be positive and some negative. For example, 
take such a figure as fig. 121, in which MN is the reference 
plane — i,e, the plane 
from which the dis- ^ 
tances oi A^^ A^ , , . 
are measured. Let the 
forces be taken as 6, 8, 
- 12, - 10 acting at A^, 
A29 Aiy A^ ; then if dis- 
tances measured from 
the upper side of the 
plane MJV are called 

positive, distances be- Fig. 121. 

low it must be called 

negative. Let, then, the distances of the above points from 
MJV be, respectively, 4, - 6, 10, - 8, and let it be required to 
find the distance from MNoi the centre of the given parallel 
forces. 

The most convenient way of employing the formula (4) or 
(6) is exhibited in the following table : 




Forces. 


Distances 
from MN. 


Products. 


6 
8 

- 12 

- 10 


4 
-6 

10 

-8 


24 

-48 
- 120 

80 



-8 



-64 



08) 



which consists of a column of forces, a column of distances of 
their points of application from the given reference plane, and 
a column of products, each term in this third column being 
the product of the force in the first column and the correspond- 
ing distance in the second. 

Then the required distance of the centre from MN is 
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obtained by dividing the sum, - 64, of the third column by 
the sum, - 8, of the first This gives 

= ^^ = 8. 

Hence the resultant is a force of 8 units acting in the 
negative sense, and the centre, G^ of the system is 8 units of 
length from MN2X its upper side. 

To determine completely the position of G, we must find its 
distance from some other reference plane, such as PQ^ from 
which the distances of ^1, A%y . . . must be given; and to 
the above table we should add a fourth column headed 
"distances from -PQ," and a fifth headed "products." The 
sum of the fifth column divided by - 8, the sum of the first 
gives the distance of G from FQ. 

The result expressed by equation (4) or (6), or by the table 
(^), for finding the position of the centre of a system of 
parallel forces we shall call the principle of Plane-MamentSy 
since each force is multiplied by the distance of its point of 
application from z. plane, 

\Note, — The student will observe that this principle of Plane- 
Moments holds for parallel forces only — not for a system of 
non-parallel forces, whose resultant must be found by the 
method explained on p. 160.] 

Centre of gravity of two particles, — Supposing that there is a 
very small particle of weight w 2X A ^fig. 119) and another of 
weight w* at B^ since the lines of action of these weights are 
both vertical, the forces w and w' are two like parallel forces ; 
and if the particles are rigidly connected together we may 
consider the resultant weight, w-\-w\ and its point, (?, of 
application. This point is on AB^ and is such that 

GB^ w ^" 

The point G is called the centre of gravity of the two 
particles. 

Since the weights a;, w\ no matter in what units they may 
be measured, are proportional to masses of the particles, the 
point G may also be described as the centre of mass of the 
particles. It is a matter of indifference which term we use. 

Centre of gravity ^ or centre ofmass^ of any system of particles. 
— Supposing that at any points, ^1, -4,, ^3, A^^ . . , (fig. 120) 
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there are very small particles of weights a/i, w^ w^ 0/4, .. . 
the centre of gravity of the first two is at the point ^1 such that 
^\S\ ' gi^% = W2\Wi'y and these two can be imagined to be 
replaced by a single particle of weight a/, + w^ at gi. Again, 
the centre of gravity, ^2> of this particle and Wi is found by 
taking g^ on g^Ai such that gig2 : g^Ai -=Wi:wi + Wt, and finally, 
by taking G on g^A^ such that g^G: GA^=^w^:Wi + Wg + Wi, 
the point G thus obtained is called the centre of gravity, or 
centre of mass, of the system of particles. 

All this holds, no matter how numerous or how close together 
the system of particles may be; so that they may form a 
continuous solid body. 

From what has been explained, the position of the final 
point G depends merely on the magnitudes of the weights 
(and therefore of the masses) of the individual particles, 
a/i, Wa, . . . and not on the direction of the system of parallel 
forces formed by these weights. 

Though we cannot alter the common direction of these weights 
by moving the whole Earth (to whose attraction on the particles 
they are due) to the right or left of the given body, we can 
produce precisely the same effect by merely turning the body 
itself round into different positions ; and then, no matter into 
what position it is turned, the resultant, 7Vi + W2 + Wz+ . . . . 
of the weights of the particles continues to pass through the 
same point, G, in the body. This point is called the centre 
of gravity, or centre of mass, of the body. Formally, then, 
we define the centre of gravity of any body as follows : 

The centre of gravity of any body is that point through 
which the resultant of the weights of all the indefinitely- 
small particles into which the body may be conceived as 
divided continues to pass no matter what position the body 
may occupy at the surface of the Earth, 

If the body is divided into particles whose weights are 
ze^i, Wf, Wi, , . , , at points whose distances from any plane of 

reference are Zi, -sr,, % . . . . the distance, 2, of the centre of 
gravity of the body from the plane is given by the equation 

z== ^p , . . W 

where ^ is put for Wi + w^ + Wi^ , . . ., the weight of the 
whole body. 

N 
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Another definition of the centre of gravity, or centre of mass, 
of a body follows at once from (8), viz. : 

The centre of gravity of any body^ or system of particles ^ 
is that point whose distance from any plane is the mean 
distance of the body^ or system of particles^ from the plane. 

51. Special Cases of Centres of Gravity or Centres of 
Mass. — Uniform Triangular Plate, Let ABCy fig. 122, be 

a triangular plate of uniform, and very 
small, thickness. [Any thin plate is 
called a lamina^ Now this plate may 
be broken up into an indefinitely great 
number of narrow strips, such as PQRSy 
by drawing a series of very close lines 
PQy PS, . . . parallel to any side, AB, 
of the triangle. The centre of gravity 
of the strip PQPS is its middle point, 
B since the strip is of uniform thickness ; 
Fig. 122. and the centres of gravity of all the 

other strips are also their middle points. 
Now all these middle points lie on the line joining C to the 
middle point, C", of AB ; therefore the centre of gravity of the 
whole plate lies somewhere on the line CC\ 

Similarly, since the plate could be broken up into strips 
parallel to another side, BQ the centre of gravity of the plate 
must lie on AA\ where A' is the middle point of BC. 
Hence we conclude two things — 

{a) The centre of gravity must be the point of intersec- 
tion, G, of the two bisectors AA' and CC of the 
sides BC and AB j and 
{b) the bisector BB of the third side AC drawn from 
B must pass through G ; that is, the three bisectors 
of the sides of any triangle drawn from the opposite 
vertices must meet in a point — which is the centre 
of gravity of the triangle. 
This is a well-known result in Geometry, and our proof 
here rests on the principle that a body has only one centre 
of gravity. 

Moreover, it is a well-known geometrical theorem that the 
point (? is a point of trisection of each of the bisectors AA\ 
BB, CC; that is, CG-^^CC, etc.; and this result we deduce 
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dynamically thus : at the points A, B, C suppose three equal 
particles each of mass m placed, and let us find their centre 
of mass. Obviously C is the centre of mass of m aX A and 
m at B, so that these particles can be replaced by 2m at C 
Then, drawing C'C and taking a point, G, such that C'G\GC 
= »» : 2»» = 1 : 2, we can replace the three particles by one of 
mass yn at G^ which is the centre of gravity of the three equal 
particles. Now this point is the same as the centre of gravity 
of the uniform triangular plate ABQ because the centre of 
gravity of the three particles lies on C'C; and for a similar 
reason it must lie on A' A] that is, the construction for it 
is the same as that for the centre of gravity of the plate. 
Of course since C'G : GC= i : 2, we have 

CG=^\C'C. 
Similarly A'G = \A'A, etc. 

We may speak of G as the centre of gravity of the triangular 
area ABC, instead of the uniform thin plate ABC) and, 
indeed, the former is the usual manner of speaking. 

Again, for the purpose of finding the position of its centre 
of gravity, we may replace the triangular lamina pr area by 
three equal particles placed at the middle points of the sides 
instead of at the vertices. 

For if m, m, m are placed at A\ B, C\ the centre of gravity 
of the particles at A' and B is the mid point of A'B\ but this 
lies on C'C, therefore the centre of gravity of the three particles 
lies on C C\ and similarly it lies on BB, and on A A \ there- 
fore it is the same as the centre of gravity of the triangle. 

Cor. I. — Th.Q perpendicular distance of the centre of gravity 
of a triangle from any side AB is \hj where h is the perpen 
dicular from C on AB. 

Cor. 2. — The distance of the centre of gravity of a triangle 
from any plane is \ of the sum of the distances of the 
vertices, or of the middle points of the sides, from that plane. 

For, if £?!, 52, Zi are the distances of Ay B, C from the plane 
and if three particles each of mass m are placed at these points 
equation (8), p. 193, gives 

— mzi + mz% + mzi 

"" vn 

= J(sri+J8ra + £r,) 

for the distance of their centre of gravity from the plane. 
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n 

T 



(Note that no such result holds for a quadrilateral or any 
other area than a triangular one.) 

So far as the position of the centre of gravity of a triangular 
plate is concerned, the three equal particles which may replace 
it, whether at A, B, C or at A\ S^ C\ may have any common 
mass, Piy whatever; but to be completely equivalent to the 
given plate the three masses should be each equal to J of the 
mass of the plate ; and this becomes necessary when we have a 
plate in the form of a polygon of any number of sides, which 
we consider as formed by a number of different triangles. 

Centre of Gravity of a Trapezium, — Let ABCD (fig. 123) 
be a uniform thin lamina in the form of a trapezium, the 

parallel sides, AB and CZ>, having 
lengths 2a, 2^, and the perpendicular 
distance between them being h. 

If m and n are the mid points of 
AB and .CZ>, i^ is well known by 
elementary geometry that mn bisects 
B all lines drawn across the area parallel 
Fig. 123. to AB, Hence, since the area could 

be broken up into narrow strips parallel 
to ABy and since the centre of gravity of each strip is its 
middle point, it is clear that the centre of gravity of the whole 
trapezium must lie somewhere on mn. 

Let us find its distance from AB. For this purpose we 
can consider the trapezium as consisting of the two triangles 
ACB and A CD; their areas are a A and M, so that they 
may be represented by a and ^, since it is with their ratios 
only that we are concerned. Also the perpendicular distances 
of their respective centres of gravity from AB are ^A and f ^ ; 
hence, forming a table such as (/?), p. 191, we have : 




■"''q7g" 




m 



Areas. 


Distances 
from AB. 


Products. 


a 
b 




\ah 



The sum of the third column = (a + 2b) — , and that of the 

3 
first = a-\rb; hence by the rule of p. 192 
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- a + 2b h 

2 = 7-- > 

a + b 3 
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where s is the distance of the centre of gravity, Gy from AB. 

Of course the point G can be found at once by joining the 
centre of gravity, g, oi ACB to that, g\ oi ACD\ then G is 
the point of intersection of mn with gg'. 

Owing to the great utility of the particle method of finding 
centres of gravity of uniform laminae, or areas, bounded by 
right lines, we give yet another illustration of it for finding the 
centre of gravity of this trapezium. 

Dividing the area into the two triangles ACB and ACDy 
whose areas are proportional to a and ^, replace each by three 
particles at the middle points of the sides. If the mid points 
of ADy AC, CB are B, Q, R, these points lie on a right line 
parallel to AB, Then, replacing the area A CD, we have 
particles b, b, b, at P, Q, and «; similarly, replacing ACB, 
we have particles a, a, a, at Q, B, m. 

Hence at B, Q, B, m, n we have particles whose masses 
are proportional, respectively, to b, a + b, a, a, and b. Now 
calculate the distance of G from the line BQB which contains 
three of the five particles, and form the table : 



Masses. 


Distances 
from PR, 


Products. 


b 

b 

a + b 

a 

a 


2 

O 
O 

o 

h_ 

2 


o 

O 
O 

lah 



Z{a + b) 



\{a - b)h 



in which we have taken the lower side of BB as the positive 
side, so that the distance of the particle a dX m from BB 

h h 

is — , while that of the particle ^ at « is 

2 2 
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Hence the distance of G from PR is 

a-b h 

which is easily seen to agree with the previous result. 

The advantage of taking PR as the reference line (or rather 
the plane through PR perpendicular to the plane of the figure 
as the reference plane) is obvious, owing to the number of 
zero products which it gives in the third column of the above 
table. 

The student will find this method and this particular selec- 
tion of a reference plane of very great use in hydrostatical 
calculations. 

So/id Homogeneous Pyramid, — Let ABC (fig. 124) be any 
triangle, suppose in the plane of the paper, and D any point 

above this plane; then, joining 
D to A^ Bi and C, we obtain the 
figure of a triangular pyramid, 
the volume of which we shall 
imagine to be filled with some 
homogeneous substance. We 
propose to find the centre of 
gravity of the body so formed. 
Let S be the centre of gravity 
of the area ABC] draw DS. 
Then if we cut the pyramid 
across by any plane, PQR^ 
B parallel to the base ABC^ the 
line DS will cut the area PQR 
in a point s which is the centre 
of gravity of this area ; in other 
words, if we imagine the pyra- 
mid as sliced into a very great 
number of very thin triangufiir 
plates by a series of very close 
planes, such as PQR and pqr^ all parallel to the base ABC, 
the line DS will pierce each of these plates at its centre of 
gravity. This is sufficiently obvious from the fact that the 
solid figure ABCD is exactly similar to the solid figure PQRD, 
and the triangle ABC to the triangle PQR, so that if any 
line through D cuts the area ABC in a point related in any 




Fig. 124. 
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particular way to the area ABCy it must cut the area PQR 
in a point related in precisely the same way to the area PQR. 
But, for the sake of formality, we give a special proof that 
s is the centre of gravity of FQR, The lines Rs and CS^ 
since they lie in the parallel planes FQR and ABQ can 
never meet; but these lines lie also in the same plane, CDS] 
therefore they are parallel lines. Let CS meet AB in N, 
and Rs meet FQ in «. Then the sides CA, ANy NC of 
the triangle CAN are parallel to the sides RF^ Fn^ nR of 
the triangle RFn \ these triangles are therefore similar ; hence 
Fn:nR^AN:NC 

Similarly, the triangles CBJVaind RQn are similar, therefore 
Qn\nR^BN\NC\ hence 

Fn _ AN 
fiQ NB"^' 

because, since S is the centre of gravity of ABC^ AN— NB. 
Therefore n is the mid point of FQ, In the same way Qs 
produced bisects RF\ that is, s is the centre of gravity 
oi RFQ. 

Now since the centres of gravity of all the thin plates lie 
on Z>5, the centre of gravity of the pyramid must lie on DS, 

Similarly, by joining B to the centre of gravity of the triangle 
ADC, the centre of gravity lies on the joining line. 

Now this is exactly the result which we obtain if we seek 
the centre of gravity of four equal particles each of mass m 
placed at the vertices ABCD, since S is also the centre of 
gravity of the three equal particles at Ay B, C 

Consequently the centre of gravity of the pyramid coincides 
with that of four equal particles placed at its vertices \ and the 
theorem of Plane-Moments (p. 192) shows that the distance 

h 

of this point from the plane ABC is — , if >4 is the perpen- 

dicular from D on the plane ABC; that is, the centre of 
gravity, G, of the pyramid lies on SD and is one-quarter of 
the way up this line, or 

SG^ISD. 

Cor. — The distance of the centre of gravity of a triangular 
pyramid from any plane is J of the sum of the distances of 
its vertices from that plane. 
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Fig. 125. 



Right Circular Cone.— Ijet ABCD ... -fl" (fig. 125) be a 
circle in the plane of the paper, S its centre, and SO the 
perpendicular through S to the plane of the circle, O being 
any point on this perpendicular. If we draw lines, OA^ OB, 
OC, . . . from O to all points on the circle we form a figure 

called a right circular cone. Let the 
space inside this cone be filled with 
any homogeneous substance, and let 
it be required to find the centre of 
gravity of the body thus formed. By 
dividing the cone up into an inde- 
finitely great number of very thin 
circular plates by planes all parallel 
to the base ABCD ...Jf, since the 
line OS cuts each at its centre (which 
►H is its centre of gravity), we see that 
the centre of gravity of the whole 
cone lies somewhere on SO, 

Now let the circle ABCD . . . 
H be divided into an indefinitely great number of small 
lengths, AB, BC, CD, ... so small that each may be con- 
sidered to be a straight line, and it is clear that we can 
consider the cone as composed of a number of very thin 
triangular pyramids, ABCO, ACDO, ... all having a 
common vertex at O. By what precedes the centre of gravity 
of each of these pyramids is at a height \S0 from the plane 
of the base (not, of course, on SO, but on the line joining O 
to the centre of gravity of its triangular base ABC, or ACD, 
etc.). Hence the centres of gravity of all the triangular 
pyramids lie in a plane parallel to the base at a height \SO 
above it; therefore the centre of gravity of the whole cone 
lies in this plane, and therefore if G is this point 

SG--\SO 

This result holds for any kind of solid homogeneous cone, 
whether it stands on a circular base br not. If we describe 
any closed curve in the plane of the paper, and take any 
point whatever, O, above the plane and from O draw lines 
to all the points of the curve, we get a cone. If this is 
filled with any homogeneous substance, the centre of gravity 
of the body thus formed is obtained by joining O to the 
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centre of gravity, 5, of the base curve and taking on the 
line SO a point G such that G = \SO. 

This is obvious from the fact that all sections of the cone 
made by planes parallel to the base are similar curves, and 
therefore the line OS pierces each of them in its centre df 
gravity. Also, as above, we can consider the cone as made 
up of an indefinitely great number of thin triangular pyramids 
whose centres of gravity all lie in a plane parallel to the base 
at a height equal to J of the perpendicular height of the 
cone. 

Curved Surface of a Cone, — If a thin sheet of uniform 
thickness, such as a sheet of paper, is formed into the surface 
of a cone, we may speak of the centre of gravity of this 
mass as the centre of gravity of the curved surface. Now 
by drawing from the vertex a series of very close lines down 
along the surface, each adjacent pair of these lines and the 
small element of the circular base which they intercept may 
be considered as forming a slender triangle, whose centre of 
gravity is \ of the way up the line joining the vertex to the 
mid point of the base. Hence the centres of gravity of all 
the slender triangles of which the curved surface is made up 
lie on a plane parallel to the base at a distance from the 

h 

latter equal to — , where h is the height of the cone. 

When a body of any shape rests on a horizontal plane the 
contact taking place at any number of points (which may form 
a continuous curve) the condition that it shall not topple over 
is that the vertical line drawn through its centre of gravity 
falls inside the area of some polygon which can be formed 
by joining the points of contact by right lines. This is 
obvious, because if the body is in equilibrium under the 
action of its own weight and pressures exerted by the plane 
at the points of contact, the resultant of these pressures must 
be equal and opposite to the weight. This result is usually 
expressed by sapng that tke vertical through the centre of gravity 
must fall within the base. 

For example, if we take a uniform solid cylinder — ^say a 
wooden rod — and cut it across by two parallel planes AB^ 
CD (fig. 126) obliquely to its length, and then place it on 
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a horizontal table with one of its plane bases on the table, 

it will topple over unless its 
length is less than a certain 
quantity. If S and O are the 
centres of its faces, its centre 
of gravity, G, is mid-way be- 
tween S and O ; and for equili- 
brium the point JP in which the 
vertical through G cuts the base 
must be inside the area AB. 
If the length SO were such 

that I^ fell at B, the body would be on the point of toppling 

round B. 




Fig. 126. 



EXAMPLES 

I. From a circular area, C (fig. 127) of cardboard of uniform thickness is 
punched out a circular area D ; find the centre of gravity of the remainder. 
Let A and B he the centres of the circles C and D ; let the radii of 

these circles be, respectively, a and d, 
and let AB=c. Then considering the 
whole area C as being made up of Z> 
and the remainder, we see that the centre 
of gravity, G, of the remainder is on 
BA produced through A, Take Plane- 
Moments about the plane through A per- 
pendicular to AB, Then since the 
distance of the centre of gravity. A, of 
the resultant area C from this plane is 




Fig. 127. 



zero, we have 



.-. AG= 



c^-l^ 



,c. 



2. If C (fig. 127) is a sphere in which there is a spherical cavity Dy find 
the position of G, 

Result, AG= "33TJ • ^' 

3. AHha (fig. 125) is a homogeneous frustum of a right cone, the 
radii of whose circular bases AB and CD are, respectively, 5 feet and 3 feet, 
the thickness, Ss^ of the frustum being 6 feet ; find the position of its centre 
of gravity. 

Complete the cone, and let its vertex be O. Then we have 

SO 

pr-=j, and Ss=6, .*. S0=1S, sO=g, Now take plane- 
moments about the base ABCH, and equate the moment of the 
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whole cone to the sum of the moments of the small cone aOh 
and the frustum. Let F= volume of whole cone; then, since 
the small one is similar to the whole cone, and the volumes of 
similar solids are proportional to the cubes of corresponding 
linear dimensions, the volume of the small cone= ^A)'=-AV ^> 
and therefore the volume of the frustum =-5^^^. Hence vol. 
of whole cone : vol. of small cone : vol. of frustum = 125 : 27 : 98. 
Let z be the distance of the centre of gravity of the frustum from 
the base AB. The distance of the centre of gravity of the 
whole cone from ABCHh J^, and the distance of the centre of 
gravity of the small cone is J+6 ; hence we have the table 



Volumes. 


Distances 
from AB, 


Products. 


27 
98 




98i; 



125 



^ + ^Z 



Dividing the sum of the third by the sum of the second column we 
get the distance of the centre of gravity of the whole cone ; but 
this is -y , 

. jLiL=§2i±392f 
• • ^ 4x125 

. * . Z'^ 2^. 

4. The radii of the bases of a homogeneous frustum of a right cone are 
8 feet and 4 feet, and the thickness of the frustum is 12 feet; find the 
position of its centre of gravity. 

Result, It is 4^ feet from the larger base. 

5. The radii of the bases of a conical frustum are 8 and 4 feet ; what 
must its thickness be so that its centre of gravity may be 2f feet from the 
larger base ? 

Ans. 7 feet. 

6. If the conical frustum in ex. 4 is placed with its smaller face on a 
rough horizontal plane which is gradually tilted up, the coefficient of friction 
being i, will the frustum slide or tumble? 

Ans, It will slide. (Seep. 185.) 

7. A board of uniform thickness in the shape of a trapezium has its 
parallel sides 4 feet and 5 feet long and its breadth 9 inches; find the 
position of its centre of gravity. 

Result, It is 4j- inches from the longer side. 

8. From a triangular piece of cardboard of uniform thickness is removed 
the inscribed circle ; find the centre of gravity of the remainder. 

Result, If / is the centre of the inscribed circle, and G the centre 
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of gravity of the complete triangle, the required point is on IG 
prc^uced through (? at a distance from G equal to 

IT A 
Ja . Gly 

where A is the area and s is half the sum of the sides of the 
triangle. 

9. At the vertices of a triangle are placed particles whose masses are 
proportional to the opposite sides ; show that their centre of gravity is the 
centre of the inscribed circle. 

Hence prove that the centre of gravity of three uniform rods of the same 
thickness and substance forming a triangle ABC is the centre of the circle 
inscribed in the triangle A'B'C (fig. 122) formed by the mid points of the 
sides. 

la A and B are two bodies of masses m and m' \ A'\% fixed and B is 
made to rotate round a fixed axis ; show that as B rotates the centre of 
gravity of the two together describes a circle. 

[Let G and tr be the centres of gravity of A and B ; then the centre 
of gravity, G'\ of the two is on the line GG dividing it in the 
ratio m}m'\ but as G' describes a circle round the axis, its 
centre being O, suppose, Gr" also describes a circle whose 
centre, /*, lies on the line GO dividing it so that 

OP\PG^mim\'\ 

Hence if a box has a lid moveable round a hinge, and the lid 
is raised into various positions, the centre of gravi^ of the box 
and lid describes a circle. 

11. A solid cube of side a is laid on the ground, and on its upper face is 
constructed a p3rramid whose vertex is at a height h above this face on the 
vertical line through the centre of the cube ; find the position of the centre 
of gravity of the whole solid thus formed. (The volume of a pjnramid 
standing on any plane base is ■)- of the area of the base multiplied by the 
perpenmcular height of the pyramid. ) 

Result* It is at a height of k -r^ — above the upper face. 

12. On the base of a solid homogeneous hemisphere of radius r is 
erected a solid right cone of height A ; find the position of the centre 
of gravity of the compound solid figure. (The centre of gravity of a 
solid hemisphere is fr firom the centre.) 

Result, It is at a height of i , "^ above the base. 

h + 2r 

13. Find the position of the centre of gravity of the surface of a cone 
including the surface of its base. 

Result. If r is the radius of the base, k the perpendicular height, 
and / the slant height, the centre of gravity is at a distance 
above the base equal to 

Ih 
Z{l+r)' 
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14. ABC (fig. 128) is a board of uniform thickness in the shape of a 
right angled triangle, the right angle being C ; it is placed with its plane 
vertical, the side AC resting on a rough horizontal plane; a cord is 
attached to B and pulled horizon- 
tally with a gradually increasing 
force; find whether the board wiU 
begin by sliding or toppling. 

Let u, be the coefiicient of 
friction, b = AC, h = CB. 
Then if the board is about 
to topple over C, it will 
be just in equilibrium 
under the action of three 
forces — viz. its weight W, 
the tension T, and the 
reaction of the ground. 
This last acts at C, be- 
cause the board is out of 
contact with the ground everywhere except at C. Also these 
three forces must meet in a point. Hence by producing the 
cord to meet the vertical through the centre of gravity G, 
in O, the reaction must act in CO, But this requires the 
angle OCB to be <tan~^a; t,e, tan COP^u,. 

PC 

Now tan COP=^^ and since CPx CN= BG : BN=^ 2 : 3 (where 

h 

N is the mid point of AC), we have CP=^' Therefore for 

the possibility of toppling 

b 

If— =->ji, the body must slide. 
Zh 

15. ^^C(fig. 128) is a vertical section of a homogeneous triangular 
prism perpendicular to its edge at B and passing through its centre of 
gravity, the angle at C being right ; the prism rests on the ground, for 
which ^=\\ its height BC is 6 feet, and AC=S feet ; a horizontal rope 
attached to B is pulled in the plane ABC with a gradually increasing 
force ; find how equilibrium ceases and the corresponding tension in terms 
of JV, the weight of the prism. 

Result, The prism will slide (and not topple) when 7*= J IV. 

16. ABC (fig. 122, p. 194) is any triangle, A' being the middle point 
of BC ; aX A, C, and A' act three like parallel forces of 5, 3, and 9, 
respectively, and at jff a force of 2 parallel to them but in the opnosite 
sense; the forces being supposed to turn round these points, always 
remaining parallel, find the position of the centre of the system. 

Result, If/ and r are the perpendiculars from A and C on the 

opposite sides, the centre is distant — from AB and £- 
from BC. 
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17. If in the last, in addition to the previously-given forces, a force 
of 5 acts at C the mid point of AB in the sense opposite to the force 2 
at Bj and at ffy the mid point of AC, a force 5 in the same sense as the 
force 2 at B, find the centre of the system. 

Result, The centre is the centre of gravity of ABC. 

18. ABCD (fig. 94, p. i6i) is a rectangle whose sides AB and AD 
are 12 and 5 inches long, respectively ; at A, B, C, D act like parallel 
forces of 58, 27, 30, and 40 units, respectively ; /* is a point on DB such 
that DP=^ inches ; /? is a point on BD such Uiat BR =6 inches ; ^ is a 
point on AC such that AQ=$ inches; at P, Q^ R act forces parallel 
to the previous set, but in the opposite sense, of 39, 52, and 26 units, 
respectively; find the centre of the system, the forces being supposed 
to turn round these various points of application. 

Result, O is their centre. 



EXAMINATION ON CHAPTER XI 

1. Define the centre of a system of parallel forces. 

2. State the theorem of Plane-Moments for finding the distance of this 
point from any plane. 

3. Define the centre ofgrcanty of any body. 

4. State the theorem of Plane-Moments for finding the distance of the 
centre of gravity of any number of bodies from any plane. 

5. Given the centre of gravity of a body and that of any part of it, how 
do you find the centre of>gravity of the remainder? 

6. Where is the centre of gravity of a triangular plate of imiform 
thickness ? 

7. What system of equal particles has the same centre of gravity as a 
triangular area ? 

8. Given the distances of the vertices of a triangle from any plane, what 
is the distance of its centre of gravity from the plane ? 

9. Why must the bisectors of the sides of any triangle drawn from the 
opposite vertices meet in a point? 

10. State the particle method of finding the position of the centre of 
gravity of the area of any polyp;on. 

11. Give a simple construction for finding the position of the centre of 
gravity of the area of any quadrilateral. (It can be divided in two ways 
mto two triangles. ) 

12. How do you find the centre of gravity of any solid homogeneous 
triangular pyramid ? If the centre of gravity of each face is joined to the 
opposite vertex, why must the joining lines meet in a point? 

13. What system of equal particles has the same centre of gravity as a 
triangular pyramid ? What is the distance of the centre of gravity of a 
triangular p3rramid from any plane in terms of the distances of the vertices 
from that plane ? 

14. Where is the centre of gravity of a solid homogeneous cone ? 

15. If any body is placed with a number of legs in contact with 
a horizontal plane, what is necessary in order that the body shall not 
topple over? 



CHAPTER XII 
MOTION IN A OIBCLE 

52. Suppose a particle to move in a circle, PQRS (fig. 129), 
being compelled to do so by any forces or any mechanism 
into the nature of which we need not inquire ; then in each 
position, F^ of the particle there is an acceleration along the 
normal, FC^ to the path : there may 
or may not be an acceleration along 
the tangent. 

To find the acceleration along FC 
possessed by the particle when it is 
at F^ take an extremely close posi- 
tion, Qy of the particle — the position 
which is reached by the particle at 
the end of xxhttf second, or any in- 
definitely small interval of time which 
we shall denote by / — and find the 
component of velocity along FC 
which the particle has at Q, Thus, 
let «^= velocity at F^ «/ = velocity 2X Q, 7/ differs very little 
from v^ and becomes equal to «^ if / is diminished to zero. 
Now if is the circular measure of the very small angle QCFy 

second component of vel. along jPC««/sin ^ = «^. 

first „ „ ==«^cos — =0 

2 

. •. gain of vel. along FC =v\6; 

.'. time-rate of gain of vel. along FC = t/ — ; 

and if the radius FC is r, ^=a — S& ; therefore 

r 

7/ FO 
time-rate of gain of vel. along FC = — . — ^. 

r t 
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Now let /, and therefore FQ^ diminish indefinitely ; then — ^ 
is obviously Vy and ^ becomes v ; so that 

time-rate of gain of veL along PC = — . . . (a) 

Time-rate of gain of velocity in any direction is acceleration 
in that direction ; hence the acceleration along PC which the 
particle has at P is 

©a 

^^^ • 

and observe particularly that this acceleration is in the sense 
PCy that is, inwards towards the centre of the path — not 
outwards from the centre. 

There may or may not be an acceleration at P along the 
tangent PT, If such exists, it is the time-rate of gain, 

^^^ — —y of velocity along PT when / is infinitely small — 

ue, — —y since cosd=i, very nearly. Hence if the particle 

is moving round the circle with constant speed, there is no 
acceleration along the tangent at any point; but there is 
necessarily at every point an acceleration along the normal, 
since the particle has to move out of the tangent in order 
to describe the curved path. 

Now by Newton's Second Axiom, wherever there is accelera- 
tion of a particle there must be jfbrce. Hence motion in a 
circle (or in any curved path) is impossible unless there is 
a component of force acting on the moving body towards the 
concave side of the path — ie, towards its centre. 

If N is the total component of all the forces acting on the 
particle in the sense PC when all these forces are resolved 
along the tangent PT and the normal PCy and if w is the 
weight of the particle, we have by (2), p. 22, the equation 
(iV being taken in gravitation measure) 

N^^wt^ . . . . (B) 

gr ^' 

If N is taken in absolute measure, we simply omit g in 
the denominator, as already explained. 
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If there is a component of acceleration along PT denoted 
by ttg, and if S is the total component of force acting on the 
particle along PT^ we have the equation 

^='^^ (y) 

o 

The sense of a^ (and therefore of *S) may be PT or TP\ 
but the sense of N\% absolutely fixed — viz. from P to C, 

Suppose that a particle whose mass is \ ounce is moving 
in a circle of 6 inches radius with a velocity of 16 7s in a given 
position P) then the acceleration towards the centre, in this 

position, is -j- 7ss> the weight of the particle is ^ pounds' 

2 
weight, and therefore there must be acting on the particle an 

inward normal force of 

A • T> or \, pounds' weight, 

in the position P, 

We cannot say, from the above data, what force acts in the 
direction of the tangent PT^ because we are not given anything 
about the way in which the velocity varies from point to point, 
so that we do not know the acceleration along PT, 

EXAMPLES 

1. A mass of 4 ounces is attached to one end of a flexible cord the other 
end of which is fixed on a smooth horizontal plane, the length of the cord 
being 3 feet ; with what velocity must the mass be projected so as to cause 
a tension of 6 pounds' weight in the cord during the circular motion 
of the particle ? 

Ans. z;=48 7s. 

2. In the last, with how many revolutions per minute must the mass 
be projected to cause a tension of 24 ounces' weight in the cord ? 

Am. 542. 

IT 

3. There is a rough horizontal plate moveable round a vertical axis fixed 
through the face of the plate ; a particle is placed on the plate at a distance 
of 18 inches from the axis, and the plate is then rotated with gradually 
increasing speed ; find the greatest number of revolutions that it can make 
per second without causing the particle to slip, the coefficient of friction 
being j. 

Result, -3. revolutions per second. 
3* 
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[Observe that since the only force acting on the particle in the plane 
of the plate is that of friction, if the particle moves with uniform 
velocity in a circle, the force of friction must act along the 
radius, and inwards towards the centre.] 

4. An engine whose mass is 12 tons moves with a speed of 30 miles 
per hour on horizontal rails of the same height forming a curve of 600 feet 
radius ; find the force exerted by the rails on the flanges. 

Result, I '21 tons* weight. 

If we tie a stone to one end of a cord, holding the other end 
in the hand, and then whirl the stone round so that it describes 
a circle, the normal inward farce which we know to be neces- 
sary for such motion is supplied by the cord: the stone is 
puUed inwards towards the hand by the tension, while the hand 
feels this force in the opposite (/.^. the outward) sense. Of 
course, as already pointed out in Chapter IV., there is no force 
in the universe which is not accompanied by its equal and 
opposite ; but these equal and opposite forces do not act on 
the same body. The tension of the above cord acts on the 
stone as an inward force towards the concave side of the path 
of the stone ; it is on ^he hand which holds the cord that it is 
felt as an outward force — a centre-flying force, or " centrifugal 
force," as it has long been commonly called. 

This term " centrifugal force " has been the source of a very 
erroneous notion — the notion, namely, that whenever a particle 
is revolving in a circle it is acted upon by a force outwards, 
from the centre : that the particle has a tendency to fly outwards 
from the centre. It cannot be too strongly pointed out to the 
student that — 

there is no such force acting on the particle^ and there is no 
such tendency. 

On the contrary, since the acceleration of a particle moving 
in a circle is by very geometrical necessity directed inwards^ 
towards the centre, the resultant normal force on the particle is 
at each point of its path directed inwards^ not outwards. Of 
course, on some other body (such as the hand, in the above case) 
this normal force is exerted in the outward sense, and it may, 
therefore, be properly called a centre-flying or "centrifugal" 
force. Such a justification of the use of the term "centrifugal 
force " is, however, contrary to the whole of our practice, in 
other respects, in Dynamics. For, when we are treating of the 
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equilibrium of a body under the action of its weight and 
pressures exerted upon it by walls or fixed planes, we do not 
pay any attention to the pull which the Earth experiences from 
the body and which is the exact equal and opposite of the 
weight of the given body. Why, then, introduce the term 
" centrifbgal force " when we are considering the motion of a 
body, since we must admit that no such force is felt by the 
body? It is unnecessary to say that such a force is felt by 
some body ; for this is no peculiarity of the force in question : 
every force in the universe has two opposite aspects, and we 
are certainly not in the habit of always paying attention to both 
of these aspects. 

The practical objection to the use of the term " centrifugal 
force " when we are treating of the motion of a given body is 
that students are very apt to consider this force as one which 
is acting on that body ; and this is a fatal error.* 

As regards the tendency of a revolving body to fly outwards 
from the centre, no such thing exists. If in fig. 129, p. 207, 
CP is a cord fixed at C, and attached at jP to a particle which 
is whirled round in the circle PQRS on a smooth table, if the 
cord were to be suddenly cut in the position CP^ the particle 
would simply move along the tangent PT with constant vel- 
ocity, in accordance with Newton's First Axiom : it certainly 
would not move along CP outwards. In no other sense than 
this (a tendency to continue its motion at each point along the 
tangent) is there any tendency to recede from the centre. 

A good example of motion in a curved path is furnished by 
a railway carriage going round a curved part of the line. At 
any instant a body moving in any curve may be considered for 
dynamical purposes as moving in a circle — viz. the circle which 
most nearly coincides with the curve at the position of the 
body, P, This is called the circle of curvature of the curve at 
the point -P, and it can be practically drawn by drawing the 
normal at this point and the normal at a very close point, Q, 
on the curve ; these two normals intersect in the centre, C*, of 
the circle of curvature, and their common length, PC^ is called 
the radius of curvature of the given curve at the point. If v is 

* Thus, in a very suggestive and excellent book, "The Boy*s Playbook 
of Science," by the late J. H. Pepper, centrifugal force is defined (p. 17) 
as "that force which drives a revolving body from a centre," and various 
illustrations are given — none of them, of course, proving any such thing. 
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the velocity of the moving body at -P, and p is the length of the 
radius of curvature, the normal acceleration of the body at jP is 

— ; and if IV is the weight of the body, there must be acting 

r 

on the body a force in the direction and sense PC equal to 

in gravitation measure. 

Now in the case of the railway carriage this normal force can 
be supplied as pressure against the flanges exerted by the rails. 
But it is undesirable to obtain the necessary normal force in 
this way because of the resulting wear of the flanges ; and it is 
usual to obtain it by raising the end of the sleeper at which the 
outer rail is fixed, as represented in fig. 130. This is usually 
spoken of as " raising the outer above the inner rail." 

The concave side of the path described by the carriage is at 
the left of the figure. Let the centre of curvature of the path 

of the centre of 
gravity, 6^, of the 
carriage be a 
point C on the 
horizontal line 
GH, and let GC 
= /o. Let the 
outer rail. Ay 
exert on the 
wheel a flange 
pressure X and 
a normal pres- 
sure Y in the 
plane of the 
be no flange pressure 
the wheels do not fit 



H 



»G 



rw 



- 



2. 




Fig. 130 



wheel; then if X exists, there will 
exerted by the inner rail, B^ since 
tightly between the rails. Nevertheless we shall let X' and 
Y' be the corresponding forces exerted by the inner rail, 
observing that if X' exists, X is zero, and vice versd. Let 
the carriage be moving with a speed z/, and let / be the (very 
small) inclination of the sleeper to the horizon. Then, treating 
the whole carriage as a particle, its acceleration along the 
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inward normal, GH^ to the horizontal circle in which it is 
moving is — , so that there must be acting on it in the sense 

GHz. component of force equal to W-—^ by (j8), p. 208, where 

W is the weight of the carriage. 

Now the total component of force acting on the carriage 
along GH'\% (Ar-Z')cos/ + (F+ y')sin/; hence 

W- = (Z- X') cos /+ ( y+ Y') sin /. . (i) 

or 

Again, since the carriage has no vertical acceleration, there 
can be no vertical force ; therefore 

o = ^+ (Z- X') sin 1- ( K+ Y') cos /. . (2) 

These equations hold whatever the velocity may be. Now 
let V and / be so related that there is no flange pressure — ue, 
let A'=o and X' ^o, (Observe that, as above stated, either 
X or X' is always zero.) Then these equations give 

— - = tan/*, . . . . (3) 
gP ^^' 

in which sin / or / (the circular measure) can be used instead 
of tan /. 

If the carriage is moving on this line with a speed, v\ less 
than that given by (3), there will be flange pressure at the inner 
rail given by the equation 

X'=W^—!^, ... (4) 
gP ' 

and if it is moving with a speed, z/, greater than that given by 
(3), there will be flange pressure, JT, at the outer rail such that 

X^W^^^-^'^ ... (5) 
gp ^^^ 



EXAMPLES 

I. If the radius of curvature of a railway line at a certain place is 400 
yards, and trains travel there at the rate of 30 miles an hour, find the 
elevation of the outer above the inner rail so that there shall be no flange 
pressure, the gauge being 4^ feet. 

Result, About 2.7 inches. 
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2. If the gauge is a m^tre and trains travel at 45 miles per hour at a put 
of the line where the radius of curvature is half a mile, find the elevation 
of the outer above the inner rail so that there shall be no flange pressure. 

Result, About 5. 16 centimetres. 

3. If the radius of curvature of the line is 1089 yards, the gauge 4^ feet, 
and the elevation of the outer rail 4 inches, what velocity will correspond 
to the absence of flange pressure ? 

AnSn 60 miles per hour. 

4. If with the data in the last the speed of the train is 45 miles per hour 
and ^its weight, what flange pressure is exerted? 

Ans, A pressure by the inner rail equal to -^fV. 

5. If the gauge is 4^ feet, the elevation of the outer rail 3 inches, and 
the radius of curvature 363 yards, what speed corresponds to the absence of 
flange pressure ? 

Ans. 30 miles per hour. 

6. If with the data in the last a train runs with a speed of 45 miles per 
hour, what flange pressure exists ? 

Ans. A pressure at the outer rail equal to -fyJVt where W is the 
weight of the train. 

Let us suppose the speed of a train going round a curve to 
increase continuously. Would the wheels leave the inner or 
the outer rail? As already shown in equation (5), increase of 
speed above that which corresponds to the absence of flange 
pressure, produces pressure on the oufer rail ; hence the wheels 
cannot leave the outer rail. It is otherwise evident from the 
direct application of Newton's Second Axiom as expressed in 
(j8), p. 208, that the outer wheels could never leave the rail, 
because if they did, we could not obtain inward normal com- 
ponent of force which is always necessary to make a particle 
describe a curved path. 

The velocity which would just produce the lifting of the 
inner wheels off the rail can be easily found. For we have now 
^"' = 0, y' = o in (i) and (2); therefore 

JV--^Xcosi+Ysmt\ ... (6) 

o = fV+ AT sin / - Kcos /. . . (7) 

To these must be joined the equation which expresses the 
fact that the carriage has no appreciable angular motion about 
G; that is, we can assume that the forces acting have no 
moment about a horizontal axis through G parallel to the 
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direction of motion. If h is the height of G above the plane 
AB^ the gauge AB being 2a^ we have, then, 



hX^aY, 
and from these equations we have 

hi? - agp 



(8) 



This relation holds, then, when the inner wheel is about to 
rise off the rail : it is usually described as the condition that 
the carriage should "upset"; but obviously it has nothing 
to do with "upsetting." Upsetting over the outer rail would 
mean something very different 

Conical Pendulum. — Let one end, ^, fig. 131, of a cord be 
fixed, and to the other end, P, let a particle of weight W be 
attached ; let the cord be drawn out from the vertical OC and 
the particle projected horizontally at 
right angles to the plane COP with 
such a velocity that it goes round in 
a horizontal circle PBA, the cord 
OP describing a right cone round 
the line OC; it is required to find the 
requisite velocity, v, of projection. 

Since the particle moves in a hori- 
zontal plane, it has no vertical motion, 
therefore there is no vertical force, A( 
and we have, if T is the tension of 
the cord, 

rcos^-^=o. . (10) Fig. 131. 

Let /= OP; then P describes a circle of radius /sin 6 with 
velocity v, therefore its acceleration towards C, the centre of 

this circle, is . . a . Also the component of force along PC, 
I sm (/ 

towards C, acting on the particle is T^sin 0, or PTtan 6 ; hence 
by (/3), p. 208, 

.•. z;2=^/sin0tan^, . . . (n) 




/IcosO 
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which gives the velocity necessary for the circular motion. 

The time of a complete revolution is 2^^ 

A cord and particle moving in this way constitute a coniccU 
pendulum, 

EXAMPLES 

1. If OP=i26 inches and P is drawn out 10 inches from the vertical OCy 
find the velocity of projection necessary to make F describe a horizontal 
circle. 

Result. 3^ Jeet per second. 

2. A conical pendulum whose length is 7 inches makes 2 revolutions per 
second, what is its angular deviation from the vertical ? (Take v=^.) 

Ans, Cos"* T^r. 

3. A mass of 34 ounces on a rough horizontal plate for which the co-- 
efficient of friction is ^ is attached to a flexible cord which passes through a 
hole in the plate and has a mass of 8 ounces attached to its other extremity, 
this mass han|[ing freely at a distance of 4 feet below the hole ; what is the 
greatest velocity that can be given to the second body so that it can move 
as a conical pendulum ? 

60 
Ans. —7= Vs . 
V17 

4. Generally, if /* is the mass on the plate, |i the coefficient of friction, 
Q the hanging mass, and / the length of the cord at the pendulum, what is 
the greatest velocity at ^ ? 

5. A hollow smooth cone of semi-vertical angle a is placed with its axis 
vertical and vertex downwards ; if a marble is projected horizontally along 
the inner surface with a velocity w, at what distance must it be from the 
vertex so that it shall describe a circle ? 

Ans, At a vertical height — above the vertex. 

6. If in example 4 the plate is smooth and P is placed at a distance a 
from the hole, with what velocity must P be projected so that it shall 
describe a circle, Q hanging vertically at rest ? 



-^«J' \p^^) ' 



7. If in the last example P is projected with any velocity, u, so as to 
describe a circle while Q moves as a conical pendulum, what must ^s 
velocity be ? 
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Revolving Ring, — Suppose that a ring, hoop, or band, AB^ 
(fig. 132), of any material revolves rapidly in its plane about 
an axis through its centre, C, perpendicular to this plane, then 
at each point of its circumference there is produced a tension 
which tends to tear the body asunder. 

Imagine a small length, FQ^ of the ring contained between 
two very close cross-sections made 
by planes through C perpen- 
dicular to the plane of the ring, 
arid consider the separate motion 
(see p. 51) of this element. The 
element describes a circle with 
constant speed, v. 

Now what are the forces 
exerted on this element by the 
portions of the material in con- 
tact with it ? Over the whole of 
the cross-section at jP is exerted a 
pull or tension along the tangent 
— i,e, at right angles to CF] let 
the whole amount be 7^ At ^ there is an equal force per- 
pendicular to CQ, Let the lines of action of these two forces 
meet in (7, and take the sum of their components in the sense 
OC, If 6 is the circular measure of the very small angle 
FCQ, this sum is rsin FCO + Tsm QCO, that is 




Fig. 132. 



T.e 



(12) 



Now if Wis the weight of the whole ring and r its mean 

W 

radius, its weight per unit length is , therefore the weight 

2Trr 

of the element FQ is x FQ, or — .ft Hence by (B\ p. 208, 

27rr 2v 

27r 






V 



.2 



F' 



(13) 



where /= the mean length of the ring. 

The breaking of the ring depends on the intensity of the 
stress exerted on the cross-section — />. on the amount of 
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tension per unit area of cross-section. If s is the area of 
the cross-section, say in square inches, and T is measured in 

tons' weight, — is the intensity of the stress in tons' weight 
per square inch, so that 

— = 7 (14) 

s s gl 

We must be very careful about units in (13). If g is taken 
in feet per second per second, v must be taken in feet per 
second, and / in feet ; T' will then be in the same units as W. 



EXAMPLES 

I. A ring of metal whose mass per cubic foot is 480 pounds has a mean 
radius of i foot and a cross-section of 2 square inches ; it revolves round 
an axis through its centre perpendicular to its plane, making 10 revolutions 
per second ; find the intensity of tangential stress produced in the ring. 

The velocity of a point on the ring is 2t x 10 7$, •*. » = 20ir; 
W=^2ic X — X480 pounds =5 — ; /=2irfeet, therefore 

r=^ jooi^ pounds' weight 
3 32 X 2ir '^ ^ 



=£50^ = 822 d 

therefore the intensity of the stress is 

=4H . 2 pounds' weight per square inch. 

2. Supposing that the greatest intensity of stress that the material of the 
above ring will stand is 5 tons' weight per square inch, what is the greatest 
number of revolutions per second that can be given to it ? 

Assume •-- in (14) to be equal to the limiting intensity, viz. 5 x 2240 
s 

pounds' weight per square inch ; then 

40ir 7^ 
5x2240=-^—-.-- — -- 
3x2 32X2ir 

.-. ^»=32^/I05=320.6 Vs. 

If the ring makes n revolutions per second, »=2ir«7s; therefore 

n = - — ^ = 51* approximately. 
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3. A circular hoop 3 feet in diameter and 2 inches broad is rotating 
round its axis at the rate of 10 revolutions per second ; find, in tons' weight 
per square inch, the intensity of tangential stress, the material having a 
mass of 480 pounds per cubic foot. 

Result, About .413. 

Simple Harmonic Motion, — If a point F (fig. 133), moves 
along a circle with constant speed, F, the foot, Q^ of the 
perpendicular from F on any fixed 

diameter, ABy of the circle moves _y 

with variable speed along this dia.- 
meter, and the motion of Q is 
called simple harmonic motion. 

Let V be the speed of F-, then 
the speed, o, of Q is VsinFOQ, b| 
if O is the centre. If OQ=^x 
and r is the radius of the circle, 
we have 

»=-^. JW:r^. . (15) Fig. 133. 

Now when F has moved along the circle from A to B, 
Q has moved over A OB; but the time taken by /* in this 

motion is ~, or — , Hence this is the time taken by Q to 



go from A to B. When F leaves By Q moves back towards A, 
The motion of Q from A to B and back to A is called a 
complete oscillation : it is double the above value. The motion 
from ^ to j9 is a semi-oscillation. 

The velocity of Q is a maximum at O^ and is zero at A 
and at B, 

Hence if a point moves along a right line so that its speed 
is expressed by the equation 

v=^kija^-x\ .... (16) 

where >^ is a constant and x is at any instant the distance of 
the moving point from its position, O^ of greatest velocity, 
its velocity will be zero at each of the two points, A and B^ 
distant a from O at the right and left. The motion will 
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oscillate between these two points, and will be simple harmonic. 
Moreover, the time of a semi-oscillation is 



T' 



(17) 



as we see by a comparison with (15). In fact, if on AB as 
diameter we describe a circle and cause a point, jP, to travel 
roimd this circle with a speed equal to ka^ we have two points, 
P, Qy related exactly as in fig. 133. 

If a point moves on any curve in such a way that its velocity 
is expressed by the equation 

v=:k fjc^ - j2, .... (18) 

where $ is at any time the arc distance of the moving point, P^ 

from some fixed point, O — /.<?. the length of the arc OP of 

the curve — and a and k are constants, 
the motion is simple harmonic, and the 
time of a semi-oscillation is (17). 

Simple Pendulum, — If a small particle, 
P (fig. 134), is attached to one end 
of a very fine flexible cord the other 
end, C, of which is fixed, and the par- 
ticle swings freely in a vertical plane, 
we have what is called a simple pen- 
•A dulum. Let the cord be drawn out from 
the vertical into the position CA and 
then let go; draw Am and Pn perpen- 
dicular to COy the vertical line through 

C, Then if v is the velocity of the particle at -P, we have, as 

shown at p. 106, 

»= J'IgTmn. .... (19) 

Let / be the length of the cord (in feet if g is taken in 7w ; 
in centimetres if g is in 7s.) ; then by Prop. VIII. of Euclid 
B. VI., we have 2/x Om=^OA\ where OA means the chord 
of the arc OA. Also 2ly,Pn=0P^y where OP means the 
chord of the arc OPy hence 

OA^-OP^ t V 

— . . . . . v^o^ 




mn=^ 



2/ 



This is true no matter how large the arcs OA and OP are. 
Now let these arcs be very small compared with /, that is, 



MOTION IN A CIRCLE 221 

let the angle OCA be very small — say an angle of 5° or 
even lo**. In this case the length of the chord and the length 
of the arc are, to a high degree of accuracy, equal ; so that, 
if the arcs OA and OP are denoted by a and j, respectively, 
(20) gives 

2/ 
and (19) gives 




. (21) 

Now comparing this with (18), we see that the motion of 
F is simple harmonic, the time of a semi-oscillation being 
given by the equation 



=^\/v- 



(22) 
g 

Taking 0B==^ OA^ the points of zero velocity are A and B, 
and (22) expresses the time of motion from A to B. A 
complete oscillation is the time from A to B and back to A : 
it is double the value (22). 

A seconds^ pendulum is such that the time from A to -5 is 
one second. Its length is obtained by putting /=i in (22); 
that is, the length of a seconds' pendulum is 

g 

which is about 39.1 inches at a place where ^=32.2 7ss- 

The tension, T^ of the cord in any position is easily found 
by ()8), p. 208. For, if v is the velocity of P and the weight 
of the particle is ze/, the total normal component of force acting 
on the particle in the inward sense, PC^ is T- w cos 0, where 
^ = angle OCP\ hence 

T-wcosd = W'-;, . . . (23) 

g^ 

But v^ = 2.^'^ . mn = 2g{Cn - Cm) = 2gl{cos - cos a), where 

a = angle OCA, Substituting this value of v in (23), we have 

T== wiz cos 6-2 cos a). . . . (24) 
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If the particle were projected along the circle at A with 
a velocity u^ we should have 

and (23) would become 

T=w( ^^icosd -2 cosay . . {25) 

This holds, of course, whatever be the magnitudes of 
and a — not merely for the small displacement of an ordinary 
pendulum. 

EXAMPLES 

I. If the length of a seconds' pendulum is increased by 7^ of its value, 
how many beats will it lose in 24 hours ? 

If the length, /, of any simple pendulum is altered to / (i +1^), or 
\%^l, and if f is the new time of oscillation, 

y g 10 
In 24 hours there are S6400 seconds, therefore the number of beats 

made in this time is — ^— , or — - — \/ -r • r~^' Before the 

r ' T ▼ / vioi 



alteration of length the number was — ~ — \ y- ; hence the 
loss is 



86,00^, 



^¥V!(. - tIt) ^ 



For a seconds' pendulum ir\/ — = i ; therefore the loss of beats 
is 429. 

2. At a place where ^=32.2 7ss a seconds' pendulum is lengthened by 
I inch, what is the new time of oscillation ? 

Ans, 1. 0127 seconds. 

3. If a pendulum which oscillates in i second at the Equator gains 300 
beats in 24 hours when taken to the Pole, compare the value of g at the 
Pole and the Equator. 

Result. £4^!i_=(^)- 
g at Equator \288/ 
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4. If a pendulum beating seconds at the base of a mountain 5 miles hic;h 
is taken to the top, how many beats will it lose in 24 hours, supposing the 
the radius of the Earth to be 4000 miles and that g varies inversely as the 
square of the distance from the centre ? 

Ans, 108. 

5. A particle suspended vertically by a cord of length / is projected 
horizontally from the lowest point, what is the least velocity of projection 
that will cause the particle to go completely round in a circle ? 

Ans, sIsgL [Observe that in (25), a^o, and .*. T=w{ —.- 2 

+ 3 cos 0). Now T is never to become negative ; but the 
greatest danger of a negative value occurs when 0=ir ; then we 

must have ~T- 5 positive ; therefore, etc.] 

6. A particle whose mass is 50 grammes is attached to one end of a cord 
60 centimetres long, the other end of which is fixed ; the cord is kept tight in 
a horizontal position and the particle is projected downwards with a velocity 
of 20 metres per second ; find the tension of the cord in the lowest position 
of the particle. 

Result, 3548 grammes* weight. 

7. In the last what is the least velocity that would cause the particle to 
go completely round in a circle ? 

Ans, 420.21 <=/s. 



EXAMINATION ON CHAPTER XII 

1. If a point moves in a circle of radius r with velocity v, what is its 
acceleration at each point toward its centre ? 

2. If a point moves in a curved path must it have an acceleration along 
the tangent at each point ? Must it have an acceleration along the normal ? 

3. If all the forces acting on a particle, when resolved into components 
along and perpendicular to the tangent to a curve at the position of the 
particle, give a normal component towards the convex side of the curve, 
can the particle move in this curve under the action of these forces alone ? 

4. What fallacy is sometimes (if not usually) implied in the notion of 
** centrifugal force " ? 

5. If a particle moves in any curve, has it a " tendency to fly outwards '* ? 

6. If a particle is attachea to one end of a cord and whirled round 
in a horizontal plane, and the cord suddenly breaks, what does the 
particle do? 

7. In the case of a railway carriage going round a curved part of the 
line, what supplies the necessary component of force towards the centre 
of curvature of the line ? 

8. If the speed of the carriage were continuously increased, could the 
autir wheel lift off the rail ? 
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9. What plan b adopted to obtain the necessary normal inward com- 
ponent of force on a train going round a curve without calling flange 
pressure into play? 

10. When a metal ring revolves round an axis through its centre 
perpendicular to its plane why is there stress produced at each point 
in It? 

11. Define simple harmonic motion. 

12. What is the time of a small oscillation of a simple pendulum? 

13. How can the values of ^ at different places be compared by means 
of a simple pendulum ? 
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MOTION OF PBOJEOTILES 

S3. If a particle is projected in any direction while its 
motion is subject to a constant acceleration in some other 
direction, the path of the particle is a parabola. 

Suppose that a particle is projected along the line OA 
(fig. 135) with any velocity u% and that the particle is acted 
upon by a constant force 
in the fixed direction OB 
throughout its motion ; 
then we know that its 
motion has a constant 
acceleration in the direc- 
tion OB, since constant 
force produces constant 
acceleration in a particle 
(p. 20). Let this accelera- 
tion be a'/ss- Then, if at 




Fig. 135. 



the end of any time, /, the particle is found at the point P, 
we may consider that the particle has moved over a distance, 
OJV, in the direction of OA, which is due to the velocity u, 
and at the same time has gone over a distance, OM, in the 
direction OB, which is due to the acceleration a ; and OMPN 
is a parallelogram in which 



ON^ut, 
2xAOM^NP^\o.t\ 



:l;' 



*) 



Hence, no matter what the value of / may be, the position, P, 
of the particle is defined by the two oblique distances PN 
and PM from the fixed lines OA and OB, these distances 
being connected by the equation 



PM^^—.PN 



a 



(3) 
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The curve, OPQ^ which is defined by this equation is a 
parabola whose axis is parallel to OB^ the line OA being a 
tangent at O, 

At the end of any time, /, the particle has a velocity a/ 
parallel to OB and a velocity u parallel to OA, Of these 
two is the resultant velocity compounded. This resultant 
velocity takes place along the tangent PT to the parabola 
in each position of the particle. Of course this velocity can 
be used instead of u in equation (3), the lines of reference 
OA and OB being replaced by the tangent PT and the line 
PS parallel to OB, That is, if «' is the velocity at P along 
PTy and Q any other position of the particle, we have 

Q^^^^.QT, . . . (4) 

a 

PSQT being a parallelogram, exactly analogous to the paral- 
lelogram OMPN, This requires no special proof, because 
we can, of course, consider the particle at P as projected 
along the line i' J* with velocity u\ and having the acceleration 
a in the direction PS — i.e, we can regard P as the origin 
of projection instead of O, 

Equation (3) or (4) may be regarded as the equation of 
the parabola referred to the oblique axes formed by the tangent 
at any point and the diameter at this point. 

The point, V^ at which the tangent, VH^ is at right angles 
to the diameter, VK^ is the vertex of the parabola; and if 
QH and QK are the perpendiculars on these lines from any 
point, Q^ on the curve, and U is the resultant velocity at V 
{j,e, the velocity along VJEr)y we have 

QIP^lEl.Qff. . . . (5) 
a 

Comparing this with the equation 

y = 4ajc, . . . • (6) 

which is the equation of a parabola referred to' the diameter 
and tangent at its vertex, we see that the distance, a, of the 
focus, Fy from Vis 

■^ (7) 

2a 
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The velocity, U^ at V is easily found in terms of the 
velocity, «, at O and the direction of OA, For, let OA 
make the angle € with a perpendicular, Ox^ to OB \ then 
since at every point we may consider the resultant velocity 
as compounded of the velocity u in the direction OA and 
the velocity a/ in the direction OB^ if the resultant of these 
two oblique components is perpendicular to OB (as it is at V\ 
we have for this resultant 

U— u cos €. 

Also for the time, /, of reaching the vertex F, after the 
projection at Oy we have 

wsinc ,j.v 

a 

Hence also the distance of the focus from Fis 

«*COS*€ / V 

^^ • • • . (9) 

2a 

This would be exactly the state of affairs if a particle were 
projected in any direction and acted upon by no other force 
than its 'weight. Actually such a particle would through- 
out its motion be subject to another force which is variable 
in both magnitude and direction — ^viz. the resistance of the 
air — and the calculation of its path, if we had to take 
account of this variable force, would be a matter of extreme 
mathematical difficulty. We do not know even the law 
according to which the air resistance varies: it has lately 
been supposed, as a result of experiments, that, so far as 
the resistance depends on the velocity of the particle, it may 
be taken to vary as the cube of the velocity. But if the 
velocity of projection is not very great, and the particle, 
or projecHUy is one of considerable weight, the resistance of 
the air can be neglected. It is found that for velocities of 
projection not exceeding 500 Ys, if the projectile is a massive 
one, the resistance of the air has not much influence on the 
motion. 

We shall assume that this resistance is negligible, and that 
a projectile is acted upon continuously by its weight alone. 
The result is that the vertical motion is uniformly accelerated 
in the downward vertical direction, and that the horizontal 
motion is not accelerated. 
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What has just preceded holds here, the acceleration a being 

g in the vertical direction OB, The path is a parabola j the 

vertex of the path is reached in the time 

f/ sin € / V 
.... (lo) 

g 

after projection at O^ c being the angle of elevation^ as it is 

called — ue, the angle made with the horizon by the direction, 

OAy of the velocity of projection; and the distance of the 

focus from the vertex is 



locos' 

2^ 



(II) 




Fig. 136. 



We may present the calculation in a slightly different way, 
by considering separately the horizontal and the vertical motions 
of the projectile. Thus, at the point, O^ of projection (fig. 136) 

draw the horizontal and 
vertical lines Ox and Oy ; 
let u be the velocity of 
projection at O and € the 
angle of elevation. Re- 
solve u into the horizontal 
component Ux, or 2^ cose, 
and the vertical com- 
ponent 2^^, or « sin c. Then 
if P is the position of the 
particle after the time /, 
and «^;rthe horizontal component and z/^the vertical upward 
component of velocity at Py we have 

«;^ = «cos€, . . . • (12) 
Vy^u€\Ti^-gt, . . . (13) 

because since there is no horizontal force acting on the particle, 
there is no horizontal acceleration, and therefore the horizontal 
component of velocity is the same at all points, Oy P^ Vy Qy A 
of the path j and since the only acceleration is g downwards, 
the vertical component must have the value given by equation 
(13). [See also p. 77.] 

Again, if PM is the perpendicular from P on Ox, and 
PM^yy OM^x we have, since the horizontal and vertical 
motions can be considered as quite separate, 

^=«cos€./ .... ^14^ 
^ = «^sin€./-J^. . . , (15) 



MOTION OF PROJECTILES 229 

In fact, if /Wis drawn perpendicular to Oy^ and if we imagine 
one particle projected at O along the horizontal plane OA with 
the velocity «/cos€, and at the same instant another particle 
projected along Oy with the velocity u sin c, after any time, /, 
the particle which was projected from O with velocity u and 
elevation € will have the x of the first and thej' of the second 
particle ; ue, when the first is at M^ the second is at Ny and 
from these two positions the position, Py of the particle in 
the parabola is compounded. 

As represented in the figure, the horizontal component of 
velocity remains equal to Ux in all positions, and the vertical 
component alone alters, gradually diminishing until the vertex, 
Vy is reached, and then assuming a downward sense. 

The principle of work and energy shows at once that when 
the particle again reaches the horizontal plane drawn through 
O — as it does at A — the velocity becomes equal to Uy because 
the weight has done a zero total of work from OX.0 Aon the 
particle, therefore the velocity at A is equal to that of O, 

To find the distance OAy or the range on the horizontal 
plane through Oy put 7 = in (15). This gives 

(«sin€-^^)/=o, 
which gives /=o, or 

/=£!i^. .... (16) 
g 

The value / = o corresponds to the zero value of ^^ at 0\ 
the value (16) is that which corresponds to Ay and is called 
the time of flight 

The distance OA is obtained by substituting this value 
of / in (14), so that 

^ . 21^ sin € cos € «• . , V 

OA = = — sm2€ . . (17) 

=^^^^^ (18) 

g ^ ' 

Now (17) shows that, with a given velocity, «, of projection 
the range will be greatest when the elevation is 45°; and, 
moreover, that to produce a given range OA there are two 
directions of projection, these being equally inclined to the 
direction for greatest range; for, let one direction make e 
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with Ox, and another make € with Oy; then if the velocity 
of projection is u for both, the range for the second is, by (17) 

— sin 2 1 € I, which = — sin 2 €, 

and is therefore the same as for the first 

To find the time of reaching F, and the height of V 
above OA, observe that at F we have z'^^o, .*. by (13), 

/ = , which might have been inferred from (16) since 

o 

the time of reaching F is half that of reaching A. Substi- 
tuting /= in (15), we have for the greatest height attained 

r^=!il5E!f. . . . (,9) 

The equation of the parabola referred to Ox and Oy as axes 
is obtained by substituting in (15) the value of / obtained 
firom 14; thus we have 

^ = ^tan€-^— jsec'c. . . . (20) 

We have already seen in (9) that the distance of the focus, 
7^ from Fis — cos^c, and therefore the equation of the curve 

referred to horizontal and vertical axes at F (the axis of y 
being FB) is 

2«^C0S^€ / V 

:r= y» . . . (21) 

g 

These values of the time of flight, greatest height attained, 
etc., are at once obvious if we consider the position P of 
the particle at any time as compounded of the positions, 
M and -A^, of two particles, one moving along Ox in conse- 
quence of an initial velocity «^, and the other moving along 
Oy in consequence of an initial velocity Uy combined with 
the downward acceleration g. Thus, the upward velocity of 

the second will be destroyed in the time -^, and when 
this happens the projectile is at F; therefore the time of 
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flight is obviously 2-^. Again this particle, N^ will attain 
the height -2 when its upward velocity ceases; and the 

o 

equation of the parabola referred to the tangent and diameter 
at V is by (5) 

g 

As a numerical example, suppose that the particle is pro- 
jected from (9 in a direction making tan'^^^ with OA with 
a velocity of 390 7s- Then Uj^ = s6o% «, = 150 7s; the 

8 

greatest height attained = ^ = 35 1^^ feet; time of flight 

= 2-^ = of seconds. 

In what direction and with what velocity will this particle 
be moving after 5 seconds ? 
Consider the values of Vx and Vy at the time /« 5. We have 

Vx = Ux = 360, 

Vy = Uj^ -gt= - 10. 

Hence the particle has exhausted its upward velocity and is 
moving downwards in its path, having passed the highest point, 
F; its vertical downward velocity = io7, ; and the tangent 
of the angle which the direction of its motion (tangent to the 

path) makes with the horizon is -^ = ^ ; its resultant velocity 

== >/zfJ + efJ= 10 n/36* + I == 10 n/i297 78« The focus is below 
,h. hod»„ul pU» 0, a, a di»nc !!?^- .6„.44 f«. 

Sometimes it is desired to find when, where, and with what 
velocity the projectile will strike an inclined plane passing 
through the point of projection. 

Thus, with the above numerical values, find the point in 
which the projectile will strike the inclined plane OQ whose 
inclination to the horizontal plane Ox is tan'^^. Let it strike 
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the plane at Q ; then if QS is the perpendicular from Q on Ox^ 
we have C*^= J. OSy and we have merely to put 

in (14) and (15). Therefore 

150/- i6/*=Jx36o/, 

which gives /= o or /= ^. The value /= o corresponds to the 
position O on the plane OQ; the value / = ^ corresponds 
to Q, Hence, putting /= V- ^ {^^\ (^3)> (i4)> (^5)> ^^ ^^e 

t^aj = 360 j t(y « 30, 

* =1350; ^^ = 337^ 

Hence the particle is still on the upward slope of its path, the 
tangent to the path at its position making tan"^^^, or tan"^^, 
with the horizon, so that the angle at which it strikes OQ is 



tan-^-^-tan-^ ^ 



TT> 



or tan"^^^j the distance C?C=i35ox 



sec QOx^ or 1350 x^, or 1462J feet. 



EXAMPLES 

I. If a particle is projected horizontally from the top of a cliff, prove that 
it will take the same time to strike the sea whatever the velocity of pro- 
jection may be. 

Let 0{%g. 137) be the point of projection, Ox and Oy the horizontal 
and vertical lines at Oy the latter drawn downwards ; let OC be 

the height of the cliff above the 
sea, whose surface is CBE. 
Then since we can consider the 
horizontal and vertical motions 
separately, if the particle is 
projected in the direction Ox^ 
It has no vertical velocity, 
and it has therefore to move 
through the vertical distance 
Fig' 137' O^ with no velocity at start- 

ing but with the downward 
acceleration g. Hence for the time, /, of moving through 
the height OC, we have 




OC=\gt\ 



.-. /=yy/ 



20C 



If, then, OB is the path described by the particle, the time taken to 
reach B along this path is the same as would be taken to reach 
C if the particle were dropped at O and could move down OC, 
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2. If the particle is projected horizontally from O with a velocity of 
500 7s and strikes the sea after 4 seconds, what is the height of the cliff, 
and what is the distance OB ? 

If A is the height OC, we have h=\gt^=i6y. 16=256 feet. 

The horizontal motion takes place with the constant velocity 500 7s, 

therefore CB = 500 x 4 = 2000 feet ; . ' . 0B= ^256^+2000' 
= 2016.3 feet. 

3. If the particle is projected from (7 in a direction, OT, making with 
the horizon tan"^-^ with a velocity of 390 7», and it strikes the sea 10 
seconds after projection, find the height of the cliff and the horizontal 
distance CE, 

Taking the positive direction of the axis of y vertically downwards, 
and resolving the velocity 390 7s into horizontal and vertical 
components, we have the horizontal component equal to 360 
and the vertical (upward) component 150. Hence if Xy y are 
the co-ordinates of the particle at any time /, we have 

^=360/ 

Putting t—iOy y will be OC, and this is equal to lOO, while 
jp=C-£=36<X). 

4. If the particle is projected in the direction (7 T' which makes tan '^-fz 
with the horizon with a velocity of 340 7s, and the height OC of the cliff is 
225 feet, find when and where it will strike the sea. 

Taking axes as in the last, the horizontal and vertical velocities of 
projection are 300 and - 160. Hence 

J? =300^, 
^=i6/2-i6o/. 

Now putting ^=225, we find /=4f or - J. The second of these 
values corresponds to the point in which the path EO produced 
backwards through O cuts the line CE ; the first is the value 
which we require and it is the time of reaching E, Substituting 
it in the value of x, we have 

;t:=C^= 3375 feet. 

5. Find the greatest height attained by the projectile in the last question 
and the time of reaching it. 

Result, 400 feet above Oxy reached in 5 seconds after projection. 

6. From the top, Oj of a cliff 100 feet high a projectile is to be fired 
with a velocity of 5cx> 7s to strike an object on the sea at a distance of 1250 
feet from the vertical through O ; what must be the elevation ? 

Result, If c is the angle of elevation {i.e. angle between the direc- 
tion of projection and the horizon) c=o, or tanc=^. 

7. Find the angle of elevation when the range on a horizontal plane 
through the point of projection is equal to the height due to the velocity of 
projection. 

Result, €=15°. 



234 ELEMENTARY DYNAMICS 

8. If the range of a bullet fired on the surface of the Earth with a given 
velocity and elevation is R, what would be the range on the surface of the 
Moon with the same data, assuming that g on the Moon is ^ of its value on 
the Earth? 

Ans, 6R, 

9. From a given point on a horizontal plain a projectile is to be fired 
with a velocity of 320 7s to strike the top of a building 92 feet high and 
distant 2560 feet from the point of projection ; what must be the elevation ? 

Ans, tanc=-f^or -]^. 

10. In the last find the direction in which the projectile is moving when 
it strikes the object. 

Result. When the elevation is tan"^ f^, the projectile is moving in 
a downward direction making tan~^ -^ff^ with the horizon ; and 
when the elevation is tan"^ j^, the direction is tan~^ J|^. 

11. The centre of a carriage wheel 2 feet in radius is travelling along a 
road with a velocity of 12 7s ; a piece of mud is thrown off the wheel at the 
top ; will it ever meet the circumference of the wheel again ? 

The velocity of the highest point of the wheel is twice the velocity 
of the centre ; hence the piece of mud is projected horizontally 
with a velocity of 24 7s. Let D be the highest point of the 
wheel at the instant of projection ; take the horizontal line through 
D as axis of x and the vertically downward line through D as 
axis of y. Then if ^, ^^ are the co-ordinates of the particle of 
mud after / seconds, we have 

^=24/; y=:i6t\ 

At this time the co-ordinates of the centre of the wheel are 12/ and 
2 ; hence the distance between the piece of mud and the centre 
of the wheel is _____________ 

n/(I2^)«+(2- 16/2)2 
or 

\^256/*+8o^+4. 

Now if the piece of mud is ever again on the circumference, this 
distance must be 2 feet. Putting it equal to 2, we have 

(2S6/«+8o)/3=o, 

the only solution of which is /=o — i,e, the piece of mud is never 
again on the circumference. 

12. If in the last the velocity of the centre of the wheel is v 7s and the 
radius r feet, find the greatest velocity that will allow the particle of mud to 
meet the wheel again. 

At any time, /, after projection the square of the distance between 
the centre and the particle is t^t^+{r- 16/^)2, and putting this 
equal to t^, we have either /=o or 

^,^32r-zf 

_ 256 

,\ V must be < 4 fj2r to give a real value of /. 
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13. A particle is projected from a point O with a velocity of 400 7s in a 
direction making tan"^|^ with the horizon ; find when, where, at what 
angle, and with what velocity it will strike an inclined plane passing 
through O, the tangent of its inclination being -j^. 

Result, The time of striking is ^ seconds. If P is the point of 
striking and PN the perpendicular to the horizontal plane 
through O, we have C?A^=240xy =3300 feet, .'. 0/^=3575 
feet \'^ Vx and vy are the horizontal and vertical components 
of the velocity at P, Vx =240 7« > vy — \20 7s in the downward 
direction; hence the direction of motion at P makes tan~^|^ 
with the horizon, and therefore the direction of motion makes 
tan"^^ + tan ~^T\, orta n'^fg^ with the plane. The velocity of 

striking = s!vx'^+ 2/>*=i20\^ 7». 

14. A projectile is to strike at right angles an inclined plane through the 
point of projection ; if the tangent of the inclination of this plane to the 
horizon is ^, what must be the elevation of the projectile ? 

Ans, tan-^IJ. 

15. If in the last the inclination of the inclined plane is f, what is the 
necessary elevation of the projectile ? 

Ans, tan'^ (2 tan i + cot i)^ 

16. At the same instant are projected from the same point O two particles, 
one with a velocity of 400 feet per second at an elevation tan"^ f , and the 
other with a velocity of 340 7s at an elevation tan"^ -^^ ; find their distance 
apart at the end of 3 seconds, and the direction of the line joining them. 

Result, The distance is i8oN/2feet, and the line makes 45** with 
the horizon. 

17. Whatever be the magnitudes and directions of the velocities of pro- 
jection, the direction of the line joining two particles which are projected 
from the same point at the same instant remains constant dunng their 
parabolic motions. 

18. A body whose mass is 26 ounces is moving horizontally with a 
velocity of 10 7i at a height of 100 feet above the ground when it is struck 
by a bullet whose mass is 2 ounces moving vertically upwards with a 
velocity of 384 7s, the bullet remaining embedded ; find the point where 
the conjoint mass strikes the ground. 

Result, At a distance of 2080 feet from the point vertically under 
the position of the body when it was struck. 

[Since the blows received by the two bodies are equal and opposite, 
the conjoint horizontal momentum after the impact is equal to 
that of the 26, and the conjoint vertical momentum is equal to 
that of the 2 ounce mass.] 

19. A projectile is fired with a velocity u at an elevation c from a point 
O (fig. 136) ; find when and where it will strike an inclined plane, OQ^ 
whose inclination is t , through O, 
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At any time we have y ={u sin €- lgt)t, andx=ucos€.t. Now if 
the plane is struck at Q, and x, y are the co-ordinates of Q, we 
have y^-x tan u Hence 

» sin c - 1^^=» cos c.tan t' 

2u sin(c-0 

• • » — ^^ • • 

g COSf 

__. . 211* sin(c-0 ^^ II* sin(2€-0~sin* 

This gives Jf= — . — ^ — :— cosi; .*. (?o= — . — ^ ^. . 

*• g COS* ^ g cosn 

20. What is the elevation for maximum range on an inclined plane 
passing through the point of projection ? 

The range OQ given above is a maximum, for a given value of » , 

when sin(2€ - »)= i, that is when €= J( » W j, or in other 

words, when the direction of projection at (fig. 136) bisects 
the angle yOQ, Denote this elevation by p. 

21. Show that there are two directions of projection which, for a given 
velocity of projection, will produce a given range, OQ^ on the inclined 
plane. 

The range will be the same for the elevations c and c' provided 
that 

2€-J + 2€'-f = ir, 

or € + €'= — +J 

2 

= 2p, 

that is, the two directions are equally inclined, on opposite 
sides, to the direction for maximum range. 

22. A projectile is sent, with a given velocity, m, from a point O to pass 
through a point Q ; show that the two values of the time taken in the two 
possible paths are given by the equation 

where ^ is the difference of level of Q and Oy and r= OQ, 

23. If from the same point, 0, and at the same instant a large number of 
particles are projected with the same velocity in various directions, what 
IS the locus of the foci of their paths ? 

Ans, A spherical surface whose centre is O, (This is the case of a 
jet of water in a fountain. ) 

24. From a point (7 on a horizontal plane a projectile is sent with a 
velocity due to a height of 2550 feet to stnke an object 288 feet above tlie 
horizontal plane through O and distant 3600 feet horizontally from 0\ 
what is the requisite elevation? 

Arts, Either tan"^ A o' ^vr'^ ^. 
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25. If in example 18 the mass of the body is W moving horizontally 
with 250 Vs at a height of 216 feet, and the mass of the bullet is -^W 
striking with a vertical velocity of 1000 V« and remaining imbedded, in 
what time will the combined mass reach the ground, and at what distance 
from the point vertically under the point of impact ? 

Ans. In 4 seconds ; 990 feet. 

54. Eelative Velocity of two Moving Points. — Suppose 
that at a given instant a point B (fig. 138) has a velocity 
represented by BI> and that a point -4 has a velocity repre- 
sented by AC^ and let us imagine an observer moving with 
each point. What velocity 

does B appear to A to have? -, ^ 

If the observer at A were re- 
duced to rest by applying to 
him and to B a, velocity equal 
and opposite to AC, appear- 
ances to A would be the same 
as in the actual state of motion. 
Hence draw Bn equal and S' 
parallel to AQ and imagine 5 q a 
B to have the simultaneous Fig. 138. 

velocities BD and Bn. Their 

resultant is represented by BQ, the diagonal of the parallelo- 
gram whose sides are BD and Bn; hence -^'s velocity 
relatively to A (considered as at rest) is represented by BQ. 

Similarly ^'s velocity relatively to B is obtained by reducing 
B to rest ; and to do this we reverse the velocity BD on A 
and on B, so that if we draw Am equal and parallel to DBy 
and take the diagonal, AP, of the parallelogram whose sides are 
AC and Amy we have A% velocity relatively to B represented 
by AP\ and this is exactly equal and opposite to BQ. 

As an example, take the case of two trains, A and B 
(fig. 138), moving on two inclined lines AOy BS, If AC 
represents the velocity of A, and BD the velocity of B; 
then drawing Bn equal, parallel, and opposite to AC, and 
drawing the diagonal, BQ, of the parallelogram BnQD, the 
train B will appear to a passenger in A to move in the line 
BL if the velocities of the trains along AO and BS remain 
constant. BL is called the relative path of B with respect 
to A, 

The relative velocity, at any instant, of B with respect 
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to ^ is found by the above construction. If the motions 
are accelerated, the relative path of B with respect to A is 
to be found by reversing, at each instant, not only ^'s velocity 
but A^s acceleration, a, on By and B^s relative acceleration 
is the resultant of the two accelerations P and a, if p is ^'s 
absolute acceleration. 

Consider, as a further illustration, the following problem with 
respect to the motions of two projectiles. 

A and B (fig. 139) are two points above the ground; a 
particle is projected from J? in a given direction, BD, with 

a given velocity, v, at the 
same instant another particle 
is to be projected from A so 
as to strike B somewhere in 
its path; find the direction 
in which the second must be 
»,<^'' /^^^""^"'''^ ^ projected and the requisite 

velocity. 
Fig. 139. Imagine the velocity t^ of the 

particle at B to be reversed 
on both particles so that the particle at A receives the 
velocity Am equal and opposite X.o v\ at the same time let 
the acceleration g, which is common to both, be removed; 
then the particles may just as well be considered as placed 
on a smooth horizontal plate at B and A, the one at B 
being reduced to rest; and the question comes to this: 
a particle is at rest at B\ another at A receives a velocity, 
v^ represented by Am, what velocity must it receive in addition 
to this so that it may move in the line AB ? Take any point, 
Oy in AB\ draw Onty and AC parallel and equal to fnO\ 
then if the particle at A receives the simultaneous velocities 
Am and AC, its resultant velocity takes place in AO and 
is represented in magnitude by A0» 

Hence the problem admits of an infinite number of solutions. 
Each particle moves in a parabola, the one in BB and the 
other in AB; and if A is properly projected, both particles 
reach B at the same instant. 

Thus, in particular, if one particle is projected horizontally 
from the top of a building and another is at the same instant 
projected from the point vertically underneath on the ground 
with any velocity whatever which has the same horizontal 
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component as the velocity of the first, the particles will reach 
the point of intersection of their parabolic paths at the same 
instant. 



EXAMPLES 

1. A and B are two points on a horizontal plane ; at the same instant 
two particles are projected from them in any directions ; show that if the 
velocities of projection have the same vertical components the projectiles 
will reach the point common to their paths at the same instant. 

2. A and B are two points in a horizontal line ABx, AB being 1280 feet ; 
a projectile is sent from B with a velocity of 250 7s in a direction making 
tan~^} with Bx; and at the same instant another is sent from ^ in a 
direction making tan"^ ^ with Ax ; what must be the velocity of projection 
of the second so that it may strike the first, and where will it strike it ? 

Ans, The velocity must be 390 7s > the particles will meet in 
8 seconds after projection, at a height of 176 feet above the 
line ABxy and the horizontal distance travelled by the first 
is i6cx) feet. 

3. A shot of weight w is fired from a gun of weight fV placed on a 
horizontal plane and elevated at an angle ; prove that if the velocity with 



which the shot leaves the muzzle is V^ the range is 






{^^wY 




Let fig. 140 represent the barrel and the shot. The gun recoils 

with a horizontal velocity «, and the relative motion of the shot 

with respect to the gun is ob- 
tained by reversing u on the 

gun and the shot, and then 

combining this reversed u with 

the velocity of the shot. Now 

the relative path of the shot ,^.^ 

with respect to the gun is 

parallel to the barrel. Hence Fig. 140. 

if C? is the position of the shot, 

and we draw Om equal and opposite to «, and if (77* represents 

the magnitude and direction of the velocity of the shot, the 

diagonal, Or, of the parallel(^^m determined by Om and OT 

lies along the barrel. 
Let the horizontal and vertical components oi OT ht Vx and vy ; 

then expressing the fact that the resultant of Om and OT v& 

along Or, we have 

-2L- =tane. (I) 

U + Vx 
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But the horizontal impulse received by the gun from the powder 
pressure is equal ana opposite to that received by the shot 
(The vertical impulse on the gun is not the same as that 
received by the shot, since the ground contributes to the vertical 
impulse on the gun. ) Hence we have 

wvg^^mt, (2) 

therefore from (i) 

^y =ri+-^V»'tanO . . . . (3) 

•■•""[-(-4)'-]' ■ • '"' 

And (3) gives vy- But the range is (see p. 229) — ^' ^ , and thus 

we obtain the result required. If we imagine the barrel to be 
transparent, OTvfiW be the velocity of the shot as seen by an 
observer standing on the ground and looking at the motion of 
shot and gun — ^its direction is not along the barrel. 

Directrix of Path, — Taking fig. 136, let h be the height 

due to the velocity, w, of projection — i,e, let h = — . Measure 

Oy^hy and at y draw the horizontal line yD ; this line is the 
directrix of the parabola described by the particle. 

For, we have proved (p. 228) that the t)rincipal parameter 

2fc cos C a 

of the curve is , or 4>^cos"€; that is, the distance of the 

directrix above the vertex is ^^cos'c But by (19), p. 230, the 
height FB is k sin*€ ; therefore the height of the directrix above 
the horizontal plane OA is k ; that is, yD is the directrix. 

The resultant velocity at each point, P, of the path is due 
to the depth, Pp, of the point below the directrix — that is, 
if V is the velocity at jP, 

Z^=2g.pP. 

This follows at once from the principle of work and energy ; 
for the kinetic energy of the particle at /'is — ; aX O it is 
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; and the work done on the particle from Oto F'vs-wy; 

therefore 

-^ ^= -ajy, 

In terms of the height ^ the equation (20), p. 230, of the 
path referred to axes through O is 

where X is tan €. 



EXAMINATION ON CHAPTER XIII 

1. What is the path of a particle whose motion has an acceleration which 
is constant in magnitude and direction ? If it has a constant acceleration 
a in one fixed direction and a constant acceleration p in another fixed 
direction, what is the path ? 

2. Considering separately the horizontal and vertical motions of a particle, 
write down the values, at any instant, oivx^ vyy Xy and^. 

3. When can the resistance of the air be neglected in the motion of a 
projectile ? 

4. What is the direction for maximum range on a horizontal plane 
through the point of projection ? What is it for an inclined plane passing 
through the point of projection ? 

5. How many directions of projection, with given velocity, are there 
for a given range on a horizontsd or on an inclined plane ? How are these 
directions related ? 

6. If a shot is fired horizontaUy firom the top of a cliff, why is the 
time of striking the sea the same no matter what may be the velocity of 
projection ? 

7. What is meant by the relative velocity of one moving point with 
respect to another ? How is it found ? 

o. Why is the relative motion of two projectiles the same as if instead 
of moving in a vertical plane they were projected with the same initial 
velocities on a smooth horizontal plane ? 

9. When a shot is fired from a gun which is firee to recoil, why is the 
elivation at which the shot is fired different from the inclination of the 
barrel to the horizon ? 

Draw a sketch showing the state of afi^rs. 

10. If a particle is projected in any direction with a velocity fi, what 
is the height of the directrix of the path ? 

How is the velocity at any point of the path related to the directrix ? 



CHAPTER XIV 
CALCULATION OF WOBK 

55. Work Diagram. — When a force of variable magnitude 
acts always in the same right line, AB (see fig. 63, p. 93), 
the total amount of work that it does in displacing its point 
of application from any one position, Ay to any other position, 
^, is to be found by employing the principle which is used in 
the case of every variable magnitude (see p. 75) — viz. however 
variable any magnitude may be^ it can always be taken as constant 
throughout an infinitesimally small time or space. 

If, then, the force /'varies throughout the length AB^ we have 
merely to break up the length AB into a very great number 
of very small lengths — say, for example, into equal elements 
each T^ inch long — and multiply the value of F at the 
beginning (or middle) of each of these elements, by the length 
of the element, and add all these products together. 

The result may be very usefully represented in a diagram, 
such as that in fig. 55, p. 76. 

Suppose, in that figure, that a variable force acts always 
in the line OD^ and that we wish to find the amount of 
work which it does in displacing its point of application from 
M to Z>. Imagine the length MD broken up into small 
elements, MR^ etc., and at the beginning of each element 
erect a perpendicular, MP^ RQ^ , , . DC^ representing, on 
some scale, the corresponding value of the working force, P\ 
then since the work done by the force in displacing its point 
of application from M X.o R \& represented by MP x MR, we 
easily see that the total work done by the force from Mto D 
is graphically represented by — 

the area of the diagram MP CD. 

This area itself will be, of course, a number of square inches, 
but from the scale on which force has been represented, the 
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number of units of area can be translated into inch-pounds* 
weight, if we are measuring force in pounds' weight. 

A curve, such as -PC, whose ordinates represent the values 
of a working force and the elements of whose abscissae repre- 
sent displacements of the point of application (measured in the 
direction of the force) is called a work diagram, or an indicator 
diagram. 

As a simple example of a variable force we shall take the 
tension of a stretched elastic cord. 

Suppose AB (fig. 141) to be an elastic cord devoid of 
tension, that is at its natural lengthy and that the end A is 
fixed, while the end B can 

be seized and drawn out to H 

various positions, C, -P, Z>, 0- 

etc. Then to each stretched 
length, AC, AP, AD, etc., 

will correspond a certain ^ 

tension. The law which this 
tension follows is a very 
simple one, and it might be R B^ 
guessed without even mak- 
ing an experiment. The 
tension is directly proportional to the extension above the 
natural length. Thus, if the extension BD is 3 times the 
extension BC, the tension corresponding to the length AD 
is 3 times that corresponding to the length AC. 

But imagine that AB is the natural length of another piece 
of the same cord, and that A' is fixed while B is drawn out, and 
let A'B' be much shorter than AB, Then if B is drawn out 
to C so that thfe stretch BC is equal to the stretch BC, it is 
manifest that the tension of AC must be much greater than 
that oi AC We see, then, that it is not the actual amount of 
any extension, BC, BP, BD, etc., which measures the tension 
but the ratio of this extension to the natural length, AB ; so 
that the tension corresponding to any length AP of the cord 

BP 
is proportional to -7r=. On the same scale the tension in AC 

AB 

B C 
would be proportional to -rr^ since the cords are of the 

same material. 



Fig. 141. 
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But when we have to deal with cords of different materials^ 
we must introduce a coefficient which is different for different 
kinds of cords. If the natural (or unstretched) length of any 
cord AB is denoted by a, while any stretch, BFy above this 
length is denoted by x^ the tension, 7] corresponding to this 
stretch is expressed by the equation 

T=\ — , . . . • («) 

a ^ 

where X is a constant depending on the substance of the cord. 
This equation expresses what is known as Hookas Law for an 
elastic cord. 

The constant A, may be defined in more ways than one. 
Since x and a are lengths and T'ls force, X must be a force. 

It is — the force necessary to double the natural length of the 
cord; for if x is made equal to a, the corresponding tension 
equals X. If, then, we fix one end, Ay of an elastic cord which 
we allow to hang vertically, and from the free end. By suspend 
a body of weight W which is just sufficient to double the 
natural length, W is equal to X. 

Or, again, we may say that X is loo times the force which 

will extend the cord by xro ^^ ^^ natural length ; for if ^ = , 

we have r= — , .*. X= \ooT. 

I GO 

The law (a) holds not only for cords of india-rubber but 
for steel (or other metallic) bars, with this obvious difference 
that the extensions of such bars for which the law holds are 
extremely small. For metal bars the first definition of X 
(the force necessary to double the natural length) would not 
be a practical one, and we should have recourse to the 

second. 

Now the indicator diagram of an elastic cord following 
Hookers Law is very easily drawn. Take a numerical example. 
Let AB be 6 inches long, and suppose that the cord requires 
a force equal to 2 pounds' weight to double its natural length ; 
take BC=^AB=^6 inches, and at C draw an ordinate (or 
perpendicular), CEy to AC representing a force of 2 pounds' 
weight on any convenient scale; draw the right line BJE 
and produce it indefinitely; then this line ^-ff^ZT represents 
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by its ordinates all the values of the tension of the cord 
corresponding to the various stretches BQ BPy BDy etc., 
which may be given to the cord. This is obvious, because 
by (a) the ordinate which represents any tension, T^ is pro- 
portional to the corresponding abscissa, or stretch, x. Thus, 
if we wish to find the tension corresponding to a stretched 
length of 16 inches, we measure off the extension BP equal 
to 10 and then measure the ordinate PQ\ thus the tension 
is -^ pounds' weight. 

In this numerical case what is the amount of work done 
against the variable tension in stretching the cord from its 
natural length to a length of 24 inches? Measure off BD 
equal to 18 inches and draw the ordinate DH to represent 
the corresponding tension, viz. 2 x -^ pounds* weight — ue, 
6 pounds' weight; then the area of the triangle BHD^\DH 
X BD=^^/^ inch-pounds' weight is the required work. 

What is the work required to stretch the cord from a length 
of 16 to a length of 24 inches? Measure BP= 10 inches, 
and draw the ordinate PQ ; then the work is represented by 
the area of 

the trapezium PQIfD, 

^{Bff+PQ)xPB,ot^i^ + 6)xS, 

or 37 J inch-pounds' weight. 

The following results are evident from the indicator diagram. 
The work required to stretch any elastic cord from its natural 
length to any final length is the same as would be done 
by a constant force equal to half the final tension working 
through the whole distance. The work is also the same as 
if a constant force equal to the final tension worked through 
half the distance. 

As another example, take the case of the hammer and pile 
(fig. 74, p. 123), in which we have assumed the resistance 
of the ground to be a constant force. Let us now assume 
that the resistance is proportional to the distance, x^ through 
which the pile has penetrated. 

Suppose that after n blows of the hammer, falling each 
time through a height k^ the ground is penetrated to a depth a, 
and let it be required to find the load which, placed on top 
of the pile, would suffice to produce the same effect by steady 
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« 

pressure, the resistance being proportional to the distance 
penetrated. 

I^ as before, V is the velocity of the hammer-head on 

striking, the available kinetic energy after each blow is w . r? 

and therefore the whole available energy employed is 

nW^h 

The work done by the weights of hammer and pile, assisting 
the penetration, is 

and if we draw a diagram of the values of the resistance of 
the ground corresponding to values of x between o and a, 
we have such a figure as fig. 14 r, in which the values of ^ are 
represented by BC^ BPy . . . BDy and the corresponding 
ground resistances by the ordinates CE^ PQ^ . . . DH^ of 
a right line, BH, 

The whole work done against resistance is therefore repre- 
sented by the area of the triangle BDH^ in which BD=^a, 
If jR is the final resistance, this work is, then. 

Hence equating the whole positive to the whole negative work, 
we have 

which is double the value given by equation (6), p. 125. 

The load which must be placed on top of the pile is, 
therefore, in this case 



Pf^+P a 
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EXAMPLES 

1. An elastic cord whose natural length is 5 inches can be stretched 
to a length of 15 inches by a force equal to 4 pounds' weight; find 
the amount of work necessary to extend it from a length of 5 to a 
length of 20 inches. 

Result, 45 inch-pounds' weight. 

2. Find the work necessary to stretch the cord in the last case from 
a length of 10 to a length of 25 inches. 

Result, 75 inch-pounds' weight. 

3. An elastic cord when sustaining a tension of 3 pounds' weight has 
a length of 14 inches, and when sustaining 9 pounds' weight has a length 
of 26 inches ; find the work required to stretch it from a length of 20 to 
a length of 30 inches. 

Result. 85 inch-pounds' weight. 

4. An elastic cord requires an amount of work equal to 16 foot-pounds' 
weight to stretch it from a length of 12 to a length of 36 inches, and 
it requires also 16 foot-pounds' weight to stretch it from a length of 
24 to a length of 40 inches; find its natural length and its elastic 
constant. 

Result. 8 inches; 4 pounds' weight 

5. One end of the cord in Example I is fixed on a horizontal table 
(smooth), a mass of 15 ounces is attached to the other end, and this 
end is then drawn out until the whole length of the cord is 25 inches ; 
if this end is now released, find the velocity of the attached mass when the 
cord has regained its natural length. 

The tension at starting is 2 x ^, or 8, pounds' weight, therefore 
the work done on the attached mass by the tension is 4 x 20 
inch-pounds' weight, or ^ foot-pounds' weight. Now if » 7s is 
the velocity with which the mass reaches the point ^ in fig. 141 

the kinetic energy of the body is f| . ^ foot-pounds' weight. 

64 

Equating thb to the work done by the tension, we have 

6. One end of an elastic cord whose natural length is 8 inches and 
elastic constant 4 pounds' weight is fixed on a smooth horizontal table ; 
to the other end is attached a mass of 3 ounces which is drawn out 
until the length of the cord is 21 inches; this end is then released; 
find the velocity of the attached mass when the length of the cord is 
13 inches. 

Result, 32 % 
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7. An elastic cord whose nattural length, AB (fig. 142), is i decimetre 
and elastic constant i kilogramme weight, hangs vertically from the fixed 
end A\ to ^ is attached a mass of 500 grammes, and this extremity 

is drawn down to C, such that ^C = 5 dea- 
metres, and then released; find the veloci^ of 
the attached mass in any position, the position 
in which the velocity is greatest and the magnitude 
of the greatest velocity, and the greatest height 
attained by the mass in its upward motion. 

Here there are two forces acting on the body 
— the tension of the cord and the weight 
of the body. In the upward motion the 
former is perpetually doing positive work 
and the latter negative on the body. 
Draw the indicator diagram of each 
force. Measuring force in kilc^rammes' 
weight and length in decimetres, if T 
is the tension of the cord in any position, 
i', of the mass, and x the extension BP^ 
we have by (a), p. 244, 

T^x kilc^^mmes' weight. 

The tension at C is therefore 4, and if 
we draw the ordinate CH to represent 
4 kilc^rammes' weight, the line BH is 
the indicator of tensions. 
On the same scale the weight, ), of the body 
is represented by the ordinate Ch^ which 
is \CHi and the indicator diagram of 
work done against the weight is the rec- 
^^- ^42. tangle BbhCy since the weight is in all 

positions a constant force and it must be 
represented in all positions by ordinates Ch^ Pq^ Bb, etc., of 
the same length. 
Now in moving from C to P, the positive work done on the body 
by the tension is represented by the area CPQH, and the 
negative work done on it by its weight is represented by the 
area CPah, 
If the lines hb and HB intersect in O, and from O we draw OM 
perpendicular to AC^ the tension is always greater than the 
weight in the motion from C to My and hence an excess of 
positive work is done on the body all the way from C to M^ 
so that from C to M there is a continuous gain of kinetic 
energy and therefore of velocity. But after passing M, the 
weight exceeds the tension and an excess of negative work 
is aone on the body, so that after leaving M the body 
continuously loses kinetic energy. Obviously, therefore, the 
velocity has its greatest value at M, where the resultant 
force on the body vanishes^ i,e. where the body would 
remain at rest if it were allowed to move down very gently 
from B, 
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To find the point Oy equate T to the weight, and we have 

Le. BM=\ decimetre. 
To find the velocity at Py equate the kinetic energy to the work 

represented by CPQH- CPqh. The kinetic energy b . ^'l^ 

decimetre -kilogrammes' weight, v being taken in decimetres 
per second. 

16 — ^ 
Now area CPQH^^ — ;; — , and CPqh^\(^-x) ; therefore 

= l6-jr8-(4-j?)={4-ji:){3+Jc). . . . (l) 



196.2 



Putting j?=jl, we have velocity at i11f=49.02 decimetres per sec. 

Putting j?=o, we have velocity at ^=48.5. 

To find the height attained after reaching By observe that the 
tension ceases, and the kinetic energy which the body had 
at ^ is now used in doing work against the weight alone, 
so that \i y is the height attained above By since (i) gives 

--- = 12 at By we should have y=i2 decimetres. But this is 

not allowable, because when >^=2, the cord will again become 
tight and assist the weight in bringing the body to rest. 
Let D be the point at which the velocity ceases. Then, since the 
kinetic energy is zero at C and also at D^ the total work done 
on the bod^ by the acting forces from C \.o D S& zero, ue, the 
whole positive work is numerically equal to the whole negative ; 
or, in other words, 

area CBH^zxtA CDeh+BxtSi BDE. 

If BD^Zy this result gives 

a"+«-io=o, .*. «=2.7, nearly. 

Theoretically the motion would continue for ever between the 
extreme points C and ji9 if no energy were lost by motion 
through the air and by imperfect elasticity of the cord. 

8. Let the natural length of the cord AB be 3 inches, and its elastic 
constant 12 ounces' weight ; if a mass of 3 ounces is attached to B and 
drawn down until the whole length of the cord is 13 inches and then 
let go, find the height above A that it will reach, and also its greatest 
velocity in the motion. 

Result, It will attain a height of 1 1 inches above A ; its greatest 
velocity will be 17.44 7s, and this moII take place in the same 
position both in the upward and in the downward motion. 
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9. If the natural length of the coid is a, its elastic constant X, the weight 
of the attached particle nr, and if the particle b drawn down until AC=c, 
show that if the motion ceases for an instant at Z>, we have 



la In example i (p. 226), prove that if the resistance of the ground 
is proportional to the distance penetrated, the load which, placed on top 
of the pile, in addition to the hammer, is 242} tons. 

Consider now the case in which two particles are connected 
by an inextensible cord, or an infinitely thin rigid bar or wire, 
these particles moving in any way under the action of given 
forces. What we wish to show is that never during the motion 
does the tension of the connecting cord, or the tension or 
pressure of the connecting bar do any total quantity of work. 

Let A and B (fig. 143) be the positions of the particles at 
any instant, and A' and B' their positions after an indefinitely 
small interval of time. Suppose T to be the tension of the 

connecting cord or bar; then if from 
A' we draw A'p perpendicular to AB^ 
the work (see p. 102) which T does 
on the particle A in the motion from 
A to A' is 

Fig. 143. Ty,Ap. 

Again, if from B' we draw B^q perpendicular to AB, the 
work which T does on the particle B in the motion from 
^ to ^' is 

- rx Bq. 

Now we can see that Ap = Bq ; because if A'B' intersects 
AB in Oy since the motions AA' and BB' are supposed 
to be extremely small, the angle AOA' is very small, so 
that A'p may be considered as at right angles to both AB 
and A'B'; therefore Op = OA'] and similarly Oq = OB'] 
therefore A'B^ = pq ; but since the distance between the 
particles does not alter, A'ff — AB^ 

,\pq — AB i.e., Ap^Bq, 

Hence the positive work done by T on A is numerically 
equal to the negative work done by T on B, so that in 
the motion from the position AB to the position A'B' the 
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sum of, these works is zero: in other words, the sum of 
the kinetic energies of the particles is not altered by T in 
this motion; for, the gain of kinetic energy of A due to T 
(which is equivalent to Ty.Ap) is exactly balanced by the 
loss of kinetic energy of B due to T. 

The same reasoning holds for any motion, however great, of 
the two connected particles ; for we can break up the motion 
into a series of small displacements — such as that from AB 
to A'B — and in no one of these displacements does the 
tension or pressure of the connecting cord or bar do a total 
amount of work (other than zero) on the two particles. 

Hence, then, when two particles connected together by a cord 
or a bar whose length never alters move in any way from one 
position to another^ their total kinetic energy is never affected 
by the force produced by the connection : any change of kinetic 
energy that takes place is due to other forces acting on them. 

Obviously the same would be true if there were three 
particles, or any number of particles, connected by cords or 
bars of such a nature that no particle ever alters its distance 
from any other one ; and hence it is true for a rigid body of 
any kind, since the distance between particle and particle 
always remains constant — the internal tensions or pressures 
of the connections do not influence the kinetic energy of the 
body. 

The kinetic energy of a body consisting of any number 
of particles is the sum of the kinetic energies of all its separate 
particles; and to this sum, if the connections are rigid, the 
tensions or pressures of the connections contribute nothing. 
Hence if such a body is moving under the action of any 
applied forces, its change of kinetic energy from one position 
to another is due entirely to these applied forces ; and if its 
motion is the same at all times its gain of kinetic energy 
from one position to another is zero, so that we have the 
principle — 

if a rigid body is moving so that its motion at any instant 
is in every way the same as at any other instant^ the 
the total quantity of work done on it by the forces applied 
to it in the interval is zero. 

For example, take the case of a smooth Screw Press (fig. 144) 
working uniformly, so that its motions are the same at all 
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tiine& If i'is the Effort applied to each end of the handle 
ABf and AB^ 20^ since the effort at A acts constantly along 
the tangent by the circle described by Aj the work done by 

this force in a complete revolu- 
y P tion of the screw is Px 2va ; the 

(TT^ }\ -"T^ effort at B does an equal amount 

^< — ^- -W— — r>^_5-^ of work; therefore the whole 

positive work done on the screw 
in a complete revolution is 

4x0. J^. 




The only other force doing 

work cm the screw is the 

Resistance, which is applied 

to the plate C carried on the 

Fig. 144. screw by the body which is 

being compressed between the 
plate C and the base, 2>, of the machine. Now when the 
handle has made a complete revolution, the end of the screw 
(and therefore the plate C) has travelled vertically through 
the pitch of the screw — that is, the distance between two 
successive turns of the thread measured parallel to the axis 
of the screw. Denote this pitch by A, and the resistance 
by R ; then the work done by jR on the screw in the motion 
considered is - J?A, so that the equation of work and energy is 

47ra.F:=jR.A 

otF^R—. 
4'jra 

If / is the inclination to the horizon of the thread of the 
screw and r the radius of the cylinder on which the thread 
is cut, i^=27rrtan/; therefore 

7^=^^?— tan/. 

As a final example of the calculation of work done by a 
variable force, consider the case of a piston driven along a 
cylinder by a gas expanding in volume while its temperature 
is kept constant. 

The student will see when he comes to the study of 
Physics that the force exerted by the gas on the piston in 
these circumstances varies inversely as the volume of the 
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gas; that is, if i^ is the force exerted on the piston when 
the volume is v^ the force, I^, exerted on the piston when 
the volume is v is given by the equation 



V 



W) 



To represent this case graphically take a line Ov (fig. 145), 
along which we lay off various lengths, OA^ OP, . . . repre- 
senting the volumes assumed by 
the gas; and draw a perpen- 
dicular line, Opy parallel to 
which we lay off, on any scale, 
the corresponding forces exerted 
on the piston by the gas. The 
ordinates, AM, PQ, BN, . . . 
which represent the values of F 
trace out by their extremities 
M, Qy Ny , , , z. curve called a 
hyperbola which is easily drawn 
from the equation (^); for if we 
draw AM to represent a known 
value, F^, of the working force 
corresponding to a given volume 
v^ represented by OA, and we 
wish to find the ordinate corre- 
sponding to any other value, v, of the volume represented by 

OA 
OP, we have the ordinate FQ equal to AMy. -Qp Thus if 

OP—\,OAy we have PQ — \AM\ and so on. 

The work done by the working force i^ between the volumes 
represented by OA and OB is, then, represented by the area 
AMNB\ and this can be calculated with fair accuracy by 
dividing the length AB into a number of equal parts — say 
six or so — drawing the ordinates at their extremities, con- 
necting the upper ends of these ordinates by right lines, and 
taking the work as represented by the sum of the areas of 
a number of narrow trapeziums. The correct value of the 
work done by F from the value OA (or v^ to the value 
OP (or V) is 

-^log.^, . . . . (y) 
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in which S is the area of the cross-section of the cylinder 
and in which the logarithm is taken with respect to the 
Napierian base, e; and this logarithm may be replaced by 
one to the base lo by division by .4343, or multiplication 
by 2.3025 ; thus the work is 

2.302s x:^ log,, g|. . . . (8) 

If the student is not acquainted with the use of logarithms, 
he can make the calculations in the following examples by 
the approximate method above described. 



EXAMPLES 

1. A cylinder whose cross-sectional area is J of a square foot is closed at 
one end, O, and fitted with a piston which is at a distance of I foot from O, 
the space between the piston and the end of the cylinder being filled with 
a gas exerting an intensity of pressure of 100 pounds' weight per square 
inch ; if the piston is allowed to move through a length of 4 feet of the 
cylinder, calculate the work done on the piston by me imprisoned gas 
whose temperature is kept constant. 

Here the initial value of the force exerted on the piston is loo x 36 
pounds' weight ; hence when the piston is at distances of 
I, 2, 3, 4 feet from O, the values of the force are 3600, 1800, 
1200, and 900 pounds' weight. Making, then, an indicator 
diagram with ordinates I foot apart, and taking the whole work 
as represented by the areas of three trapeziums, we get the 
work equal to 1800+ 1800+ 1200+450, or 5250, foot-pounds' 
weight. 

The expression (8), however, gives the work as 4990.6 foot-pounds' 
weight. 

If instead of breaking up the whole displacement of the piston into 
three intervals of I foot each, we break it. up into six, we get 
the series of values of I^ 

3600, 2400, 1800, 1440, 1200, 1028.5, 900, 

and the total work, calculated from 6 trapeziums is, in foot- 
pounds' weight, 

1(1800+2400+1800+1440+1200+1028.5+450), 

or 5059 foot-pounds' weight, which is not very different from 
the true result 

2. If the cylinder in the last example has a cross-sectional area of 2 
square inches, and the piston starts from a distance of ^ inch from O, the 
initial intensi^ of pressure being 60 pounds' weight per square inch ; find 
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the work done by the gas when the piston has moved through a length of 
5i inches {t.e,, 6 inches from O). 

Result 149 inch-pounds* weight, by (8), but 152.7 by breaking up 
the displacement into intervals of \ inch. 

EXAMINATION ON CHAPTER XIV 

1. What is meant by a Work Diagram} How is the Work Diagram of 
a variable force constructed ? 

2. What is Hooke's Law for the tension of an elastic cord ? 

3. What is the Work Diagram of the tension of such a cord ? The work 
done is the same as if the tension was constant — with what value ? 

4. What is the definition of the elastic modulus of a cord ? What is the 
best form of the definition in the case of metal bars ? 

5. What is the Work Diagram of the ground resistance to a pile when 
the resistance is constant? When the resistance is proportional to the 
penetration ? 

6. Show that if two particles connected by a rigid wire move in any 
way, the tension or pressure in this wire does no work. 

7. State the principle of work for any rigid body whose motion is the 
same at all instants. 

8. What is the relation between the Effort and the Resistance in a 
smooth Screw Press? 

9. How does the intensity of pressure of a gas vary if its volume changes 
but not its temperature ? 

10. What is the Work Diagram of a gas expanding jxl a cylinder under 
constant temperature ? 

ii» How do you calculate approximately the total work done by the 
pressure of the gas on the piston from one position to another ? 
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